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1. Introduction

e Ingredients :

—Second order semi-parametric models :

E(Y;|X,) = my(X;, 0
{ (Yil Xe) = me(Xs ),t:1,2,...

V(Yi|Xy) = (X3, 0)

=

t=1,2

9 9 g oo

Y; = my(Xy, 0) + uy
E(ut\Xt) = O, V(ut|Xt) = Qt(Xt, 9)

— Second order PML estimators : a class of estimators which jointly
estimates, through the maximization of a pseudo log-likelihood
function, the mean and variance parameters of the second order
semi-parametric model (ex: gaussian PML)

— Disruptive element : conditional variance misspecification

e Purpose of the paper: to study the behavior of second order PML
estimators under conditional variance misspecification



2. GGeneral set-up

e The observed data are a realization of a (unknown) true DGP P,:

W= {W, =Y/, 2, t=1,2,..}

e X; denotes some subset of the information set (Z;, ¥; 1), where
\I;tfl = (}/;ffla Zt*l) ey }/1) Zl)

= Interest lies in explaining Y; in terms of X; (Y; C RE X, C RKt)

e Semi-parametric model S for E(Y;|X;) and V (V3| Xy)

my( X, 0): 0 €60
5= ) tmlXef) 9},75:1,2,...
{Qt(Xt,(g) . (9 - @9}
e Concepts of correct specification: § is said
(a) first order correctly specified if for some 67 € Oy
mt(Xt,Qo) = E(}/t|Xt), t = 1,2,...

(b) second order correctly specified if for some 6° € Oy

t=1,2

9 9 g oo

mi( Xy, 0°) = E(Y:| X3)
(X, 0%) =V (Vi| Xy)

(c) first order dynamically complete if
E(Yi|X)) = E(Vi|X,, 1), t=1,2,..
(d) second order dynamically complete if (c) holds and
V(Y Xy) = V(Y| Xy, Dio), t=1,2,...

where q)t—l = (Y;f—laXt—la "'7}/17X1)



1
3. Second order pseudo-maximum likelihood

estimators

e A second order pseudo-maximum likelihood estimator 9n of § is de-
fined as a solution of

1 n
MaX@G@g Ln(Yn, Xn, 0) = 5 Z In ft ()ft, mt(Xt, 0), Qt(Xt, '9))
t=1

where the p.d.f. f; (Y, m,Y) are indexed by their mean m and by
their covariance matrix ¥ and are “compatible” with S

o\ (., X1, 0) = fi ((,mu(Xy,0),Q:(Xe,0)) is a conditional density for
Y; given X; whose the two first conditional moments are by definition
m¢(X¢, 0) and (X3, ). The higher conditional moments depend on

J-

A

= 0,, is just a standard ML estimator of a possibly misspecified
parametric model P implicitly defined by S and the sequence { f;}

P={N(,X:,0) = fr (,me(Xs,0), %(X:,0)): 0€Og}, t=1,2,..
e Further concepts of correct specification: P is said
(a) third order correctly specified if S is second order correct and
Covye [(vec (V1Y) ,Y7)| X = Cov [(vec (V1Y)) ,Y))| X¢], t=1,2,...
(b) fourth order correctly specified if P is third order correct and

Vie [vee (VY))| Xi] = V [vee (VY])| X,] ., t=1,2

9 g oo

where Covye[.| X;] and V.

X] are taken with respect to A; (Yz, X3, 6°)

(c) correctly specified for the conditional density if for some 0° € Oy

)\t (.,Xt,ﬁo) :pt(-‘Xt), t = 1,2,...



4. Outline of the addressed questions

We have:

e A unknown true DGP P,

e A second order semi-parametric model S for E(Y;| X;) and V(Y3 X) :
my( X, 0): 0 €60
5= ) tmXe0) 9},1::1,2,...
{Qt(Xt,(g) : 0 € @9}

e A class of second order PML estimators for S:

1 n
Maxgeo, La(Y", X", 0) = = > In f; (Vi, my(Xy,0), 04(X;, 0))
t=1

= Questions:

e Under which conditions does én provide a consistent estimator of
both mean and variance parameters when S is second order correctly
specified 7

e Under which conditions does 6, provide a consistent estimator of the
mean parameters when § is first order correctly specified but second
order misspecified ?

e Under which conditions does 9n provide a consistent estimator of
both mean and variance parameters when § is second order correctly
specified and continue to provide a consistent estimator of the mean
parameters when S first order correctly specified but second order

misspecified ?

e What are the limiting distribution properties of such a robust to
conditional variance misspecification estimator ?



5. Pseudo-maximum likelihood of order 2
(PML2)

5.1. Quadratic exponential families

e A family of probability measures on R® indexed by m and ¥ is called
quadratic exponential if every element of the family has a p.d.f. which
may be written as

L(Y,m, %) =exp(A(m,X)+ B(Y)+C(m, %)Y +Y'D(m,2)Y)

where A(m,X) and B(Y") are scalar, C'(m, X) is a G x 1 vector and
D(m, ) is a G X G matrix

e Prominent member : the normal density

Am, %) =-%In2r — 1 In || — Im/S 'm,
B(Y) =0, C(m,%)=%X"'m and D(m,X) = —357!

e Key properties:

(a) Vm, m,V X, %, we have

A(myg, 3,) + C(my, Xp)'my + tr (D(my, Xp) (X, + mem)))
> A(m,X) + C(m,X)'m, + tr (D(m, X)(X, + m,m)))
where the equality holds if and only if m = m, and X =3,

(b) V m,, V 3, ¥, such that ¥ # 3,, it may exist m such that
m # m, and that we have

A(my, X) + C(my, X)'m, + tr (D(my, X) (X, + mem)))
< A(m, X) + C(m, X)'m, + tr (D(m, X)(3, + mem)))
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5.2. Consistency of PML2 under second order cor-
rect specification

Proposition 1 Under usual regularity conditions,

if e S is second order correctly specified
e Vi, f; belongs to the quadratic exponential family

then 6, — 0°asn — 0o

Proposition 2 (G = 1) Under usual regularity conditions,

if for any P,
when S is second order correctly specified,
we have, Vn, 0, = Argmaxgpce,E (L,(Y", X",0)) = 6°
(thus, 6, — 6°)

then V¢, f; belongs to the quadratic exponential family

5.3. Inconsistency of PML2 under first order correct
specification but second order misspecification

Suppose that S is such that mean and variance parameters vary inde-
pendently, i.e., 0 = ( 1 0'2)/ € Oy = By, X By, and

S _ {mt(Xt,Q) = mt<Xt,01) . 01 - @91} i 19
| {0%(X 0) = (X4, 05) - B € Op) T

Proposition 3 Under usual regularity conditions,

if e mean and variance parameters vary independently
e § is first order correctly specified
but second order misspecified
e Vi, f; belongs to the quadratic exponential family

then we may have Vn, 0, = Argmaxpco,F (L,(Y", X", 0)) # ( il, 0;;)/
(thus, we may have 6; — 07)
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6. Robust pseudo-maximum likelihood of or-
der 2 (R1PML2 and RPML2)

6.1. Restricted generalized linear exponential fami-
lies

e A family of probability measures on R indexed by m and ¥ is called
restricted generalized linear exponential if every element of the family
has a p.d.f. which may be written as

1(Y,m,X) =exp (A(m,X) + B(X,Y)+C(m,X)Y)

where A(m,X¥) and B(X,Y) are scalar, C(m, X) is a G x 1 vector
e The normal density belongs to the family

e This family does not contain the quadratic exponential family
L(Y,m,X) =exp (A(m,Z) + B(Y) + C(m, %)Y +Y'D(m,X)Y)
but is a special case of the generalized linear exponential family

[(Y,m,n) = exp(A(m,n) + B(n,Y) + C(m,n)'Y)

e Key property :

V' m, m,,V X, we have

A(m,, X) + C(my, X)'m,
> A(m, %) + C(m, X)'m,

where the equality holds, V I, if and only if m = m,
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6.2. Consistency of R1PML2 under first order cor-
rect specification but possible second order mis-
specification

Suppose that S is such that 6 = ((9'1, (9'2)/ € Oy = Oy, X Oy, and

{m( X+, 0) = my(Xy,01) : 601 € O, }
{Qt<Xt, 0) = Qt(Xt, 92) : 02 - @92}

t=1,2

9 9 g oo

Proposition 5 Under usual regularity conditions,

if e mean and variance parameters vary independently
e § is first order correctly specified
e Vi, f; belongs to the restricted generalized linear exponential family

then ¢, 99 and 6, — 05 — 0asn— oo

n

where 05 = Argmaxy,co,, 1S En fi (Yy, mi(Xy, 07), (X4, 62))]
=1

Suppose that S is such that 0 = ( 1 (9'2)/ € Oy = Oy, X Oy, and

{ {mi(X;,0) = my(Xys,601) : 61 € Oy}

t=12
{Qt(Xtae) - Qt(Xt791792) : 91 S 6917 92 S 692}

9 g oo

Proposition 6 Under usual regularity conditions and S as given above,

if for any P,
when § is first order correctly specified
we have, Vn, 0, = Argmaxgeo, E (L, (Y™, X", 01,0)) = (67,65 )
(thus, 6, — 6% and 0, — 05 —0)

then e Vi, f; belongs to the restricted generalized linear exponential family
o Vi, (X, 04,02) does not depend on 6.
(thus, mean and variance parameters vary independently)
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6.3. Restricted quadratic exponential families

e A family of probability measures on R® indexed by m and ¥ is called
restricted quadratic exponential if every element of the family has a
p.d.f. which may be written as

L(Y,m, %) =exp(A(m,2)+ BY)+C(m, %)Y +Y'D(X)Y)

where A(m,X) and B(Y") are scalar, C'(m, X) is a G x 1 vector and
D(X) is a G x G matrix

e The normal density belongs to the family.

e This family is a special case of the quadratic exponential family
L(Y,m,X) =exp (A(m,X) + B(Y) + C(m, %)Y +Y'D(m,X)Y)
and of the restricted generalized linear exponential family

I(Y,m, %) =exp (A(m,X) + B(X,Y) + C(m,X)Y)

e Key properties:

(a) V. m, m,,V X, ¥,, we have

A(my, 3p) + C(my, 3,)'my + tr (D(3,) (X, + mem)))
> A(m, %) + C(m,3)m, + tr (D(X) (2, + mem),))

where the equality holds if and only if m = m, and ¥ = ¥,
(b) V m, m,,V %, we have

A(mg, 3) + C(my, X)'m,
> A(m,X) + C(m, 3)'m,

where the equality holds, V Y, if and only if m = m,
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6.4. Consistency of RPML2 under first order cor-
rect specification but possible second order mis-
specification

Suppose that S is such that 6 = ((9'1, (9'2>I € Oy = Oy, X Oy, and

_ { {mt(Xt,Q) = mt<Xt,01) : 01 - @91}

= t=1,2
{Qt<Xt,0) = Qt<Xt, 192) . 02 - @92}

9 9 g oo

Proposition 7 Under usual regularity conditions,

if e mean and variance parameters vary independently
e § is first order correctly specified
e V¢, f; belongs to the restricted quadratic exponential family

then 0; — 0% and 6y — 05 — 0asn — oo
if, in addition, S is second order correctly specified

then 6, — 0] and 0, — 035 asn — oo

Suppose that S is such that 6 = ((9'1, (9'2)/ € Oy = Oy, X Oy, and

X;,0) = my(X,01) : 61 € Op
Sz{{mt( 60) =m(Xe,61) : 61 € O, t=1,2, ..

{Q(X1,0) = (X4, 01,05) - 6, €Oy, 0 €04}

Proposition 8 (G = 1) Under usual regularity conditions and S as
given above,

if for any P,,
when § is first order correctly specified
we have, Vn, 0 = Argmaxgeo, E (L, (Y™, X", 01,05)) = (67,05 )
(thus, 8; — 09 and 0y — 03, — 0)
and, when S is in addition second order correctly specified
we have, Vn, 07 = Argmaxgco,E (L, (Y", X", 01,05)) = (67,09
(thus, 6, — 6% and 0, — 69)

then e Vi, f; belongs to the restricted quadratic exponential family
o Vi, 0(Xy, 01,02) does not depend on 6.
(thus, mean and variance parameters vary independently)
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7. Limiting distribution of RPML2

Proposition 9 Under usual regularity conditions,

0 *
0,—0,— 0asn— oo

and

vn (én - 92) ~ N(0,C%), CF=A" 1B A" !

* 2 n n Q* * n n g*
where A* = E (ﬁLn(Y X ,Qn)>and B: =V (n2ZL,(Y", X", 67))

Prominent results (Prop. 10-12) Under usual regularity conditions,

if e Vi, f; belongs to the restricted quadratic exponential family
e mean and variance parameters vary independently
e S is first order correctly specified

then Vn,0; = (07,035)', A;,, = A%, = B [32,L,07, X", 0)] =0

n21

* % « L o w1 x~1 D% %1

% Oﬂn Cnlz Ann BnuAnu Anu Bnlz Anzz

such that C} = / = ) ) ) )
* * L psf g%~ x~1 D% x~

0”12 C(7122 Anzz Bn12 Anu Anzz anz Anzz

n . n—1 n o . .
v 55, = 1§50 +4E, 5 (et o)
= T=1t=7+

if, in addition, § is first order dynamically complete

x vt s I %1 n* _1 1k J1x/
then C; =C, =A% B, A% , where B, =+ E|[s{*s;"]

if, in addition, § is second order correctly specified

* ! por\/! « A~ o—1
then Vn, 0y = (07,09), C; =C, =—-A7
—x% —=0
and we have C), —C, >0

e, C)
mean parameters estimator of a semi-parametric model S first order
correctly specified and first order dynamically complete

is the minimum asymptotic covariance matrix of a RPML2
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if, in addition, S is second order dynamically complete

1

3 |=
M:

x _ 2 _ Ao IO o™t n’ 1o .20/
then C; =C, =A), B, A; , where B, = t—lE Engid
n
Cr =C, =A% B, A%’ where B, =1 E Exad
ngg ~ T nog T Tngg T nogt Tnog) n22 ~ n t “t

i
—

if, in addition, 7P is third order correctly specified

—0

then C’;‘;w =C_ =0

ni2
if, in addition, 7P is fourth order correctly specified

then C; = 5;22 = —A

n22

and we have 62 — 5; >0

—=0
i.e., C,, is the minimum asymptotic covariance matrix of a RPML2 es-
timator of a semi-parametric model S second order correctly specified
and second order dynamically complete

Proposition 13 Under usual regularity conditions,

if e Vt, f; belongs to the restricted quadratic exponential family
e mean and variance parameters vary independently
e § is first order correctly specified
e the observations are independent across ¢

then Vn,0; = ( ‘1)',(9;;)/

n
* . —%k . *—1_* *—1 —_—k . l 1* 1*/
Cﬂn - Cnn - Ann BnnAnn’ where Bnn T n t—zjl E [St St }
—%k 1=k 1 —_—k 1 E 1 2
[ — * * 1 * 2%/
Cﬂu - Cnu - Ann BnIQAnQQ’ where Bnm T n t—zjl E [St St }
n
* A* s IpF %1 m* 1 2 2/
CTLQQ < QnQQ - ATLQQ BTLQQATLQQ’ where BTLQQ - Z E [St St ]



