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Coloring problem

Is it possible to color the infinite grid Z2 with {•, ◦} such that

the coloring satisfies the translations

t = (t, 1)

p = (p, 0)

and, ∀x ∈ Z2, a frame centered on x contains

-α black vertices if its center is black,

-β black vertices if its center is white ?
center

1. Projection

Using the translation t = (t, 1), we can project a frame on the axis

{(i, 0) | i ∈ Z}. Let Trans be the set containing a frame and all its

translated by multiples of t. We have

Axis

t = (t, 1)

(0, 0)

Axis (0, 0)

. . .
x−11 x−10 x−9 x−8 x−7 x−6 x−5 x−4 x−3 x−2 x−1 x0 x1 x2 x3 x4 x5 x6 x7

. . .

with xi = #{T ∈ Trans | (i, 0) ∈ T } <∞ ∀i ∈ Z.

2. Folding

Using the translation p = (p, 0), we can fold an axis of projection on a

cycle Cp with p weighted vertices. We have

p = (p, 0)

. . . x−1 x0 x1
. . .

xp−1 xp
. . .

w2

w1

w0
wp−1

wp−2

with wi =
∑
k∈Z

xi+kp <∞ ∀i ∈ {0, . . . , p− 1}.

3. Equivalent problem

Let Cp be the cycle corresponding to the frame and translations given.

Is it possible to find a coloring ϕ of Cp,
ϕ : {0, . . . , p− 1} → {•, ◦}

such that, for all rotations ψ of ϕ, we have

-α =
∑

i∈ψ−1(•)wi if ψ(0) = •,
-β =

∑
i∈ψ−1(•)wi if ψ(0) = ◦ ?
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4. Application to (r, a, b)-codes

An (r, a, b)-code of a graph G = (V,E) is a set of vertices S ⊆ V such that

∀x ∈ S, a = #{Br(y) | x ∈ Br(y), y ∈ S},
∀x ∈ V \ S, b = #{Br(y) | x ∈ Br(y), y ∈ S}.

Consider the coloring problem of Z2 with Br(x), x ∈ Z2, as frames.
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⇒ ∃ a (3, 13, 12)-code of Z2
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