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Abstract

N-Higgs doublet models (NHDM) are a popular framework to construct electroweak
symmetry breaking mechanisms beyond the Standard model. Usually, one builds an
NHDM scalar sector which is invariant under a certain symmetry group. Although
several such groups have been used, no general analysis of symmetries possible in the
NHDM scalar sector exists. Here, we describe a strategy that identifies all abelian groups
which are realizable as symmetry groups of the NHDM Higgs potential. We consider
both the groups of Higgs-family transformations only and the groups which also contain
generalized C P transformations. We illustrate this strategy with the examples of 3SHDM
and 4HDM and prove several statements for arbitrary N.

1 Introduction

The Higgs mechanism of the electroweak symmetry breaking (EWSB) has not yet been discov-
ered experimentally, although the LHC is expected to provide soon first definite clues about
the nature of the EWSB. Many different variants of the Higgs mechanism have been proposed
so far [I]. Moreover, even if one focuses on a specific Higgs mechanism beyond the Standard
Model (SM), one has many free parameters describing the scalar and Yukawa sectors, all of
them having phenomenological consequences. Ideally, one would want to have a formalism
that reconstructs the phenomenology of a given model in its most general form, that is, in
the entire space of the allowed free parameters. Unfortunately, such a construction seems
impossible for most non-minimal Higgs mechanisms. In this situation the standard approach
is to narrow down the freedom by imposing certain symmetries both on the Higgs sector
and on the Yukawa interactions. The problem is that in most cases it is not known a priori
which symmetries can be used. Many specific symmetry groups have been analyzed but their
complete lists for every class of non-minimal Higgs model are still lacking.

The general task of classifying symmetries in models beyond SM can be, roughly, separated
into two subtasks. First, one needs to know which symmetries can be implemented in the scalar
sector of the model and how these symmetries are broken under EWSB. Second, one has to
understand how these symmetry patterns can be encoded in the Yukawa sector of the model
and what are the resulting properties of the fermions. In this paper we exclusively focus on
the first task.
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1.1 Realizable symmetries

When searching for the symmetry group which can be implemented in the scalar sector of a
non-minimal Higgs model, one must distinguish between realizable and non-realizable groups.
If it is possible to write a potential which is symmetric under a group G but not symmetric
under a larger symmetry group containing it, we call G a realizable group (the exact definition
will be given in Section [Z3]). A non-realizable group, on the contrary, automatically leads to
a larger symmetry group of the potential. In other words, the true symmetry properties of
the potentials are reflected in realizable groups.

Just to give an example, cyclic groups such as Z; and Z;3 have been used in the context
of the flavor symmetry problem, see e.g. [2] and references therein. These symmetry groups
are usually implemented in the space of fermion families, but sometimes they are transferred
to the Higgs sector of the model. Anticipating the results of this paper, we can state that
these symmetry groups are not realizable in the three-Higgs-doublet model potential: trying
to impose such a symmetry, one ends up with a potential that has a continuous symmetry.

Therefore, if one focuses on the scalar sector of the model and aims at classifying the
possible groups which can be implemented in the scalar potential, it is natural to restrict
one’s choice to the realizable symmetry groups.

1.2 Multi-Higgs-doublet models

One particular non-minimal Higgs sector where the classification of possible symmetries of
the scalar sector has been established is the two-Higgs-doublet (2HDM), [3H5]. Although the
general Higgs potential in 2HDM cannot be minimized explicitly with the straightforward
algebra, it can still be analyzed fairly completely with several basis-invariant tools that were
developed in the last years. The basic idea is that reparametrization transformations, or the
Higgs-basis changes, link differently looking but physically equivalent potentials to each other.
This idea can be implemented via the tensorial formalism at the level of Higgs fields, [6H9], or
via geometric constructions in the space of gauge-invariant bilinears, [I0HI5]. In particular, all
possible groups of Higgs-family symmetries and generalized C' P-transformations of the 2HDM
potential have been found. In addition, it was noted that if one disregards the U(1) gauge
transformations the structure of the Higgs potential of 2HDM is invariant under a wider class
of transformations, [16].

It is natural to attempt to extend these successful techniques to N Higgs doublets. Some
properties of the general NHDM potential were analyzed in [12,[I7H20]. In particular, the
bilinear-space geometric approach was recently adapted to the NHDM in [23[24]. In what
concerns the symmetries of the scalar sector of NHDM, several groups have attacked various
issues of this problem, [20H22/24H27]. In particular, in [20] an accurate and lengthy analysis
of possible textures of the quartic interaction in the SHDM led to the list of one-parametric
symmetries of the potential. Although the method of [20] could be extended to N > 3, its
practical implementation relies on the set of all possible textures for the quartic coupling
constants, which is not known a priori.

In [24] an attempt was made to describe possible symmetry groups of NHDM in the adjoint
representation. The symmetry properties of the vectors M; and Ag; and the symmetric tensor
A;; in the expression () written below could be easily identified, but the main difficulty
was to take into account the non-trivial shape of the NHDM orbit space in the adjoint space.



Mathematically, this led to the problem of classifying intersections of two orthogonal subgroups
of SO(N? — 1), which was not solved in [24].

It is therefore fair to state that despite several partial successes the task of classifying
all possible Higgs-family and generalized-C'P symmetries in NHDM is far from being accom-
plished.

In this paper we make a step towards solving this problem. We focus on abelian symmetries
of the NHDM scalar potential and describe a strategy that algorithmically identifies realizable
abelian symmetry groups for any given N. The strategy first addresses groups of unitary
transformations in the space of Higgs families and then it is extended to groups that include
antiunitary (generalized C'P) transformations. The strategy also yields explicit examples of
the potentials symmetric under a given realizable group.

The structure of the paper is the following. In Section Pl we describe the Higgs potential
of the general NHDM, discuss the group of reparametrization transformations and introduce
the notion of realizable symmetries. In Section B we describe the strategy that identifies all
realizable abelian symmetry groups. Then in Section [4 we illustrate the general approach
with the examples of 3HDM and 4HDM. Section [ contains some further general results valid
for all N. Finally, in Section [6] we make several remarks and draw our conclusions. In the
Appendices we prove the theorem about maximal abelian groups of PSU(N) and work out in
detail the groups containing antiunitary transformations in the case of 3SHDM.

2 Scalar sector of the N-Higgs doublet model

2.1 NHDM potential
In the NHDM we introduce N complex Higgs doublets with electroweak isospin Y = 1/2:

.
%:(ﬁ%), a=1...,N. (1)

Hermitian conjugation is denoted by dagger: ¢!. The generic renormalizable Higgs potential
in NHDM can be written in the tensorial form [I}4]:

V =Y (ol ) + Zavea(@l ) (d104) | (2)

where all indices run from 1 to N. It is constructed from N? gauge-invariant bilinears (¢] ),
which uniquely parametrize the gauge orbits, and therefore it can be viewed as defined in the
orbit space. Coeflicients in the quadratic and quartic parts of the potential are grouped into
components of tensors Yy, and Zy.q, respectively; there are N? independent components in
Y and N%(N? + 1)/2 independent components in Z. Thus, every conceivable Higgs sector in
NHDM can be viewed as a point in the N?(N? + 3)/2-dimensional parameter space.

A convenient way to parametrize N? bilinears is to introduce the real vector r* = (rg,r;)

with
= S e = 26w, (3)

where ); are the standard SU(N generators The Higgs potential can be rewritten as

1 1
Vi =—Moro — Mr; + §A007’(2) + Ngirori + §Az’j7’z’7’j ) (4)



which, if needed, can be represented even more compactly as V' = —M,r# + A, r*r” /2. All
the coefficients Y, and Z,,.q become now components of the vector M, and symmetric tensor
A, which transform under adjoint representation of the group GL(N,C). For more details
about the properties of the Higgs potential in the space of bilinears, see [23,24].

2.2 The group of reparametrization transformations

When discussing symmetries of the potential, we focus on the reparametrization transfor-
mations, which are non-degenerate linear transformations mixing different doublets ¢, but
keeping invariant the kinetic term (which includes interaction of the Higgs fields with the
gauge sector of the model). Alternatively, they can be defined as norm-preserving transfor-
mations of doublets that do not change the intradoublet structure. In this work we do not
use the more general transformations in the spirit of [16] but focus on the “classically defined”
reparametrization transformations.

A reparametrization transformation must be unitary (a Higgs-family transformation) or
antiunitary (a generalized C' P-transformation):

U: ¢aUnpty or  Usp=U-J: ¢q+ Undl, (5)

with a unitary matrix U,. The transformation J = C'P acts on doublets by complex conju-
gation and satisfies J* = 1.

Let us focus first on the unitary transformations U. A priori, such transformations form the
group U(N). However, the overall phase factor multiplication is already taken into account by
the U(1)y from the gauge group. This leaves us with the SU(N) group of reparametrization
transformations. Then, this group has a non-trivial center Z(SU(N)) = Zy generated by the
diagonal matrix exp(2mi/N) - 1, where 1y is the identity matrix. Therefore, the group of
physically distinct unitary reparametrization transformations is

G, = PSU(N) ~ SU(N)/Zy . (6)

Consider now antiunitary transformations Ucp = U - J, U € U(N). One can define an
action of J on the group U(N) by
J-U-J=U", (7)

where asterisk denoted complex conjugation. This action leaves invariant both the overall
phase subgroup U(1)y and the center of the SU(N). Therefore, we again can consider only
such Uop = U - J that U € PSU(N). Once this action is defined, we can represent all distinct
reparametrization transformations as a semidirect product

G = PSU(N) x Zs. (8)

2.3 Realizable symmetry groups

A (reparametrization) symmetry of the Higgs lagrangian is such a reparametrization trans-
formation that leaves the potential invariant: V(Uwpyp) = V(¢). For any given potential
all such transformations form a group, the automorphism group of the potential, which we
denote as Gy = Aut(V) N G and which is obviously a subgroup of G in (§)).



Let us stress that when we say a group Gy is a symmetry group of the potential V', we
mean that it is equal to, not just contained in, Aut(V) N G. In [24] it was suggested to call
such groups realizable symmetry groups. In simple words, a symmetry group Gy is realizable
if one can write a potential symmetric under Gy but not symmetric under any overgroup of
Gy . For example, a potential which depends on the first doublet only via (gb{gbl) is obviously
symmetric under the cyclic group Z, of discrete phase rotations of this doublet for any n.
However, these Z,,’s have no interest on their own because they trivially arise as subgroups of
the larger symmetry group of this potential U(1) describing arbitrary phase rotations. It is
this U(1), not its individual subgroups Z,, which has a chance to be the realizable symmetry
group of this potential.

Since in this paper we deal with groups A, containing only unitary transformations of
Higgs families and with groups A that can contain antiunitary transformations, let us adopt
the following convention: a group A, € G, is called realizable if A, = Aut(V) N G,, and a
group A € G is called realizable if A = Aut(V)NG.

Note that in the case of 2HDM, where all possible reparametrization symmetries are known,
Lo, (Z2)*, (Zy)?, U(1), U(1) X Zy, SU(2), each of these symmetry groups is realizable, which
is most easily proved in the space of bilinears.

3 Finding abelian groups

We now focus on abelian groups for NHDM and describe in this Section the strategy that
identifies all realizable abelian groups of the NHDM potential for any N. This strategy can be
outlined as follows: we first describe maximal abelian subgroups of PSU(N), then we explore
their realizable subgroups, and finally we check which of these groups can be extended by
including antiunitary transformations.

3.1 Maximal abelian subgroups of PSU(N)

A maximal abelian subgroup of G, (@) is an abelian group that is not contained in a larger
abelian subgroup of GG,,. A priori, there can be several maximal abelian subgroups in a given
group. Any subgroup of G, must be either a maximal one, or lie inside a maximal one.
Therefore, we first need to identify all maximal abelian subgroups of G, and then study their
realizable subgroups.

If G, were SU(N), then the situation would be simple. As we describe in Appendix A all
maximal abelian subgroups of SU(N) are the so called mazimal tori,

UMVt =U1) xU(1) x---x U(1), (9)

and all such maximal tori are conjugate inside SU(N). It means that without loss of generality
one could pick up a specific maximal torus, for example, the one that is represented by phase
rotations of individual doublets

diag[eio‘l, ez . elaN-1 e‘izo"'] , (10)

and study its subgroups.



However, the group of distinct reparametrizations is G,, = PSU(N), and it has a richer
structure. Consider the canonical epimorphism

. SU(N) — SU(N)/Z(SU(N)) = SU(N) ~ PSU(N), (11)

where Z(SU(N)) =~ Zy is the center of SU(N). Given subgroup A of PSU(N) we denote by
A € SU(N) the complete preimage of A. If A is abelian, its complete preimage A does not
have to be abelian. Specifically, in Appendix [A] we prove the following Theorem:

Theorem 1. Let A be a mazimal abelian subgroup of PSU(N), denote by A a complete
preimage of A in SU(N). Then one of the following statements holds.

(1) A is abelian and A is conjugate to the subgroup of all diagonal matrices in SU(N).

(2) A is a finite nilpotent group of class 2, the exponent of A is divisible by N and divides N*.
Moreover, Z(A) = Z(SU(N)) and the commutator [A, A] < Z(A).

This theorem states that there are two sorts of maximal abelian groups in PSU(N): (1)
maximal tori, which will be constructed below, (2) certain finite abelian groups, which are not
subgroups of maximal tori and which must be treated separately.

3.2 Maximal tori in PSU(N)

Let us explicitly construct the maximal torus in PSU(N) referred to in Theorem 1. We first
introduce some convenient notation. A diagonal unitary matrix acting in the space of Higgs
doublets and performing phase rotations of individual doublets, such as (I0), will be written

as a vector of phases:
(ala g, ..., aN—la_Zai> . (12)

In addition, if M, ..., M}, are subsets of a group G, then (M, ..., M) denotes the subgroup
generated by M; U ...U M of G. Then we construct a maximal torus in SU(N)

To=U1)1,U1)2, -, UL)n-1), (13)
where

U(l)l - al(_L ]-7 Oa 07 R O)a
Ul)s = as(—2,1,1,0,...,0),
U(1)3 - Oég(—B, ]-7 1a ]-7 ) O)a

U(l)N—l = OéN_l(—N‘l‘ 1a ]-7 ]-7 1a SRR 1)> (14)

with all o; € [0,2m). Clearly, for every j we have (U(1)y,...,U(1);—1) NU(1); = {e}, whence
To is a direct product of U(1)y,...,U(1)y—1. In particular, any element u € SU(N) can be
uniquely written as

U = ul(Oél)UQ(OéQ) .- -uN_l(ozN_l) , Ui € U(l)z . (15)



Moreover, the center Z(SU(N)) is contained in the last group and is generated by ay_; =
21 /N. One can therefore introduce U(1)y_, = U(1)y_1/Z(SU(N)), which can be parametrized
as

— N—-1 1 1
U(l)N_l = aN-1 (_Ta N? SR N) ) (16)

where ay_; € [0,27). Since Z(SU(N))NU(1); =1 for j =1,...,N — 2, we identify these
subgroups with their homomorphic images and omit the bar. Thus the homomorphic image
T of T, can be written as

T=U(); xU(1)yx---xU(1l)y_,- (17)

3.3 Identifying symmetries of the potential

Next we study which subgroups of the maximal torus 7" can be realizable in the scalar sector
of NHDM.
We start from the most general T-symmetric potential:

Zm (¢1a) +2Aab¢¢a )(@h0e) + > Nop(Bh0) (B a) (18)
ab

where among the N(N — 1)/2 terms in the last sum there are only 2N — 3 algebraically
independent ones, [23]. Each term in this potential transforms trivially under the entire 7.
The important fact now is that a sufficiently general potential of this form has no other unitary
symmetry. In fact, an even stronger statement is true:

Theorem 2. Consider potential V(T), (I8), defined by the set of coefficients m?, Ay, Ny

1. There exist coefficients such that the only unitary symmetries of the potential are the
phase rotations from T'.

2. If one constructs V.=V (T) + Vi by adding further terms that were absent in (I8), then
for any Vi there still exist coefficients of V(T') such that any unitary symmetry of V
belongs to T'.

Proof. The first assertion is a particular case of the second, which we now prove. Consider a
generic potential V' in the adjoint space ({]). Any unitary transformation of the Higgs families
corresponds to an orthogonal transformation in the r;-space. Therefore, any unitary symmetry
of the potential must leave invariant each of the five terms in (). Consider, specifically, the
second and the forth terms:

V= —Yu(glor) + Za(dldn) D (dlde) + ..., (19)

C

where we omitted the remaining terms and introduced the tensor
Zar = 23" Zusia — —500 3 7 (20)
ab — N - abdd N2 ab — cedd »

which is basically the Z 512)) of [7] made traceless. Both Y,; and Z,;, are hermitean matrices, and
their diagonal values can be arbitrarily changed by changing m? and A, in ([IS). In particular,
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one can adjust them so that the spectra of Y,;, and Z,, are non-degenerate. Their eigenvectors
can be then used to construct two orthonormal bases in the space of Higgs doublets, {egy)} and
{ez(-Z)}, respectively (i =1,..., N). Let us also introduce the canonical basis {e§°>} consisting
of vectors of the form (0,...,1,...,0), so that the maximal torus 7" consists of phase rotations
of these vectors.

The symmetry group of the first term in (I9) is the maximal torus Ty of phase rotations of
()

i

. The symmetry group of the second term in (I9) is the maximal
torus Tz of phase rotations of individual eigenvectors el(-Z). The symmetry group of ([9) is,
therefore, Ty N Tz, the phase rotations of common eigenvectors of the two matrices (and the
symmetry group of the entire V' is its subgroup).

Take an eigenvector of Y. Its orientation can be changed by readjusting coefficients m? if
and only if it does not belong to the canonical basis. The same applies to Z,,. Therefore, even
if Y, and Z,, had common eigenvectors not belonging to the canonical basis, one could avoid
this coincidence by readjusting the coefficients m? and A\,. After this procedure, the only
common eigenvectors of Y,;, and Z,, will be those belonging to the canonical basis. Therefore,
the symmetry group of (I9), and consequently, of the full potential will be a subgroup of
T. !

individual eigenvectors e

The theorem just proved guarantees that when we start from the 7T-symmetric potential
([I8) and add more terms, we will never generate any new unitary symmetry that was not
already present in 7'. This is the crucial step in proving that the groups described below are
realizable. Our task now is to find which subgroups of 7' can be obtained in this way.

Consider a bilinear ¢l¢,, a # b. It gains a phase change under T (I7) which linearly
depends on the angles «:

oLy — expli(paprs + qapo + - -+ + tapan—_1)] - Bl (21)
with some integer coefficients pup, Gap, - - -, tap- Note that all coefficients are antisymmetric in
their indices: pps = —pap, €tc. These coefficients can be represented by real antisymmetric

matrices with integer values, or graphically, as labels of the edges of N — 1 oriented graphs,
one for each U(1) group. Each such graph has N vertices, corresponding to doublets ¢,; all
vertices are joined with arbitrarily oriented edged, orientation indicated by an arrow. An edge
oriented from ¢, towards ¢, (edge b — a) is associated with the bilinear ¢! ¢, and is labeled
by ppe in the first graph, g, in the second graph, etc. Examples of these graphs will be shown
later for SHDM and 4HDM.

The Higgs potential is a sum of monomial terms which are linear or quadratic in ¢! ¢,.
Consider one such term and calculate its coefficients p,...,t. Let us first focus on how this
term depends on any single U(1); subgroup of T. There are two possibilities depending on
the value of the ¢-th coefficient:

e If the coefficient k in front of «; is zero, this terms is U(1);-symmetric.

o If the coefficient k # 0, then this term is symmetric under the Z; subgroup of U(1);-
group generated by phase rotations by 27 /|k|.

However, even if a given monomial happens to have finite symmetry groups with respect to
each single U(1);, its symmetry group under the entire 7" is still continuous: for any set of
coefficients one can adjust angles «; in such a way that pe,aq + -+ - + tgpany_1 = 0. Therefore,



when studying symmetries of a given term or a sum of terms, we cannot limit ourselves to
individual U(1); groups but must consider the full maximal torus.

The strategy presented below guarantees that we find all possible realizable subgroups of
the maximal torus 7', both finite and infinite.

Consider a Higgs potential V' which, in addition to the T-symmetric part (I8) contains
k > 1 additional terms, with coefficients p1, q1, ...t to pg, qx, ...tx. This potential defines
the following (N — 1) x k matrix of coefficients:

P ot
cee

xvy=| 7 ® ’ (22)
Pk qx  tk

The symmetry group of this potential can be derived from the set of non-trivial solutions for
«; of the following equations:

o7 21,
X(V) : = : , (23)

aN_1 2mny
There are two major possibilities depending on the rank of this matrix.

e Finite symmetry group. If rankX (V) = N — 1, then there is no non-trivial solution
of the equation (23)) with the trivial right-hand side (i.e. all n; = 0). Instead, there
exists a unique solution for any non-trivial set of n;, and all such solutions form the
finite group of phase rotations of the given potential.

To find which symmetry groups can be obtained in this way, we take exactly N — 1
monomials, so that the matrix X (V') becomes a square matrix with a non-zero deter-
minant. It is known that any square matrix with integer entries can be diagonalized
by a sequence of the following operations: swapping two rows or two columns, adding a
row (a column) to another row (column) and multiplying a row (a column) by —1. Af-
ter diagonalization, the matrix X (V') becomes diag(dy,...,dy_1), where d; are positive
non-zero integers. This matrix still defines the equation ([23) for «f, which are linear
combinations of «;’s and with n, € Z. Therefore, the finite symmetry group of this
matrix is Zg, X -+ X Zg,_, (where Z; means no non-trivial symmetry).

Note also that each of the allowed manipulations conserves the absolute value of the
determinant of X (V'). Therefore, even before diagonalization one can calculate the
order of the finite symmetry group as |det X (V).

This derivation leads us to the strategy that identifies all finite subgroups of torus re-
alizable as symmetry groups of the Higgs potential in NHDM: write down all possible
monomials with N-doublets, consider all possible subsets with exactly N — 1 distinct
monomials, construct the matrix X for this subset and find its symmetry group follow-
ing the above scheme. Although this strategy is far from being optimal, its algorithmic
nature allows it to be easily implemented in a machine code.



e Continuous symmetry group. If rankX (V) < N—1,so that D = N—1—rankX (V) >
0, then there exists a D-dimensional subspace in the space of angles «;, which solves
the equation (23] for the trivial right-hand side. One can then focus on the orthogonal
complement of this subspace, where no non-trivial solution of the homogeneous equation
is possible, and repeat the above strategy to find the finite symmetry group Gp in this
subspace. The symmetry group of the potential is then [U(1)]P x Gp.

3.4 Antiunitary transformations

Having found the list of realizable subgroups of torus 7', we can ask whether these groups can
be extended to larger abelian groups that would include not only unitary but also antiunitary
transformations. Here we describe the strategy that solves this problem.

As described above, one can define the action of the CP-transformation J on PSU(N)
given by ({): J-U -J = U*. This action can be restricted to the maximal torus 7" (I7)) and
even further, to any subgroup A C T (indeed, if a € A, then a* € A). However, J does not
commute with a generic element of 7', therefore the group (A, J) is not, in general, abelian.

In order to embed A in a larger abelian group, we must find an antiunitary transformation
J" = b-J which commutes with any element a € A:

JaJY'=a & blaJbl=a <& ba'bl'=a <& b=aba (24)

The last expression here is a linear matrix equation for the matrix b at any given a. Since a
is diagonal, (aba);; = a;;a;b;j, so whenever a;a;; # 1, one must set b;; to zero.

If at least one matrix b satisfying (24]) is found, all the other matrices can be constructed
with the help of the last form of this equation. Suppose b’ = xb also satisfies this equation;
then, aza™' = x. Therefore, x can be any unitary matrix from PSU(N) commuting with a,
that is, x centralizes the chosen abelian group A.

In summary, the strategy for embedding a given abelian group A C T into a larger abelian
group Acp which includes antiunitary transformations proceeds in five steps:

e Find one b which solves the matrix equation (24]) for all a € A.

e Find all x € PSU(N) which commute with each element of A, that is, construct the
centralizer of A in PSU(N).

e Find restrictions placed on z’s by the requirement that product of two different antiu-
nitary transformations (z;J’') and (x2J’) belongs to A. This procedure can result in
several distinct groups Acp.

e Find which among the A-symmetric terms in the potential are also symmetric under
some of Acp; drop terms which are not.

e Check that the resulting collection of terms is not symmetric under a larger group of
unitary transformations, that is, A is still a realizable symmetry group of this collection
of terms.

As an exercise, let us apply this strategy to the full maximal torus 7. A generic a € T

acting on a doublet ¢; generates a non-trivial phase rotation v;(cy, ..., ay_1) which can be
reconstructed from (I4]). The equation (24 then becomes
ei(wﬁ_wj)bij = bij . (25)
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Since ; +v; # 0 for any 4, j, the only solution to this equation is b;; = 0 for all ¢ and
j. This means that there is no J’ that would commute with every element of the torus 7.
Thus, T cannot be embedded into a larger abelian group T¢p that would include antiunitary
transformations.

In order to avoid possible confusion, we note that in fact J s a symmetry of the 7T-
symmetric potential. However, the symmetry group, generated by 1" and .J, is a semidirect
product 7" x J, and it is nonabelian.

4 Examples of 3SHDM and 4HDM

In this Section we illustrate the general strategy presented above with the particular cases of
3HDM and 4HDM. For 3HDM we give the full list of abelian groups realizable as symmetry
groups of the Higgs potential and show explicit examples of such potentials; for 4AHDM we do
it only for the finite groups of unitary transformations.

4.1 Maximal torus for 3HDM and its subgroups
In the 3HDM the representative maximal torus 7' C PSU(3) is parametrized as
211
oUW X U, U =al-1 1,0, Ua=6(-3.5.5) . @9
where «, § € [0,27). The most general Higgs potential symmetric under 7 is

—m(§]1) — mi(9hde) — m3(dhes) (27)
A1 (9161)? + Naa(9hp2)? + Ass(ds)?

Ai2(8161) (8502) + Nas(dhda) (B103) + Ms(dles) (0] 1)

Nia|010al® + Nyg|odes|* + Nl dhon|*

Vv

+ o+ o+

There are six bilinear combinations of doublets transforming non-trivially under 7" with coef-
ficients

T |l p ¢
(@) | —2 —1
(Goe) | 1 0 (28)
(6los) | 1 1

and their conjugates whose coefficients p and ¢ carry opposite signed with respect to (28]).
These coefficients are shown graphically as labels of the edges of two oriented graphs shown
in Fig. [l

Before applying the general strategy described in the previous Section, let us check which
finite symmetry groups can arise as subgroups of either U(1); or U(1)y individually.

Consider first U(1);. The coefficient p of any monomial can be obtained either by picking
the labels from the first graph in Fig. [I] directly or by summing two such labels, multiplied by
—1 when needed. In this way we can obtain any |p| from 0 to 4. For a monomial with p = 0,
the symmetry group is the entire U(1);. For |p| = 1, there is no non-trivial symmetry. For
Ip| = 2,3,4, we obtain the cyclic group Zj,|. In each case it is straightforward to construct
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Figure 1: Coefficients p and ¢ as labels of triangles representing bilinears in 3HDM

the monomials with a given symmetry; for example, (¢J{¢3)(¢;¢3) and its conjugate are U(1);-
symmetric, while (¢J{¢2)(¢]{¢3), (¢}¢2)(¢§¢2) and their conjugates are symmetric under the
Zs-group with a generator

a=(w, 1,w™), w=exp(27i/3). (29)

In the case of the group U(1)sy, the labels can sum up to |g| = 0,1, 2. Thus, the largest finite
group here is Z,.

As we mentioned in the previous Section, one cannot limit oneself to subgroups of individual
U(1); factors or to direct products of such subgroups. In order to find all realizable groups,
one has to write the full list of possible monomials and then calculate the symmetry group
of all distinct pairs (for N = 3) of monomials. For example, if the two monomials are v; =
M (0102)(61h3) and vy = Ay(dhd1)(dh3), then the matrix X (vy + v5) has form

X(”ﬁ“?):(—?)?) —21)%(3?)_%3(1]) (30)

and it produces the symmetry group Zs. The solution of the equation

X+ ()= () (31)
yields o = 27/3 - k, f = 0, which implies the transformation matrix of the doublets (29]).

In 3HDM there are, up to complex conjugation, three bilinears and nine products of two
bilinears transforming non-trivially under 7. It is a straightforward exercise to check all
possible pairs of monomials; in fact, by using permutations of the doublets the number of
truly distinct cases is rather small. This procedure reveals just one additional finite group
Zy x Ty, which arises when at least two terms among (¢]¢2)2, (dhos)?, (¢hd1)? are present.
This group is simply the group of sign flips of individual doublets.

Thus, we arrive at the full list of subgroups of the maximal torus realizable as the symmetry
groups of the Higgs potential in SHDM:

Zg, Zg, Z4, ZQ X ZQ, U(].), U(l) X Zg, U(l) X U(]_) . (32)

Most of these groups were identified in [20] in the search of “simple” symmetries of 3HDM
scalar potential. In that work a symmetry were characterized not by its group, as in our paper,
but by providing a single unitary transformation S and then reconstructing the pattern in the
Higgs potential which arises after requiring that it is S-symmetric. In certain cases the authors
of [20] found that the potential is symmetric under a larger group than (S), in accordance
with the notion of realizable symmetry discussed above.
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The explicit correspondence between the seven symmetries Sy, ..., S7 of [20] and the list
[B2) is the following:

Sl — Zg, SQ — U(l) realized as U(l)g , Sg — Zg , (33)
Sy = Zy, Ss— U(1) realized as U(1);, Seg—U(1l) xZy, S;—U(1)xU(1).

In addition to these symmetries, our list ([B2) contains one more group Zsy X Zo, which was not
found in [20] because it does not correspond to a “simple” symmetry.
Let us also explicitly write the potentials which are symmetric under each group in (32).

e U(1) x U(1) = T. The most general T-symmetric potential of 3HDM is given by (27).

e U(1). This group can be realized in two non-equivalent ways, which are conjugate
either to U(1); or U(1)s in (20). The distinction between the two realizations lies in the
eigenspace decomposition: a U(1)s-type group has a two-(complex)-dimensional space
of eigenvectors, while eigenspaces of a U(1);-type group are all one-dimensional. This
leaves more freedom in constructing a U(1),-symmetric potential than a U(1);-symmetric
one. Specifically, the general U(1);-invariant potential contains, in addition to (27]), the
following terms:

Aiaoa (01 ¢3) (d5d3) + hec. (34)

while the general U(1)s-invariant potential contains

_m§3(¢§¢3) + >\1123(¢I¢1) + )\2223(¢;¢2) + )\3323(¢§¢3) (¢;¢3)
+)\2323(¢;¢3)2 + )\2323(¢£¢1)(¢I¢3) + h.c. (35)

It must be stressed that these potentials are written for the specific convention of groups
U(1); and U(1)s used in (26). This convention reflected a specific basis used to describe
the structure of the torus 7. In other bases, the explicit terms symmetric under a
U(1); or U(1)a-type groups will look differently. For example, the term (¢lor)(¢hey) is
symmetric under a U(1);-type transformation with phases (0, a, —«). To this end, we
note that reconstructing the symmetry group of any given potential is a separate and
difficult task which is not addressed in the present paper (here we only classify realizable
symmetries and give examples of their realizations).

e U(1) X Zs. Looking back to (B34]), one might be tempted to think that the true symmetry
group of this term is not U(1) but U(1) X Zsy, because this term is also invariant under
sign flip of ¢3. However, inside SU(3), a transformation with phases (0, 0, 7) is equivalent
to (—m, 7, 0) which in already included in U(1);.

A potential whose true symmetry group is U(1) X Zs is given by ([B3]) with all coefficients
set to zero except for Agge3. The corresponding term, (¢£¢3)2, is symmetric not only
under the full U(1)s, but also under (—m, 7, 0), which generates a Zs subgroups inside

U(1):.

e 7Z4. The potential symmetric under Z4 contains, in addition to (21), the following terms:

>\1323(¢I¢3)(¢£¢3) + )\1212(¢1¢2)2 + h.c. (36)
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In accordance with the general discussion, it must contains N — 1 = 2 distinct terms, as
required for a finite symmetry group. Again, this set of terms is specific for the particular
choice of the (U(1)1,U(1)2)-basis on the maximal torus.

e Zs3. The potential symmetric under Zs contains

Ai232 (91 62) (B52) + Naziz(9h3) (D1 b3) + Aaior (941 (dhd1) + hc. (37)

In fact, any pair of the three terms is already sufficient to define a Z3-symmetric potential.
Note also that different (U(1)y, U(1)q)-basis on the maximal torus lead to the same Zs-
group, because inside PSU(3) the following groups are isomorphic:

(1, w,w?)) = ((w,w? 1)) > (W 1,w)), w=exp(2mi/3). (38)

e 7o X Zgo. This group can be realized simply as a group of independent sign flips of the
three doublets (up to the overall sign flip). Every term in the potential must contain
each doublet in pairs. In addition to (27)), the Zs X Zs-symmetric potential can contain

A212(0]B2)? + Aasas (dhr3)? + Aaizi (¢hd1)? + hec. (39)

e 7. This group can be realized, for example, as a group of sign flips of the third doublet.
The potential can contain any term where ¢3 appears in pairs.

4.2 The Z3 X Zs-group

The only finite abelian group that is not contained in any maximal torus in PSU(3) is Zg X Zs.
Although there are many such groups inside PSU(3), all of them are conjugate. Thus, only
one representative case can be considered, and we choose the following two generators

1 0 O 010 O
a=10 w 0 |, b=10 0 1 |, w=exp (?) . (40)
0 0 w? 1 00

A generic potential that stays invariant under this group of transformations is

2
Vo= —m? [(0lo0) + (8k6a) + (8hes)] + 2o [(6lan) + (6hen) + (8le)]
1 |(6161)7 + (8h6a)? + (0109)?] + 2o |I6162[2 + Ilsl? + |6l 2]
2 | (0162)(6105) + (Bhs)(@hon) + (6101) (8162)| + huc. (41)

with real My, \g, A1, A2 and complex A3. It is also interesting to note that this group describes
an abelian frustrated symmetry of the 3HDM potential, see details in [28].

The potential ([@I]) is not symmetric under any continuous Higgs-family transformation,
which can be proved, for example, using the adjoint representation of the bilinears described
in [23] and briefly outlined in section 2.1l However it is symmetric under the exchange of any
two doublets, e.g. ¢ <> ¢o. Together with b, such transformations generate the group S3 of
permutations of the three doublets. Its action on elements of the Zjz generated by a is also
naturally defined, therefore, the potential ([#I]) is automatically symmetric under the group
Zs xS, which is non-abelian.

We can conclude that the symmetry group Zs x Zs is not realizable for SHDM.
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4.3 Including antiunitary symmetries in SHDM

In Section B.4] we described the strategy of embedding an abelian group of unitary transfor-
mations into a larger abelian group which includes anti-unitary transformations. Applying
this strategy to 3HDM for all groups from the list ([82)), we obtain the following additional
realizable abelian groups:

Ty, ToxTi, ToxTyxZi, I, (42)

where the asterisk indicates that the generator of the corresponding cyclic group is an anti-
unitary transformation. Details of the derivation are presented in Appendix [Bl Here we just
briefly explain why groups such as Z, Z§, U(1) x Z} do not appear in this list. When we search
for anti-unitary transformations commuting wth the selected subgroup of 1", we can indeed
construct such groups at the price of imposing certain restrictions on the coefficients of the
T-symmetric part (27). This makes the potential symmetric under a larger group of unitary
transformations, which is nonabelian. According to our definition, this means that the groups
such as Z{ are not realizable, although they are subgroups of larger realizable non-abelian
symmetry groups.

4.4 Abelian symmetries of the 4HDM potential

In the case of four Higgs doublets the representative maximal torus in PSU(4) is T = U(1); x
U(l)g X U(l)g, where

U1 = a(—1,1,0,0), U(l)s=B(—2,1,1,0), U(l)s =~ (-Z i i i) ()

The phase rotations of a generic bilinear combination of doublets under 7" is characterized by
three integers p, q, 7,

(05dn) — expli(Pasa + quB + ra7)](G16) - (44)

These coefficients can again be represented graphically as labels of edges of three simplices
shown in Fig. 2l

Figure 2: Coefficients p and ¢ as labels of triangles representing bilinears in 4HDM

With four doublets, one can construct (up to conjugation) 42 monomials transforming
non-trivially under 7. When we search for realizable finite groups, we pick up all possible
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combinations of three distinct monomials vy, vy, v3, construct the 3 x 3 matrix X (vq + vy +v3),
check that it is non-degenerate and then diagonalize it to obtain diag(d;, da, d3). The symmetry
group is then Zy, X Zg, X Zq,. Although this brute force algorithm can be easily implemented
in a machine code, we can in fact apply the results of the next Section to find the list of all
realizable finite subgroups of the maximal torus in 4HDM:

ZkWItthQ,,S, ZgXZkWIthk:2,3,4, Zig X Ty X g . (45)

In short, these are all finite abelian groups of order < 8. Perhaps, the most surprising of these
groups is Zr, because it does not appear as a realizable subgroup of any single U(1); factor
(no two labels on Fig. [2lsum up to 7). An example of terms that possess this symmetry group

1S

M@163)(0164) + X (@561) (6h0a) + X' (6402) (@ha) . (46)
and the Z; group is generated by the transformation with phases
2m
= (-9, —1 ) 4
0= 52 (9, -1,3,7) (47)

One can immediately check that a” lies in the center Z(SU(4)) and is, therefore, equivalent
to the trivial transformation.

Realizable continuous abelian symmetry groups as well as abelian groups containing an-
tiunitary tansformations can also be found following the general strategy.

5 Abelian symmetries in general NHDM

The algorithm described above can be used to find all abelian groups realizable as the symme-
try groups of the Higgs potential for any N. We do not yet have the full list of finite abelian
groups for a generic N presented in a compact form, although we put forth a conjecture con-
cerning this issue, see Conjectures 3 and [0l below. However, several statements can be proved
about the order and possible structure of finite realizable subgroups of the maximal torus.

Throughout this Section we will often use n := N — 1. Also, whenever we mention in this
Section a finite abelian group we actually imply a finite realizable subgroup of the maximal
torus.

5.1 Upper bound on the order of finite abelian groups

It can be expected from the general construction that for any given N there exists an upper
bound on the order of finite realizable subgroups of the maximal torus in NHDM.

Let us first prove that the order of any such group must be < 4¥=!. With the choice of the
maximal torus ([IT), let us construct n = N — 1 bilinears (qﬂqﬁiﬂ), i =1,...,n. The vectors
of coefficients a; = (p;, qi, - .., t;) can be easily written:

a = (2,3,4,...,n,1),
aa = (1,3,4,...,n,1),
az = (1,2,4,...,n,1),

an = (1,2,3,...,n—1,1). (48)
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One can use these vectors to construct the n x n matrix A:

a1
A= : , detA=1. (49)

Qn

From the unit determinant we can also conclude that after diagonalization the matrix A
becomes the unit matrix.

Now note that the vector of coefficients for (gbjgbj) with ¢, j # 1 can be represented as a; —a;
and it contains only 0’s and 1’s. Therefore, any monomial in the potential has the vector of
coefficients in the form at most a; — a; + a; — a;, (it can contain fewer terms if ¢; enters this
monomial).

Let us now pick up n different monomials and construct the matrix X. Suppose it is non-
degenerate in order for the symmetry group to be finite. The order of this symmetry group is
then

Qjy — @iy + Qi — Ak,
det X = det | @7 G T W T M (50)
aj, — A4, + a, — ag,
Again, if ¢; enters any of these monomials, its vector of coefficients will contain fewer a’s. The
determinant is a polylinear combination of the rows: therefore it can be represented as a sum
of four determinants

det ( afl ) — det < afl ) + det ( afl ) — det ( af“ ) : (51)

One can then repeat this decomposition for the second row, etc, arriving at the end at the
sum of 4™ determinants, each being equal to £1. In the worst possible case all 1’s sum up
with the same signs, thus providing an upper bound on the order of the group:

|G| < 4N, (52)

This bound can be improved. Note first that the vector of coefficients for any monomial v;
can be expressed as Zyzl cijaj, so that the X-matrix is

Xi = CijAjk . (53)

The matrix ¢;; contains only 0’s, £1 or £2. If ¢; does not enter the monomial v;, then the
corresponding row ¢;; can be, up to permutations and overall sign change, of the following

type:
(1,1, -1, -1,0,---,0), (1,1,-2,0,---,0), or (2,-2,0,---,0). (54)
If a monomial v; contains ¢, the row ¢;; can be of the form
(1,1, -1,0,---,0), (2,-1,0,---,0), (1,1,0,---,0), or (2,0,---,0). (55)

It follows from (B3]) that det X = det ¢ - det A = det c. But geometrically, the determinant of
n vectors represents the volume of the n-dimensional parallelogram spanned by these vectors,
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which is equal to the product of absolute values of these vectors and the sines of the angles.
The absolute values of vectors c¢;; for any fixed ¢ is at most /8. This leads to the following
upper bound:

3(N—1)

G| <277 . (56)

It is clear from the construction that this upper bound can be improved further. Here is our
conjecture on the outcome of this improvement:

Conjecture 3. The exact upper bound on the order of the realizable finite subgroup of mazimal
torus in NHDM s

|G| < 2N, (57)
5.2 Cyclic groups and their products

Here we prove two propositions which show that a rather broad class of finite abelian groups
are indeed realizable as the symmetry groups of the Higgs potential in the NHDM. First we
show which cyclic groups are realizable and then consider direct products of cyclic groups.

Before we proceed to the main results, we need to prove that whenever we have the
decomposition (53], it is indeed sufficient to diagonalize the matrix ¢;; instead of full matrix
X in order to reconstruct the finite symmetry group. Let us recall that the matrix X defines
a system of linear equations on angles «;:

Xijoj = cipAgja; = 27y . (58)

This system remains the same upon

e simultaneous sign change of the k-th column in ¢ and k-th row in A;

e simultaneous exchange of two columns in ¢ and two rows in A;

e simultaneous summation of two columns in ¢ and subtraction of two rows in A.

e sign changes of the k-th column in A and ay;

e cxchange of columns ¢ and j in A and exchange a; < oy;

e summation of two columns in A and subtraction of two a’s;

e sign changes of the k-th row in ¢ and of the integer parameters ry;

e exchange of two rows in ¢ and of two r’s;

e summation of two rows in ¢ and of two parameters r.

In short, it means that all allowed manipulations with integer matrices described earlier can
be used for A and c.

Then we proceeding in the following way. We first diagonalize A; the matrix ¢ becomes
modified by a series of allowed transformations. But diagonal A is equal to the unit matrix.
Therefore, we are left only with ¢ in the system of equations. We then diagonalize ¢ and
construct the symmetry group from its diagonal values.

Now we move to two propositions.
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Proposition 4. The cyclic group Z, is realizable for any positive integer p < 2".

Proof. We start with the following n x n matrix ¢;;:

2 -1 0 0 0 0
0 2 -1 0 0 0
0o 0 2 -1 0 0
Con = . . . . . (59)
0 0 0 0 2 —1
0 0 0 0 0 2
By straightforward manipulation with columns, starting from the last one, we arrive at
0 -1 0 0 0 O om0 0 00
0 0 —1 0 0 O
0 0 0 -1 0 0 0 L0 00
=1 . . . . .. = 001l 00 [, (60)
0 0 0 0 0 -1 : :
on 2n—1 2n—2 2n—3 22 92 0 0 0 01

which produces the finite group Zs». Now, let us modify con by replacing the zero at the left
lower corner by —1. Then the same transformation leads us to the group Zgn_;. If, instead,
we replace any zero in the first column by —1, ¢x; = —1, then the diagonalization procedure
leads us to the group Z, with p = 2" — 27=F,

Now, generally, take any integer 0 < ¢ < 2" and write it in the binary form. This form
uses at most n digits. Write this binary form as a vector with n components and subtract it
from the first column of the matrix con. Then, after diagonalization, we obtain the symmetry

group Z, with p = 2" — ¢. This completes the proof. O
Just to illustrate this construction, for n = 5 and ¢ = 23 we write
1 1 -1 0 0 O
0 0o 2 -1 0 0
q = 2310 = ]_0]_1]_2 = 1 X C3g — @ = —1 0 2 -1 0
1 -1 0 0 2 -1
1 -1 0 0 0 2
Repeating the above procedure we obtain at the lowest left corner 2° — 24 — 22 — 21 — 20 —

32 — 23 =9, which gives the Zg group.
Now we show that not only cyclic groups but many of their products can be realized as
symmetry groups of some potential.

Proposition 5. Let n = Zle n; be a partitioning of n into a sum of non-negative integers
n;. Then, the finite group
G="2Zp, XLy, X -+ XLy, (61)

is realizable for any 0 < p; < 2™.
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Proof. Let us start again from the matrix (B9). For any partitioning of n one can turn this
matrix into a block-diagonal matrix by replacing some of the —1’s by zeros. The matrix is then
represented by the smaller square blocks of size ny, no, ..., ni. The i-th blocks has exactly
the form of (59)), with n replaced by n;. Therefore, within this block one can encode any cyclic
group Z,,, with 0 < p; < 2™. Since each block can be treated independently, we can encode
any group of the form (E1). O

Let us note that this proposition does not yet exhaust all possible finite abelian groups
with order < 2". For example, for n = 5, we can think of the group Zs x Zs whose order
is smaller than 2° = 32. However, there exists no partitioning of 5 that would lead to this
group by applying the proposition just proved. At this moment, we cannot prove whether
such groups are also realizable. However, we conjecture that they are. Together with the
earlier conjecture on the upper bound on the order of the finite group, we can now propose
the following conjecture:

Conjecture 6. Any finite abelian group with order < 2V~ is realizable in NHDM.

If proven true, this conjecture will give the complete classification of realizable subgroups
of the maximal torus in NHDM.

6 Conclusions

Models with several Higgs doublets have become a popular framework to introduce physics
beyond the Standard Model. When building the scalar sector of an N-doublet model, one
usually imposes various discrete symmetries, and many specific symmetry groups have been
used. However, the complete lists of groups that can be implemented for a given N are
unknown for N > 2.

In this paper we made a step towards classification of possible symmetries of the scalar
sector of the NHDM. Namely, we studied which abelian groups can be realized as symmetry
groups of the NHDM potential. We proved that they can be either subgroups of the maximal
torus, or the image under the canonical homomorphism SU(N) — PSU(N) of a finite nilpo-
tent group of class 2. For the subgroups of the maximal torus, we developed an algorithmic
strategy that gives full list of possible realizable abelian symmetries for any given N. We
illustrated how the strategy works with two small-/N examples. For 3HDM we gave the full
list of realizable abelian symmetries, including the ones with generalized C' P-transformations,
while for the 4HDM we just listed all finite realizable subgroups of the maximal torus. We
also proved several statements concerning the order and structure of finite groups which apply
for arbitrary N. Finally, we conjectured that, in the NHDM, any finite abelian group with
order < 2V-1 ig realizable.

It is worth stressing that the Higgs potential taken in the usual quadratic plus quartic form
plays a major factor in restricting possible symmetry groups from all subgroups of SU(N). If
the potential could contain higher-order terms, the list of realizable group would be larger. It
means, in particular, that the recent impressive works on the beyond-SM applications of the
finite subgroups of SU(3), [21], cannot be directly applied to the classification of the Higgs
symmetries in 3HDM because no criterion was given which of the groups are realizable and
which are not.
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An obvious direction of future research is to understand phenomenological consequences
of the symmetries found. This includes, in particular, a study of how the symmetries of the
potential are broken, and what is the effect of these symmetries on the physical Higgs boson
spectrum.
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A Maximal abelian subgroups in PSU(N)

Let V = C" be a unitary space of dimension N equipped with unitary form (u,v). If L is a
subspace of V, then LT denotes the orthogonal complements to L in V. Now SU(N) is the
group of all transformations of determinant 1 preserving the form, i.e.,

SU(N) = {x|detx =1 and x' - x = 1}.

We denote the group of all transformations preserving the form by GU(N). Clearly SU(N)
is a normal subgroup of GU(N) (SU(N) < GU(N)).

In the following lemma we collect known facts and we provide the proofs for the reader’s
convenience.

Lemma 7. Let L be a subspace of V' and x be a linear transformation of V.. Then the following
statements hold.

(1) If L is x-invariant, then LT is x'-invariant.
(2) Ifx € GU(N), then x(v) = Av implies x'(v) = Av.

(3) If x € GU(N), then there exists an orthonormal basis consisting of eigenvectors of x.
Moreover, if Spec(x) = {1, ..., \c} is the set of all eigenvalues of x and Vy = {v € V|
x(v) = \v}, then there exists the orthogonal decomposition V = Vy, @f ... &1V, .

(4) Ifx,y € GU(N) commute, X is an eigenvalue of x, then V\ is y-invariant.

(5) If A< GU(N) is abelian, then A is conjugate to a subgroup of D(N)in GU(N), where
D(N) is a group of all diagonal matrices in GU(N). In particular, if A < SU(N) is
abelian, then A is conjugate to a subgroup of D(N)NSU(N) in SU(N).

(6) Suppose H is the stabilizer in SU(N) of L and L', i.e., H = (GU(L)xGU(L"))NSU(N).
Assume that L,LT # 0. Let : SU(N) — PSU(N) be the reduction modulo scalars.
Then the natural projection m : H — GU (L) is surjective. Moreover, if T is a mazimal
torus of H, then the projection of T into GU(L) is a mazimal torus of GU(L).
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Proof. By definition of x', for every u,v € V we have (x(u),v) = (u,x!(v)), whence (1).
(2) Assume that x(v) = Av. Then

0= (x(v) — Ao, x(v) — o) = ((x — A1)(v), (x — A1)(0)) = (v, (x} — A1) (x — A1)(v)) =
(v, (x = AT = A1)(v)) = ((x" = AD)(v), (X' = A1)(v)),

whence x'(v) — Av = 0.

(3) Since C is algebraically closed, there exists an eigenvalue A of x. Therefore there exists
an eigenvector v such that x(v) = Av. Clearly we may assume that ||v]| = 1. Consider
the line L(v) spanned by v. In view of item (2) of the lemma, L(v) is x!-invariant, hence
item (1) of the lemma implies that L(v)' is x-invariant. Therefore we obatin a decomposition
V = L(v) ® L(v)" of V into an orthogonal sum of x-invariant subspaces. Induction on dim(V)
completes the proof of this item.

(4) For every v € V) we have x(y(v)) = y(x(v)) = Ay(v), i.e., y(v) € V). Therefore V, is a
y-invariant subspace.

(5) Assume that A < GU(N) is abelian. Clearly we may assume that A is nonscalar.
Choose z € A\ Z(GU(N)). Given A € C consider V), = {v € V | x(v) = Av}. Denote by
Spec(x) the set of all eigenvalues of x. Since C is algebraically closed, we obtain that Spec(x)
is nonempty. Moreover, since x € A\ Z(GU(N)), it follows that Spec(x) contains at least two
elements. In view of the proof of item (3) we obtain the orthogonal decomposition

V= @)\ESpec(x) V.

Choose y € A. Then, for every A € Spec(x) the subspace V), is y-invariant, hence V) is
A-invariant. Induction on dim(V') completes the proof of this item.
(6) A matrix from (GU(L) x GU(L")) N SU(N) has the following form:

A O
0 B
and |A] - |B| = 1. Assume that A € GU(L) and |A| = p. Then |p| =1, ie. p-p* =1, so if

D = diag(p*,1,...,1), then
A0
X = < 0 D ) € H.
Moreover 7(x) = A, whence (6).

Consider the canonical epimorphism

. SU(N) — SU(N)/Z(SU(N)) = SU(N) ~ PSU(N), (62)

where Z(SU(N)) =~ Zy is the center of SU(N). Given subgroup A of PSU(N) we denote by
A the complete preimage of A in SU(N). The following statement is evident.

Proposition 8. Let A be an abelian subgroup of PSU(N). Then A is either an abelian group
or a nilpotent group of class 2 and Z(SU(N)) < Z(A).

Proof. Since Z(SU(N)) < Z(A) for every A < SU(N), the statement is evident. O
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If A is a maximal abelian subgroup of PSU(N) such that A is abelian, then A must be a
maximal abelian subgroup of SU(N), and item (5) of Lemma [ implies that A is a maximal
torus.

Now we find the structure of A in case, when A is nonabelian. We assume that A is a
maximal abelian subgroup of PSU(N).

Lemma 9. If A is nonabelian, then Z(A) = Z(SU(N)).

Proof. Inclusion Z(SU(N)) < Z(A) is evident. Assume that there exists x € Z(A)\Z(SU(N)).
Then x is nonscalar, so Spec(x) = {A1,..., A} and k& > 2. In view of Lemma [ items (3) and
(4), A < Csywy(x) = GU(Ny) x ... x GU(Ng), where N; = dim(V),). Now Lemma [7 items
(5) and (6) implies that the projection of A into GU(N;) is contained in a maximal torus
of GU(N;). Since A is a maximal abelian subgroup of PSU(N), we obtain that the pro-
jection of A coincides with a maximal torus of GU(N;) for every i. Hence A is a maximal
torus of PSU(N), and so A is a maximal torus of SU(N). In particular, A is abelian, a
contradiction. O

Since Z(A) = Z(SU(N)) ~ Zy, we obtain that the exponent of Z(A) equals N. In view
of [29, 5.2.22(i)], the exponent of A divides N?, in particular, 7(A) = 7(N), where 7(A)
denotes the set of prime divisors of |A| and m(N) denotes the set of prime divisors of N.

Lemma 10. A is finite.

Proof. Let H be a maximal normal abelian subgroup of A. Then C4(H) = H (see [29] 5.2.3])
and H is contained in a maximal torus of SU(N). In particular, H is generated by a finite
number of elements. Since m(H) C m(A) = m(N) is finite and the exponent of H divides N?,
we obtain that H is finite. Since H = C4(H), it follows that A/H is isomorphic to a subgroup
of Aut(H), in particular A/H is finite. Therefore A is finite. O

All the information about abelian subgroups of PSU(N) obtained above was assembled in
Theorem [ in the main text.

We finish by giving an example of subgroups satisfying statement (2) of Theorem [Il Let
w be the primitive N-th root of 1 in C. Consider x = diag(1,w,w?,...,w™N 1),y = €15 +
ess + ...+ en_1n + enq, where e;; is the matrix with 1 on the (4, j)-place and 0 on the
remaining places. Then M = (x,y) is a nilpotent subgroup of class 2 of SU(N) for N odd,
Z(N) = Z(SU(N)) and the exponent of M equals N.

B Abelian symmetries in 3SHDM with antiunitary trans-
formations

Here we explicitly describe embedding of each of the unitary abelian groups (B82) into a larger
abelian group that contains antiunitary transformations. Throughout this section we will use

the following notation: if a cyclic group Z, is generated by an antiunitary transformation, we
indicate it by an asterisk: Z;.
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B.1 Embedding U(1); x U(1)y

We proved in the general case that the maximal torus cannot be embedded in a larger abelian
group. For illustration, let us repeat the argument in the specific case of 3HDM. At the first
step of the strategy we search for a matrix b € PSU(3) that satisfies aba = b for all a € T
Since a is diagonal, each element (aba);; is equal to b;; up to a phase rotation ;:

—2a —4/3/3 -5/3 —a— (/3
—a—f(/3  «a+23/3 26/3
In order for an element b;; to be non-zero, the corresponding phase rotation must be zero

or multiple of 27, modulo to 27k/3 along the diagonal. It is impossible to find such b for
arbitraty o and . Therefore. T'= U(1); x U(1)y cannot be embedded into a larger abelian

group.

B.2 Embedding U(1)

There are two distinct sorts of U(1) groups inside 7 U(1);-type and U(1)s-type. Consider
first U(1);. The phase rotations for the group U(1); (8 = 0, arbitrary «) allow b to have
non-zero entries bya, by and bgz only. We are free to choose bjs = by = 1, b3 = 1 (the fact

that det b = —1 instead of 1 is inessential; we can always multiply all the transformations by
the overall —1 factor). Then, the transformation J’ which commutes with any a € U(1); is
010
J=1100]|-J, aJ=Ja VaeU(l). (64)
0 01

Next, we search for transformations € PSU(3) such that xJ' also commutes with any
element a € U(1)y; such transformations = form the centralizer of U(1);. From the equation
axa~' = z, analyzed with the same technique of phase rotations, we find that x must be
diagonal. By checking the production of z;J" and x5J’ stays inside U(1);, we can conclude

that © must belong to one of the U(1);-type groups X:

e 0 0 e 0 0
T = 0 €7 0 0 €& 0 : (65)
0 0 1 0 0 e %8

Here ¢ € [0,27/3) is an arbitrary but fixed parameter specifying which X, group we take,
while 7 is the running angle parametrizing the elements of this group. At this stage, any
choice of ¢ is acceptable. Thus, we embedded U(1); into an abelian group generated by
(U1)1, Jf) = U(1) x Z3, where

ec 0 0 0 € 0
Ji=1 0 € 0 J=1e 0 0 J. (66)
0 0 e 2% 0 0 e 2

Let us now see whether this group is realizable and which £ must be chosen. The only
U(1); symmetric terms in the potential are

A(@3) (Do) + A" (0l () - (67)
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This sum of two terms is indeed invariant under Jé’ provided & = v, /3, where 1, is the phase
of X\. This prescription uniquely specifies which group X C PSU(3). Besides, in order to
guarantee that the T-symmetric terms (27)) are invariant under J”, we must set

mi;=m3, A=Az, Aiz=MNg3, Nz=N;. (68)
However upon this reduction of free parameters we observe that the resulting potential acquires
an additional unitary symmetry: the exchange of the field two doublets ¢; <+ ¢9. This
transformation does not commute with U(1);. Therefore, the true symmetry group of such
potential is non-abelian, though it contains the desired abelian subgroup U(1) x Zj. According
to our definition, we conclude that U(1) x Zj is not realizable in SHDM.

Consider now U(1)s: a = 0, arbitrary . It follows from (63]) that no non-trivial matrix b €
PSU(3) can satisfy aba = b. Therefore, U(1)s cannot be embedded into a larger abelian group
with antiunitary transformations. Note also that selecting various diagonal U(1) subgroups of
T, for example by setting o+ /3 = 0, will result just in another version of U(1);. Finally, we
note that the unitary U(1) x Zy emerges only when the continuous group is of the U(1)s-type.
Therefore, U(1) x Zy cannot be embedded into a larger realizable abelian group as well.

The overall result of the last two subsections is that in 3HDM all realizable continuous
abelian groups are necessarity unitary and cannot contain antiunitary transformations.

B.3 Embedding Z,

The Z, symmetry group with generator a arises as a subgroup of U(1);. Therefore, b and
J' can be chosen as before, (64)), but the new conditions for x should now be checked. This
transformation can still be represented as in (G5), but the angle v can take discrete values:
T
4
Correspondingly, two possibilities for embedding the Z4 group arise: Z4 x Z3 and Z§.
Consider first the Z4 x Z; embedding. The Z% subgroup is generated J” in (G6l), where, as
before, £ =1)/3. As before, the potential satisfies (68]), includes (67), but in addition it now
contains

vzgk or v= +gk‘, kelZ. (69)

N(0102)" + X" (so1)?, (70)
Note that these terms are invariant under J”, and therefore, under the full Z, x Z%. which
is also J”-symmetric when & = &. However, just as in the previous case, restrictions (G8])
result in a potential which is symmetric under another Z, group generated by the unitary
transformation

0 €9 0 W
d=1| e 0 0 with 6 = ; (71)
0 0 1

where 1)y is the phase of A" in ({0). Since d does not commute with phase rotations, therefore,
the resulting symmetry group of the potential is non-abelian. Hence, the Z, x Z} symmetry
group is not realizable.

Consider now the Z§ group generated by

0 eif—in/4 0
J'=| et 0 0o |-J (72)
0 0 e %iE
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with the property (J”)? = a, the generator of the Z,. Note that upon action of J” the term
(¢I¢2)2 just changes its sign; therefore, such term cannot appear in the potential. But in this
case we are left with only one type of Z,-symmetric terms. Then, according to the general
discussion, rank X (V') = 1 and, therefore, the potential becomes symmetric under a continuous
symmetry group. Thus, Zf is not realizable as a symmetry group of a 3HDM potential.

B.4 Embedding 7,

The Z3 subgroup of the maximal torus 7" is generated by the transformation a which rotates
the phases of the doublets by (—27/3, 27/3, 0). This group also arises from the U(1);-type
group, therefore the representation for J' in ([€4) and = in (63) are still valid. Closing the
group under product requires that + in ([63) is a multiple of 7/3. If we introduce

0 ei{—m/?: 0
g = | etims g 0o |- (73)
0 0 e~k

Since (J”)? = a, this transformation generates the group Z;.
The Zs-symmetric terms in the potential are

M (062) (81 d3) + Aa(dhds) (dh1) + As(dhdr) (@hpa) + hec. (74)

with complex );. These terms become symmetric under Zg, if the following conditions are
satisfied:
M| =12 and W+ +aps =, (75)

where 1); are phases of \;. Indeed, one can check that in this case the sum ([74)) is left invariant
under J¢ with & = —¢3/3. It is, therefore, possible to have a Zg-symmetric potential by
requiring ([73]) and applying the usual restrictions (GS]).

However, just as in the previous cases, the resulting potential becomes symmetric under a
larger unitary symmetry group, and therefore Zg is not realizable as well. The transformation
that leaves the potential symmetric is of type (7)) with 6 = (¢, — 109)/3.

B.5 Embedding Z, x Zs

The Zoy x Zo C T symmetry can be realized as a group of simultaneous sign flips of any
pair of doublets (or alternatively of independent sign flips of any of the three doublets). If the
simultaneous sign flip of doublets ¢ and j are denoted as R;;, then the group is 1, Ry2, Ri3, Ra3,
with RiaRi3 = Roz and any (R;;)? = 1. This group can be embedded into Zs X Zy x Zj, where
Z3 is generated by
et 0 0
Jél@ = 0 e 0 -J. (76)
0 0 e ¥1—i&

At this moment, any pair &, £ can be used to construct the Zs x Zy x Z5 group. Note also
that this group can be also written as Zq x Z3 X Z or Z3 x 75 x Z5 by redefining the generators.
The Zy X Zo-symmetric potential contains the following terms

Ai2(3162)% + s (033) + Aa1 (9561)% + h.c. (77)
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with complex 5\” If there phases are denoted as t);;, then the condition when (77) are
symmetric under some Z; with an appropriate choice of &1, & is

P12 + oz + P31 =0, (78)

or alternatively, when the product A2 Aoz Az is real.

Note that in contrast to the previous cases, the full T-symmetric potential (27]) is invariant
under Zy X Zo X Z3. This guarantees that no other unitary symmetry arises in this case, and
therefore this symmetry group is realizable.

B.6 Embedding 7,

The unitary abelian symmetry group Zs, can be implemented in a variety of ways, all of which
are equivalent. One can take, for example, the Z, group generated by sign flips of the first
and second doublets, Ri5. Again, the usual C P-transformation J commutes with Ri5. An
analysis similar to the previous case shows that the Z, x Z5 group generated by Ris and J is
realizable.

There is also a possibility to embed the Z, group into Zj;. Consider the following transfor-
mation

0 € 0
Ji=| —© 0 0 |-J, (J)?=Ru, (79)
0 0 e %€

where £ is an arbitrary but fixed parameter. The potential with the usual restrictions (GS])
and with extra terms

Ns(@]02)? + Xs(0102) |(6161) = (6102)| + A6l 0s) (6165) + As(6105)? + do(6165)* + huc. (80)

satisfying conditions [Ag| = [Ao| and 95 +thg = 2¢p7 + 7 is invariant under J{ with 6§ = 1)s + .
Adjusting A5 and \g, one can guarantee that no other unitary symmetry appears as a result
of (68]). Therefore, this Z; group is realizable.
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