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Abstract

In this work, a gradient-enhanced homogenization procedure is proposed for
fiber reinforced materials. In this approach, the fiber is assumed to remain
linear elastic while the matrix material is modeled as elasto-plastic coupled with
a damage law described by a non-local constitutive model. Toward this end,
the mean-field homogenization is based on the knowledge of the macroscopic
deformation tensors, internal variables and their gradients, which are applied
to a micro-structural representative volume element (RVE). The macro-stress is
then obtained from a homogenization procedure. The methodology holds for 2-
phase composites with moderate fiber volume ratios, and for which, at the RVE
size, the matrix can be considered as homogeneous isotropic and the ellipsoidal
fibers can be considered as homogeneous transversely isotropic. Under these
assumptions, the method is successfully applied to simulate the damage process
occurring in unidirectional carbon-fiber reinforced epoxy composites submitted
to different loading conditions.

Keywords: Finite elements, Gradient-enhanced, Mean-Field Homogenization,
Fiber-reinforced materials, Composite

1. Introduction

As composite materials are multiscale in nature, from the accuracy aspect of
the structural analysis, it would be better to refer directly to the microstructure
deformations during numerical simulations. However, as such direct numerical
simulations are often too complex to handle and as the computation costs are
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unaffordable, composite structural analyzes are usually carried out at the macro-
scopic scale with homogenized material properties, which are derived from the
microscopic analysis.

Homogenization techniques are known to be efficient tools to derive those
homogenized material properties analytically and/or numerically from the con-
stituents properties and from the microstructure of heterogeneous materials. A
comprehensive overview of different homogenization methods can be found in
Reference [1].

Among those different methods, the mean-field homogenization (MFH) ap-
proaches provide predictions for the macroscopic behavior of heterogeneous ma-
terials at a reasonable computational cost. They were first developed for linear
elastic problems as semi-analytical methods based on the Eshelby single in-
clusion solution [2]. To account for the interactions between inclusions in an
average way, additional assumptions are applied as in the Mori-Tanaka scheme
[3, 4] or in the self-consistent scheme [5–8].

When extending MFH methods to the non-linear regime, most approaches
revolve around the definition of a so-called linear comparison composite (LCC)
[9, 10], which is a virtual composite whose constituents linear behaviors match
the linearized behavior of the real composite constituents for a given strain state.
The use of a LCC allows the available linear schemes being applied to non-linear
composites [11–13]. Such a LCC is used in the incremental formulation proposed
by Hill [14], which considers linearized relations between the stress and strain
increments of the different constituents around their current strain states, and
for which the constitutive equations of the homogenized structure are rewritten
in a pseudo-linear form relating the stress and strain rates. This incremental
formulation was further developed by several authors in order to improve its
predictive capabilities [15–18]. In particular, by considering the isotropic part
of the tangent operator in computing Eshelby or Hill tensors, very acceptable
estimates of the macroscopic response were obtained for different non-linear
constitutive relations.

For completeness, other homogenization techniques can be used in the non-
linear range as the computational homogenization method that was developed
to account for complex non-linear behaviors at the micro-scale [19, 20].

At the current state-of-the-art, multiscale homogenization methods in gen-
eral and mean-field homogenization schemes in particular can predict accurately
the macroscopic behavior of heterogeneous materials exhibiting non-linear irre-
versible behaviors at the microscopic components scale. However, capturing
the degradation, damage or failure of material happening at the microscopic
scale remains challenging when dealing with multiscale methodologies. Besides
the complexity of formulating such a multiscale method, when continuum dam-
age models are applied to capture degradation and failure of materials, at the
micro or macro scale, the governing partial differential equations may lose el-
lipticity at a given level of loading corresponding to the strain-softening onset.
Consequently, the boundary or initial value problem becomes ill-posed, and the
associated finite element simulations suffer from the loss of uniqueness and from
the strain localization problem. Once loss of uniqueness happens, the numerical
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solutions become meaningless and differ with the size and direction of the mesh
without convergence.

Many enhanced physical or phenomenological models are proposed to over-
come this difficulty. Commonly the continuum modeling is supplied with a
higher-order formulation, such as in the Cosserat model [21], the non-local
model [22] or the gradient model [23]. Interactions between neighboring ma-
terial points are reflected in these models through the internal length, which is
related to the microstructure and the failure mechanisms of the material. An
overview of these methods can be found in Reference [24]. In order to avoid
the necessity of developing elements with higher-order derivatives, required to
evaluate explicitly internal variable derivatives, such as strain gradient, the non-
local kernel has been reformulated in an implicit way such that a new non-local
variable, representative of an internal variable and its derivatives, results from
the resolution of a new boundary value problem [25–27].

Although the higher-order and non-local formulations mentioned above have
been widely used to avoid losing ellipticity at strain-softening onset, their ap-
plications in multi-scale computations are rare. Liu and Hu [28] applied the
Cosserat model in Mori-Tanaka procedure to study the particle size dependence
of composite materials. Dascalu [29] connected the locally periodic micro-crack
with the macroscopic damage through asymptotic developments homogeniza-
tion. Knockaert and Doghri [30] introduced the gradients of the internal vari-
ables, which are obtained from a micro/macro homogenization procedure, at
the macro-scale computation. However, the resulting formulation was only ac-
complished in 1D case because of the difficulties in implementation. Massart
et al. [31, 32] introduced the non-local approach in the framework of the com-
putational homogenization for the problem of masonry. In this work, the finite
element resolution at the micro(meso)-scale is based on a non-local implicit ap-
proach, while micro-macro continuous/discontinuous up-scaling allows treating
the localization at the macro-scale by means of embedded bands. More re-
cently, Coehnen et al. [33, 34] extended this method in a more general setting.
However, a multiscale analysis allowing to capture softening at the micro-scale
and at the macro-scale without causing localization based on (semi-)analytical
homogenization methods is still missing. Although less accurate than when re-
lying on a computational homogenization, such an approach would benefit from
reduced computational costs.

This paper investigates the application of ductile-damage theories to a mul-
tiscale analysis of continuous fiber reinforced composites. Toward this end, the
incremental MFH approach is extended to account for the damage behavior
happening in the matrix material at the micro-scale and to derive the effec-
tive properties of particle or fiber reinforced composites. In order to avoid
the strain/damage localization caused by the matrix material softening, the
gradient-enhanced formulation [35] is adopted to describe the material behavior
of the matrix. As a result this new formulation allows simulating the ply-
level response under quasi-static loading conditions resulting from the coupled
plasticity-damage model considered at the matrix micro-scale.

The paper is organized as follows. As a prerequisite to the development of the
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multiscale analysis with a gradient-enhanced damage model, section 2 summa-
rizes the state-of-the-art of mean field homogenization methods for two-phase
elasto-plastic composite and the derivation of the gradient-enhanced damage
model for continuum mechanics. Section 3 presents the new multiscale anal-
ysis, with in particular the new mean-field homogenization scheme with the
gradient-enhanced damage model at the micro-scale, the induced modification
of the macroscopic formulation which involves a new boundary value problem
to be solved, and its finite-element implementation. Numerical studies are con-
ducted in section 4. In particular studies comparing the developed method with
respect to the direct numerical simulation of a unit cell and of a representative
volume element (RVE) are achieved, demonstrating the ability of the method to
capture the composite behavior for low to moderate fiber volume ratios. Also a
multiscale simulation at the ply level is conducted. In this simulation, the ply
is notched inducing a damage localization, which is shown to be independent of
the macroscopic mesh considered. Finally, conclusions are gathered in section
5.

2. Scientific background

In this section, the prerequisites to the development of a new multiscale
analysis with a gradient-enhanced damage model are summarized. In particular,
the main equations of the mean field homogenization method for two-phase
elasto-plastic composites are derived according to the incremental formulations
considering the material laws in a pseudo-linear form relating the stress and
strain rates. Also, with a view to the development of the non-local multiscale
method, the main features of the gradient-enhanced damage model are recalled
and applied to the Lemaitre-Chaboche ductile damage model.

2.1. Mean field homogenization for two-phase elasto-plastic composites

Macro

ε ε∆

C σ

X
ω

X

Figure 1: Multiscale method.

In a multiscale approach, at each macro-point XXX, the macro-strain ε̄̄ε̄ε is
known, and the macro-stress σ̄̄σ̄σ is sought from a micro-scale boundary value
problem (BVP), or vice-versa. At the micro-level, the macro-point is viewed
as the center of a RVE of domain xxx ∈ ω and boundary ∂ω. This multiscale
procedure is illustrated in Fig. 1. Considering adequate boundary conditions
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(BCs) on the RVE, the Hill-Mandell condition, expressing the equality between
energies at both scales, transforms the relation between macro-strains ε̄̄ε̄ε and
stresses σ̄̄σ̄σ into the relation between average strains 〈εεε〉 and stresses 〈σσσ〉 over the
RVE, with

ε̄̄ε̄ε = 〈εεε〉 and σ̄̄σ̄σ = 〈σσσ〉 , (1)

where 〈f(xxx)〉 = 1
Vω

∫
ω

f(xxx)dV .
Considering a two-phase isothermal linear elastic composite, with uniform

constitutive material stiffness tensors CCC0 for the matrix and CCCI for the inclusions,
and with the respective volume fractions v0 + vI = 1 (subscript 0 refers to
the matrix and I to the inclusions), Eq. (1) can be rewritten in the matrix
subdomain ω0 and in the inclusions subdomain ωI as

ε̄̄ε̄ε = v0〈εεε〉ω0 + vI〈εεε〉ωI and σ̄̄σ̄σ = v0〈σσσ〉ω0 + vI〈σσσ〉ωI . (2)

The system of Eqs. (2) is completed by an equation describing the relation
between the strain averages per phase through a strain concentration tensor
BBBε:

〈εεε〉ωI = BBBε : 〈εεε〉ω0 . (3)

To express this strain concentration tensor BBBε, assumptions should be made
on the micro-mechanics, and different MFH models give different expressions of
BBBε, [3, 8], all of them being an approximate solution. In this paper, we consider
the Mori-Tanaka (M-T) model because it provides good predictions for two-
phase composite materials for which the matrix can be clearly identified [36],
and has been shown to be accurate for low to moderate fiber volume fractions.
This model assumes that the strain at infinity for the single inclusion problem
corresponds to the average strain in the matrix phase of the multiple inclusions
composite. In this case, the strain concentration tensor reads

BBBε = {III + SSS : [(CCC0)−1 : CCCI − III]}−1 , (4)

where the Eshelby tensor SSS(I, CCC0) depends on the geometry of the inclusion (I)
and on CCC0 [2]. Thus the macroscopic material behavior can be written in the
form

σ̄̄σ̄σ = C̄̄C̄C : ε̄̄ε̄ε , with C̄̄C̄C = [vICCCI : BBBε + v0CCC0] : [vIBBB
ε + v0III]−1 , (5)

where C̄̄C̄C is the homogenized macro-stiffness tensor1.
For two-phase elasto-plastic composites, the MFH methods revolve around

the introduction of a so-called linear comparison composite (LCC), which allows
the linear schemes being applied to non-linear behaviors. Different linearizations
lead to various formulations, such as the secant (or total) deformation formu-
lation [37, 38], the incremental formulation [14], the variational formulation

1Mathematical notations are defined in Appendix A.
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[39–42] or the affine formulation [43, 44]. Because of its simplicity the incre-
mental formulation is considered in this paper motivating a brief review of its
basic theory.

During a finite incremental process, the constitutive equations, of the two
phases, are discretized in time intervals [tn,tn+1], and the expression equivalent
to (5) now relates the macroscopic homogenized stress increment ∆σ̄̄σ̄σ to the
macroscopic homogenized strain increment ∆ε̄̄ε̄ε through

∆σ̄̄σ̄σ = C̄̄C̄C : ∆ε̄̄ε̄ε , (6)

where C̄̄C̄C is the tensor of macro-moduli of the homogenized elasto-plastic two-
phase composite to be found. Toward this end, the macro linearizations of strain
and stress tensors (2) are obtained from the average linearizations of strain and
stress in the phases. When considering a finite increment ∆ on the time interval
[tn,tn+1], these relations read

∆ε̄̄ε̄ε = v0〈∆εεε〉ω0 + vI〈∆εεε〉ωI , and (7)
∆σ̄̄σ̄σ = v0〈∆σσσ〉ω0 + vI〈∆σσσ〉ωI . (8)

At this point, considering the so-called linear comparison composite, the relation
between the average incremental strains in the two phases (3) is rewritten from
the “consistent” tangent operators CCCalg

0 of the matrix phase and CCCalg
I of the

inclusions phase, leading to

〈∆εεε〉ωI = BBBε(III, C̄̄C̄Calg
0 , C̄̄C̄Calg

I ) : 〈∆εεε〉ω0 . (9)

The tensor C̄̄C̄Calg
0 (respectively C̄̄C̄Calg

I ) is computed from the material model of
the matrix (respectively inclusions) phase using 〈∆εεε〉ω0 (respectively 〈∆εεε〉ωI).
Thus, C̄̄C̄Calg

0 and C̄̄C̄Calg
I are uniform by construction, and called comparison tan-

gent operators; Finally, similarly to the elastic counter part (5), the macroscopic
homogenized stress increment ∆σ̄̄σ̄σ can be related to the macroscopic homoge-
nized strain increment ∆ε̄̄ε̄ε through (6) with the macro-moduli tensor of the
homogenized elasto-plastic two-phase composite evaluated from

C̄̄C̄C = [vIC̄̄C̄C
alg
I : BBBε + v0C̄̄C̄C

alg
0 ] : [vIBBB

ε + v0III]−1 . (10)

Note, that when computing the Eshelby tensor SSS(I, C̄CC
iso
0 ) required to compute

the Mori-Tanaka strain concentration tensor (4), only the isotropic part C̄CC
iso
0

of C̄CC
alg
0 is applied to improve prediction results. More details can be found in

reference [44].
For completeness, when solving the problem at the finite element level using

a Newton-Raphson procedure, one needs to linearize the stress tensor at time
tn+1 yielding

δσ̄̄σ̄σn+1 = C̄̄C̄Calg : δε̄̄ε̄εn+1 , (11)

where C̄̄C̄Calg is the Jacobian operator obtained during the MFH process as de-
scribed in section 3.1.1.
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This method has been shown to be very accurate for 2-phase composites
with moderate fiber volume ratios, and for which, at the RVE size, the matrix
can be considered as homogeneous isotropic and the ellipsoidal fibers can be
considered as homogeneous transversely isotropic.

2.2. The non-local gradient model
In order to avoid the loss of solution uniqueness and the strain localization

problem when extending MFH to damage theories, the model should be written
in a non-local form involving gradient enrichments. Toward this end, some
internal variables a (which can be strains, accumulated plastic strain, damage...)
are replaced by their weighted average ã over a characteristic volume (VC) to
reflect the interaction between neighboring material points [45]:

ã(XXX) =
1

VC

∫
VC

a(yyy)φ(yyy; XXX)dV , (12)

where yyy denotes positions inside the characteristic volume VC . The weight
function φ(yyy; XXX) determines the influence of the local internal variables in the
characteristic volume VC on the non-local internal variable at point XXX. For
convenience, the weight functions are assumed normalized such that one has
1

VC

∫
VC

φ(yyy; XXX)dV = 1.
Practically, in order to avoid the direct computation of (12) in a finite ele-

ment framework, this expression can be substituted by an explicit approximated
solution, or by an implicit form preserving the high order accuracy.

2.2.1. Explicit gradient formulation
For a sufficiently smooth field a and when taken sufficiently far from the

boundaries, the integral relation (12) can be rewritten in terms of the even-
order gradients of a by expanding the field into Taylor series [27]. Odd orders
annihilate due to the symmetry of the weight functions. Neglecting terms of
fourth-order and higher, the integral relation (12) is approximated by the dif-
ferential relation

ã(XXX) = a(XXX) + l2∇2a(XXX) , (13)

where the Laplacian operator∇2a(XXX) =
∑

i ∂2/∂X2
i a. The internal length scale

of the non-local model is preserved in the gradient coefficient l. On top of the
difficulty of applying adequate boundary conditions, the numerical evaluation
of relation (13) in a traditional finite element framework is not straightforward
as elements are usually not satisfying high order continuities. These drawbacks
motivated the development of the so-called implicit method [27].

2.2.2. Implicit gradient formulation
Considering Green functions G(yyy;XXX) as weighting functions φ(yyy; XXX) in (12),

an alternative second-order gradient approximation2 can be derived after some

2Here the approximation results from the particular choice of the weighting functions only
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further mathematical manipulations [27], leading to

ã(XXX)− l2∇2ã(XXX) = a(XXX) , (14)

where the Laplacian operator is defined as ∇2ã(XXX) =
∑

i ∂2/∂X2
i ã. In contrast

to the definition (13), the non-local internal variable ã is not given explicitly
in terms of a and its derivatives, but is the solution of a new boundary value
problem consisting of the Helmholtz equation (14) completed by appropriate
boundary conditions.

By opposition to the explicit form (13), this gradient model (14) is truly
non-local in the sense that variations of the local internal variable a in the
neighboring of XXX always affect the non-local internal variable ã(XXX), due to
the definition of the Green functions and as equation (14) is satisfied exactly
during the computation. Another advantage of (14) compared to the explicit
formulation is that it can be implemented without recourse to high-order finite-
elements and that it avoids the consideration of complex boundary conditions
on the non-local variable, see [27] for a complete discussion.

2.2.3. Boundary conditions
As non-local formulations involve higher order derivatives, additional bound-

ary conditions are required to have a well-posed problem. For the implicit gra-
dient model based on equation (14), the natural boundary conditions usually
considered are [35]

∂ã

∂n
= ni

∂ã

∂Xi
= 0 , (15)

where nnn is the outward unit normal. Indeed, these boundary conditions lead to
a behavior that is consistent with relation (12), i.e.

• ã always equals a for homogeneous deformations;

• The total internal variable content is preserved in the non-local averaging:∫
Ω

ãdΩ =
∫
Ω

adΩ, where Ω is the problem domain.

Note that the finite-element formulation of the implicit formulation naturally
includes these boundary conditions, which, thus, do not need to be defined by
the user.

2.2.4. Application to the Lemaitre - Chaboche ductile damage model
In particular, the non-local implicit approach can be applied to damage

models in order to avoid any loss of ellipticity. In this paper, we only consider
the damage in the isotropic matrix. In order to simplify the developments of
the method, an isotropic damage model is assumed. Although to remain more
general, a damage variable should be represented by a fourth order tensor due
to the existence of several mechanisms of damage, this is not necessary for
damage induced by meso- or micro-plasticity [46], which justifies the use of a
simple model for the matrix material. In this work, we focus on the Lemaitre -
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Chaboche ductile damage model [46]. The damage is introduced with the usual
assumption that the strain observed in the actual body and in its undamaged
representation are equivalent [47, 48], and the usual definition of the average
effective stress reads

σ̂σσ =
σσσ

(1−D)
, (16)

where 0 ≤ D < 1 is the damage variable.
Assuming an elasto-plastic material, which obeys J2 elasto-plasticity, the

von Mises stress criterion reads

f = σ̂eq −R(p)− σY 6 0 . (17)

In this expression, f is the yield surface, σ̂eq =
√

3
2

dev(σσσ)
1−D : dev(σσσ)

1−D is the equiv-
alent von Mises effective stress, σY is the initial yield stress, R(p) > 0 is the
isotropic hardening stress, and p is an internal variable characterizing the irre-
versible behavior. If f < 0, the behavior remains elastic. On the other hand,
if f = 0, then ṗ is positive and the plastic strain tensor increment obeys the
normal plastic flow, which is summarized by

ε̇εεpl = ṗNNN , with NNN =
∂f

∂σ̂σσ
=

3
2

dev(σσσ)
(1−D)σ̂eq

, (18)

where NNN is the normal to the yield surface in the effective stress space. In
this formalism, the internal variable p represents the accumulated plastic strain
ṗ = [ 23 ε̇εε

pl : ε̇εεpl]1/2, and, assuming small deformations, the reversible (elastic)
and irreversible (plastic) strain tensors can be added (εεε = εεεel + εεεpl), yielding

σσσ = (1−D)CCCel : (εεε− εεεpl) , (19)

where CCCel is the fourth-order Hooke tensor of the sane (undamaged) material.
What remains to be defined is the evolution of the damage with ṗ. In this

paper, we focus on the Lemaitre-Chaboche ductile damage model [46]. Following
the technique proposed in [49] to develop non-local damage laws, in this paper
the non-local accumulated plastic strain p̃ is applied to calculate the damage
evolution in the Lemaitre-Chaboche model:

Ḋ =

{
0, if p̃ 6 pC ;
( Y

S0
)s ˙̃p, if p̃ > pC .

(20)

In this expression, pC is a plastic threshold for the evolution of damage, S0 and
s are the material parameters, and Y is the strain energy release rate computed
as

Y =
1
2
εεεel : CCCel : εεεel . (21)

Eventually the damage can simply be obtained from the time-integration of
(20): D =

∫
Ḋdt.
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In this gradient enhanced damage model, the non-local accumulated plastic
strain p̃ is computed from the implicit formulation (14), which becomes

p̃− l2∇2p̃ = p . (22)

In this formalism, the length scale l is related to the characteristic micro-
structure length. The local accumulated plastic strain in Eq. (22) is still com-
puted from the plastic flow (18). The equations governing the J2-plasticity, i.e.
Eqs. (17-18) involve explicitly the local accumulated plastic strain p only, while
the non-local form p̃ appears in (20) only. Indeed, as demonstrated in [35, 49],
considering the non-local form p̃ in the definition of the yield surface would lead
to unphysical results, such as a constant plastic strain on the whole domain.

During a finite incremental process, the constitutive equations are discretized
in time intervals [tn,tn+1], and the constitutive equations are differentiated at
tn+1. Remembering that for the non-local formulation the damage depends on
both εεε and on p̃, this linearization reads

δσσσn+1 = CCCalgD : δεεεn+1 −
(

σ̂σσ ⊗ ∂D

∂εεε

)
: δεεεn+1 − σ̂σσ

∂D

∂p̃
δp̃n+1 , (23)

where
CCCalgD = (1−D)CCCalg . (24)

In these last expressions, CCCalg is the derivative of the effective stress increment
with respect to the strain increment3, [50]. Its expression, and the explicit
expressions of the damage derivatives are given in Appendix B.

3. Multiscale analysis a with gradient-enhanced damage model

The purpose of this section is to develop a multiscale model for 2-phase
composites where the matrix material obeys an elasto-plastic behavior expe-
riencing damage. Toward this end, the matrix material behavior is described
by the gradient-enhanced damage model presented in section 2.2.4. The multi-
scale analysis is based on an incremental MFH scheme, as presented in section
2.1, which is extended herein to account for the non-local damage model of
the matrix. The fibers are assumed to remain elastic. As considering the im-
plicit formulation of the gradient-enhanced damage model implies solving new
Helmholtz-type equations, the macro-scale governing equations have to be com-
pleted to fully determine the micro-macro transition. Finally the finite-element
implementation of this MFH-based multiscale framework is derived.

3In this non-local formalism, we explicitly write the dependence of the stress in D and εεε
and linearize with respect to both terms. We use symbol CCCalg for the derivative of the effective
stress increment with respect to the strain increment.
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3.1. The gradient-enhanced damage model in the micro-scale analysis
In this section we consider a finite incremental process for which the con-

stitutive equations are discretized in time intervals [tn, tn+1]. Unless specified
otherwise, variables are referred to their value at time tn+1 and their lineariza-
tion at that time is denoted using symbol δ. The average stress and strain
tensors in the RVE are respectively denoted σ̄σσ and ε̄εε. The average micro-stress
and micros-strain tensors in each phase, previously referred to as, respectively,
〈σσσ〉ωi

and 〈εεε〉ωi
, are now, respectively, denoted σσσi and εεεi to simplify the equa-

tions.

3.1.1. MFH with a gradient-enhanced damage model
Following the incremental formulation of MFH presented in section 2.1, the

stress linearization reads:

δσ̄σσ = v0δσσσ0 + vIδσσσI . (25)

The behavior of the fibers is assumed to remain elastic, and δσσσI = C̄CC
el
I : δεεεI. The

matrix obeys the non-local damage elasto-plastic behavior described in section
2.2.4, and equation (23) allows writing

δσσσ0 = C̄CC
algD
0 : δεεε0 −

(
σ̂σσ0 ⊗

∂D

∂εεε0

)
: δεεε0 − σ̂σσ0

∂D

∂p̃
δp̃ . (26)

However, as this last equation involves average stress and strain tensors on the
matrix phase, one should be careful on the meaning of D and p̃ which are
representations of, respectively, the damage and the non-local equivalent plastic
strain in the matrix of the RVE and do not correspond to the average values4.
Thus, eq. (25) becomes

δσ̄σσ = vIC̄CC
alg
I : δεεεI + v0C̄CC

algD
0 : δεεε0 − v0

(
σ̂σσ0 ⊗

∂D

∂εεε0

)
: δεεε0 − v0σ̂σσ0

∂D

∂p̃
δp̃ , (27)

where the operators of the matrix C̄CC
algD
0 , and of the fibers C̄CC

alg
I = C̄CC

el
I , which

are by construction uniform, are designated as ”comparison” operators in the
MFH literature.

The first two terms at the right hand side of Eq. (27) represent the stress
variation of a composite with a fictitious matrix material of uniform non-local
damage. As this non-local damage is a non-local representation of an internal
variable of the matrix only, we assume that these two terms define a Linear
Comparison Composite (LCC) on which the incremental Mori-Tanaka process
can be applied. Indeed, the last two terms of Eq. (27) are related to the

4Indeed, starting from σσσ = (1−D)σ̂σσ, the average tensor 〈δσσσ〉ω0
= 〈(1 − D)δσ̂σσ〉ω0

−〈σ̂σσδD〉ω0
can be written as 〈δσσσ〉ω0

= (1−D∗) 〈δσ̂σσ〉ω0
−〈σ̂σσ〉ω0

δD∗, where D∗ 6= 〈D〉ω0
is a representation

of the damage of the matrix. For simplicity, we do not use D∗ but D in the developments of
this section.
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softening of the matrix due to the damage. By choice, they are not considered
when defining the LCC for the M-T process, and the slope (1 − D)C̄CCalg

0 for
the damaged matrix phase is used for two reasons. On the one hand, M-T is
only defined when the two tangent moduli of the LCC are definite positive,
which would not be the case in the softening part if these two terms were
considered. Note that if considering another approach than the incremental
formulation, such as the affine formulation or the transformation field analysis
[51, 52], this limitation could be removed. In the transformation field analysis
[51, 52] for elasto-plastic composites, a relaxation stress is defined due to the
irreversible behavior in the matrix. In our approach the relaxation stress, due
to plasticity and damage, is partly modeled by using the damaged elasto-plastic
modulus of matrix C̄CC

algD
0 in the M-T process, see details here below. However,

the relaxation stress resulting from the softening in the matrix (last two terms of
Eq. (27)) is omitted due to our approximation. On the other hand, neglecting
the last two terms of Eq. (27) introduces an error as the softening of the matrix
does not lead to an unloading of fibers. However, this is an error of the same
order of magnitude as for elasto-plastic behaviors. Indeed MFH using the LCC
incremental formulation does not unload the stress in the fibers reached at
the end of the previous stress increment. This correction should result from a
modification of the material stiffness. Thus we expect our M-T based MFH to
predict stresses slightly above the solution obtained with a direct finite element
simulation.

Considering a time step [tn, tn+1], the known data are the macro-total
strain tensor ε̄εεn, the strain increment ∆ε̄εεn+1 and the non-local accumulated
plastic strain increment ∆p̃n+1 of the matrix material, as well as the internal
variables at tn. The set of non-linear equations to be solved can thus be stated
as

∆ε̄εεn+1 = v0∆εεε0n+1 + vI∆εεεIn+1 , (28)
σ̄σσn+1 = v0σσσ0n+1 + vIσσσIn+1 , (29)

∆εεεIn+1 = BBBε(III, C̄̄C̄CalgD
0 , C̄̄C̄Calg

I ) : ∆εεε0n+1 , (30)

where σσσ0n+1 (respectively σσσIn+1) is evaluated from ∆εεε0n+1 and ∆p̃n+1 (respec-
tively ∆εεεIn+1) using the non-local Lemaitre - Chaboche ductile damage model
described in section 2.2.4 (respectively the elastic constitutive behavior).

Practically, this system of equations is solved using the following M-T pro-
cess:

• Predict Eshelby tensor SSS(III, C̄̄C̄C isoD
0n

) using the isotropic moduli of C̄̄C̄CalgD
0 of

matrix at tn
5.

• Initialize the strain increment in inclusions: ∆ε̄εεn+1 → ∆εεεIn+1.

5We use C̄̄C̄CisoD
0 evaluated at previous time step to compute the Eshelby tensor to avoid the

need of accounting for the derivation of SSS during the iteration process that follows.
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• Follow the iterations process (upper indices (i) for values at iteration i of
time tn+1 are omitted for simplicity):

1. Call the constitutive material function, here considered elastic, of the
real inclusions material with, as inputs, the average strain tensor and
the increment in the inclusions phase, εεεIn and ∆εεεIn+1. The mate-
rial function returns the updated stress σσσIn+1, and the algorithmic
moduli C̄̄C̄Calg

I n+1, here Hooke tensor, for the inclusion phase.
2. Compute the average strain in the matrix phase:

∆εεε0n+1 = (∆ε̄εεn+1 − vI∆εεεIn+1)/v0 . (31)

3. Call the constitutive material function of the real matrix material
with, as inputs, the average strain tensor and increment in the ma-
trix phase, εεε0n, ∆εεε0n+1, the non-local accumulated plastic strain in-
crement ∆p̃n+1, and the internal variables at time tn. First evaluate
at time tn the effective average stress in the matrix, as

σ̂̂σ̂σ0n = σσσ0n/(1−Dn) , (32)

and then evaluate the effective trial stress tensor, which will be used
in the radial return mapping process, as

σ̂̂σ̂σ0
tr
n+1 = σ̂̂σ̂σ0n + CCCel

0 : ∆εεε0n+1 . (33)

After having applied the radial return mapping, the output is the
updated stress σσσ0n+1, the internal variables at time tn+1, including
the damage variable Dn+1 and the (anisotropic) moduli C̄̄C̄Calg

0 n+1 for
the matrix phase without damage.

4. In case of damage evolution compute C̄̄C̄CalgD
0 n+1 = (1−Dn+1)C̄̄C̄C

alg
0 n+1.

5. Extract C̄̄C̄C isoD
0 n+1, the isotropic part of C̄̄C̄CalgD

0 n+1 for further evalua-
tion of the Eshelby tensor at next time step.

6. As for improving robustness and accuracy, the MFH process can be
conducted at time tn+α, with α = 1/2 (mid-point rule) or α = 2/36

[16], evaluate

C̄̄C̄CalgD
0 n+α = (1− α)C̄̄C̄CalgD

0 n + αC̄̄C̄CalgD
0 n+1 . (34)

For the inclusion part, the moduli is the Hooke tensor.
7. Applying a similar techniques as in [53], Eq. (30) corresponds to

satisfying FFF = 0, where FFF is the stress residual vector. For a time
step [tn, tn+1], where ∆ε̄εεn+1 and p̃ are constant, compute the stress
residual vector in inclusions as, see Appendix C,

FFF = C̄̄C̄CalgD
0 n+α : [∆εεεIn+1 −

1
v0

SSS−1 : (∆εεεIn+1 −∆ε̄εεn+1)]

−C̄̄C̄Calg
I n+α : ∆εεεIn+1 . (35)

6In this paper we use 1/2.
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8. Check if residual |FFF | ≤ Tol. If so exit the loop.
9. Else, compute Jacobian matrix at constant ∆ε̄εεn+1 and p̃, such that

dFFF = JJJ : dεεεI:

JJJ =
∂FFF

∂εεεI
+

∂FFF

∂εεε0
:

∂εεε0

∂εεεI

= C̄̄C̄CalgD
0 n+α :

[
III −SSS−1

]
− C̄̄C̄Calg

I n+α −
∂C̄̄C̄Calg

I n+α

∂εεεI
: ∆εεεIn+1 −

vI

v0

∂C̄̄C̄CalgD
0 n+α

∂εεε0
:
[
∆εεεIn+1 −SSS−1 :

(∆εεεIn+1 −∆ε̄εεn+1)
v0

]
−

vI

v0
C̄̄C̄CalgD

0 n+α : SSS−1 , (36)

where

∂C̄̄C̄CalgD
0 n+α

∂εεε0
= (1−D)

∂C̄̄C̄Calg
0 n+α

∂εεε0
− C̄̄C̄Calg

0 n+α ⊗
∂D

∂εεε0
. (37)

Remark that as Eshelby tensor is evaluated at previous time step,
there is no need to compute its derivative.

10. Correct the strain increment in inclusions

∆εεεIn+1 ← ∆εεεIn+1 + cccεεεI with cccεεεI = −JJJ−1 : FFF , (38)

then start a new iteration (go to step 1).

• After convergence, compute7

1. The homogenized stress

σ̄σσn+1 = v0σσσ0n+1 + vIσσσIn+1 . (39)

2. The linearization of the homogenized stress

C̄̄C̄CalgD
n+1 = vIC̄̄C̄C

alg
I n+1 :

∂εεεI

∂ε̄εε
+ v0C̄̄C̄C

algD
0 n+1 :

∂εεε0

∂ε̄εε
, (40)

with, see Appendix C,

∂εεεI

∂ε̄εε
= −JJJ−1 :

∂FFF

∂ε̄εε
, and (41)

∂εεε0

∂ε̄εε
=

1
v0

(III − v1
∂εεεI

∂ε̄εε
) . (42)

7In this formalism, we do not need to evaluate explicitly the strain concentration tensor,

nor the macro-moduli, but they follow directly from BBBε = {III+SSS : [(C̄̄C̄CalgD
0 n+α

)−1 : C̄̄C̄Calg
I n+α

−

III]}−1, and C̄̄C̄Cn+α =
h
vIC̄̄C̄C

alg
I n+α

: BBBε + v0C̄̄C̄C
algD
0 n+α

] : [v1BBBε + v0III
i−1

, respectively.
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3. With a view toward the evaluation of the Jacobian matrix of the cou-
pled system, the linearization of the homogenized stress with respect
to p̃

CCC p̃
n+1 = vIC̄̄C̄C

alg
I n+1 :

∂εεεI

∂p̃
+ v0C̄̄C̄C

algD
0 n+1 :

∂εεε0

∂p̃
, (43)

with

∂εεεI

∂p̃
= −JJJ−1 :

∂FFF

∂p̃
, and (44)

∂εεε0

∂p̃
= −v1

v0

∂εεεI

∂p̃
. (45)

At the end of the M-T process, the effective stress σ̄σσ is known from Eq.
(39). In order to solve the macro-scale problem, as exposed in section 3.2, the
Jacobian matrix of the fully coupled problem (including the unknown p̃) has to
be evaluated.

3.1.2. Linearization of the homogenized fields
At the end of the M-T process, σ̄σσ is obtained from Eq. (39), C̄CC

algD, its
derivative with respect to ε̄εε at constant damage, from Eq. (40), and C̄CC

p̃, its
derivative with respect to p̃ at constant deformation, from Eq. (43). Thus, the
linearization (27), after having performed the M-T process, of the fully coupled
problem reads

δσ̄σσ =
[
C̄CC

algD − v0

(
σ̂σσ0 ⊗

∂D

∂εεε0

)
:

∂εεε0

∂ε̄̄ε̄ε

]
: δε̄̄ε̄ε

+
[
CCC p̃ − v0

(
σ̂σσ0 ⊗

∂D

∂εεε0

)
:

∂εεε0

∂p̃
− v0σ̂σσ0

∂D

∂p̃

]
δp̃ , (46)

where ∂εεε0
∂ε̄̄ε̄ε and ∂εεε0

∂p̃ are obtained from (42) and (45) respectively.
To fully characterize the micro-mechanics in the non-local framework, the

representation of the matrix accumulated plastic strain on the RVE is linearized
in terms of δε̄εε and δp̃. Using the elasto-plastic formalism presented in section
2.2.4, but applied on the homogenized matrix effective stress σ̂σσ0, the accumu-
lated plastic strain variation of the matrix can be calculated in the effective
stress space following the same argument as in [54, chapter 12]. Eventually, one
has

δp =
1
h
NNN : C̄CC

el
0 : [δεεε0 − (4p)

∂NNN

∂σ̂σσ0
: δσ̂σσ0] , (47)

where h = 3µ0 + dR
dp . For J2-plasticity,

C̄CC
el
0 :

∂NNN

∂σ̂σσ0
= 2µ0

∂NNN

∂σ̂σσ0
, (48)
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where µ0 is the shear modulus of the matrix material. Since NNN : ∂NNN
∂σ̂σσ0

= 0 and

NNN : C̄CC
el
0 = 2µ0NNN for isotropic materials, Eq. (47) can be rewritten

δp =
1
h
NNN : C̄CC

el
0 : δεεε0 =

2µ0

h
NNN : (

∂εεε0

∂ε̄̄ε̄ε
: δε̄εε +

∂εεε0

∂p̃
δp̃) , (49)

where NNN = ∂f
∂σ̂σσtr

0
, and where σ̂σσtr

0 is the trial (elastic predictor) tensor of the
effective stress in the matrix.

Note that the values p and NNN are representations of the local equivalent
plastic strain and of the yield normal in the matrix obtained during the MFH
process. They do not correspond to average values in the matrix phase.

Now that the RVE is characterized by the linearization δσ̄σσ of the RVE ho-
mogenized stress tensor and by the linearization δp of the RVE representation
of the accumulated plastic strain in the matrix, the macro-scale formulation can
be defined in terms of the homogenized properties.

3.2. The gradient-enhanced damage model in the macro-scale analysis
At the macro-scale, a finite element formulation, based on the weak form

of the governing equations, is implemented. This finite element formulation
accounts for a new degree of freedom on each node, which results from the reso-
lution of the new Helmholtz-type equations governing the implicit formulation of
the gradient-enhanced damage model. In this section, the governing non-linear
equations are recalled and expressed in a weak form before being linearized to
introduce a Newton-Raphson resolution.

3.2.1. Governing equations
The problem is limited to small deformations and static analysis. The gov-

erning equations of the homogenized material using the implicit gradient en-
hanced elasto-plasticity read

∇ · σσσ + fff = 000 for the material, (50)
p̃− l2∇2p̃ = p for the matrix material only, (51)

where fff represents the body force vector, and p̃ is a homogenized representa-
tion of the non-local accumulated plastic strain of the matrix material. Standard
boundary conditions –Neumann and/or Dirichlet– are applied to the first set
of partial differential equations (PDE) (50). For the implicit gradient formu-
lation, according to section 2.2.3, homogeneous Neumann boundary conditions
are applied:

∂p̃

∂n
= ni

∂p̃

∂xi
= 0 on Γ , (52)

where n is the unit outward normal to the external boundary Γ of the body8.
This equation expresses “that no direct energy exchange can exist with the

8The discussion on the boundary definition for direct numerical simulations of unit cells is
reported in section 4.1
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surroundings of the body and ensures that the net dissipation in the body
vanishes for constant damage” [55]

However, as it will be shown in the next section, this boundary condition
will be accounted for when establishing the finite-element formulation, and will
not have to be enforced explicitly during the computation.

3.2.2. Weak formulation
Weak form of the set of Eqs. (50-51) is established using suitable weight

functions defined in the n + 1 − dimensional spaces:
wwwu ∈ [C 0]n The weight function of the displacement field,
wp̃ ∈ [C 0] The weight function of non-local accumulated plastic

strain of the matrix material.
Multiplying equilibrium condition (50) with the displacement weight func-

tion wwwu and integrating the result over the domain Ω yields∫
Ω

wwwu · [∇ · σσσ + fff ]dΩ = 0 . (53)

Applying the divergence theorem, the natural boundary conditions for the bound-
ary traction vector (σσσ·nnn = TTT ) on ΓT , the essential boundary conditions on Γ−ΓT

and the symmetry property of the stress tensor leads to∫
Ω

[Owwwu ]T : σσσdΩ =
∫

Ω

wwwu · fffdΩ +
∫

ΓT

wwwu · TTTdΓ . (54)

The same method is used to treat the second PDE (51), which results in:∫
Ω

(wp̃ p̃ + l2Owp̃ · Op̃)dΩ =
∫

Ω

wp̃pdΩ , (55)

where (52) has been used. Note that as the boundary conditions (52) have
already been considered herein, they will not have to be explicitly applied in
the finite element formulation.

3.2.3. Linearization
Considering a time step [tn, tn+1], it is assumed that the non-linear system

(54-55) has been solved at time tn. The problem is stated as solving the following
equations at time tn+1:∫

Ω

[Owwwu ]T : σσσn+1dΩ =
∫

Ω

wwwu · fffn+1dΩ +
∫

ΓT

wwwu · TTTn+1dΓ , (56)∫
Ω

(wp̃ p̃n+1 + l2Owp̃ · Op̃n+1)dΩ =
∫

Ω

wp̃pn+1dΩ . (57)

The set of non-linear equations (56-57) can be recast in the following form:

Ψ(σσσ, p̃)|tn+1 = 0 , (58)
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which is solved using the Newton-Raphson method. Thus, at each iteration i of
time step [tn, tn+1], we have

Ψ(σσσi
n+1, p̃

i
n+1) +

∂Ψ
∂(σσσ, p̃)

∣∣∣
σσσi

n+1,p̃i
n+1

[(σσσi+1
n+1, p̃

i+1
n+1)− (σσσi

n+1, p̃
i
n+1)] = 0 . (59)

Using Eqs. (56- 57), the explicit form of Eq. (59) can be expressed as∫
Ω

[Owwwu ]T : δσσσi+1
n+1dΩ =∫

Ω

wwwu · fffn+1dΩ +
∫

ΓT

wwwu · TTTn+1dΓ−
∫

Ω

[Owwwu ]T : σσσi
n+1dΩ , (60)

and

−
∫

Ω

wp̃δpi+1
n+1dΩ +

∫
Ω

[wp̃δp̃i+1
n+1 + l2∇wp̃ · ∇(δp̃i+1

n+1)]dΩ =∫
Ω

wp̃pi
n+1dΩ−

∫
Ω

[wp̃ p̃i
n+1 + l2∇wp̃ · ∇p̃i

n+1]dΩ . (61)

According to the classical resolution schemes, the key issue of solving the
weak form (60-61) is to find the expressions of δσσσi+1

n+1 and δpi+1
n+1 in terms of

δεεεi+1
n+1 and δp̃i+1

n+1, which results from Eqs. (46) and (49). The resolution can
now be achieved using a classical finite-element (FE) formulation.

3.3. Finite element implementation - Discretization and incremental-iterative
formulation

After substituting Eqs. (46) and (49) into the linearized weak form (60-
61), the finite element discretization is straightforwardly formulated using the
Galerkin approach. Toward this end, the displacement field UUU and the non-local
accumulated plastic strain field p̃ can be interpolated in each element Ωe using
traditional shape function matrices NNNu and NNN p̃ as follows:

UUU = NNNuuuu, and p̃ = NNN p̃p̃pp , (62)

where the vectors uuu and p̃pp contain the assembled nodal values of the displace-
ments and of the non-local accumulated plastic strain field, respectively. Simi-
larly, the weight functions are interpolated using the same shape functions

wwwu = NNNudududu, and wp̃ = NNN p̃dddp̃pp , (63)

where dududu and dddp̃pp are arbitrary values fulfilling the essential boundary conditions.
The macro-strain tensorial field and the gradient field of the non-local accu-

mulated plastic strain can easily be deduced, in terms of the problem unknowns,
from

ε̄εε = BBBuuuu, and ∇p̃ = ∇NNN p̃p̃pp = BBBp̃p̃pp , (64)
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where BBBu and BBBp̃ represent the matrix strain operator and the matrix operator
for the non-local accumulated plastic strain, respectively. Therefore, using Eq.
(63), and the arbitrary nature of dududu and dddp̃pp, the linearized weak form (60-61)
can be stated in the following matrix form at iteration ’i’ of time step [tn, tn+1]:[

KKKi
uu KKKi

up̃

KKKi
p̃u KKKi

p̃p̃

] [
δuuu
δp̃

]
=

[
FFFn+1

ext −FFF i
int

FFF i
p −FFF i

p̃

]
, (65)

with the sub-matrices defined by

KKKi
uu =

∫
Ω

BBBT
uC̄CC

i
DBBBudΩ , (66a)

KKKi
up̃ =

∫
Ω

BBBT
uSDSDSD

iNNN p̃dΩ , (66b)

KKKi
p̃u = −

∫
Ω

NNNT
p̃ SpSpSp

iBBBudΩ , and (66c)

KKKi
p̃p̃ =

∫
Ω

[(1− Si
p̃)NNN

T
p̃ NNN p̃ + l2BBBT

p̃ BBBp̃]dΩ . (66d)

In these last expressions, C̄CC
i
D, SDSDSD

i, SpSpSp
i and Si

p̃ are the matrix representations

[54, appendix C] of the previously defined tensors [C̄CCalgD − v0

(
σ̂σσ0 ⊗ ∂D

∂εεε0

)
:

∂εεε0
∂ε̄̄ε̄ε ]

∣∣∣
i
, [CCC p̃ − v0

(
σ̂σσ0 ⊗ ∂D

∂εεε0

)
: ∂εεε0

∂p̃ − v0σ̂σσ0
∂D
∂p̃ ]

∣∣∣
i
, 2µ0

hi NNN i : ∂εεε0
∂ε̄̄ε̄ε

∣∣∣
i

and 2µ0
hi NNN i :

∂εεε0
∂p̃

∣∣∣
i
respectively. Finally the force vectors are easily obtained from

FFFn+1
ext =

∫
Ω

NNNT
ufffn+1dΩ +

∫
ΓT

NNNT
uTTTn+1dΓ , (67a)

FFF i
int =

∫
Ω

BBBT
u σ̄σσidΩ , (67b)

FFF i
p =

∫
Ω

NNNT
p̃ pppidΩ , and (67c)

FFF i
p̃ =

∫
Ω

(NNNT
p̃ NNN p̃ + l2BBBT

p̃ BBBp̃)p̃ppidΩ . (67d)

4. Numerical simulations

The new gradient enhanced MFH model described in section 3 has been
implemented as a non-linear FE module in GMSH [56]. Two kinds of locking-
free elements have been used. On the one hand linear hexahedra with selected
reduced integration, and on the other hand, quadratic tetrahedra with 4 Gauss
points. The same polynomial order is used for the different fields. Although the
method could also be used with 2D elements, only the most general 3D formu-
lation is implemented. The numerical verification of the model is first carried
out by comparing the results obtained from the homogenized law to the re-
sults obtained from direct numerical simulations on unit cells for different fibers
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percentages. As the MFH process implemented uses the non-local Lemaitre -
Chaboche ductile damage model described in section 2.2.4, this non-local model
is equally available for the direct numerical simulations of the composite. Af-
terward, the gradient enhanced MFH model is applied to simulate the response
of a notched sample under transverse loading.

4.1. Numerical verifications
In this section, the gradient enhanced MFH model is used to compute the ef-

fective response of unidirectional fiber reinforced elasto-plastic composites. The
considered composites consist in a continuous elasto-plastic matrix, experienc-
ing damage, reinforced by unidirectional continuous fibers with linear elastic
behavior. As an example, the matrix considered is made of epoxy and the
reinforcements are continuous carbon fibers.

4.1.1. Tests description
The properties of the matrix are: Young’s modulus E0 = 2.89 GPa, Poisson’s

ratio ν0 = 0.3 and yielding stress σY = 35.0 MPa. The hardening law of the
epoxy material follows an exponential law

R(p) = h0[1− e−mp] , (68)

where h0 = 73.0 MPa and m = 60. The damage law obeys Eq. (20), with the
parameters S0 = 2.0 MPa, s = 0.5 and pC = 0.0, which are reference values for
the unidirectional carbon fiber reinforced epoxy [46]. By lack of data for epoxy
matrix, we consider these composite damage values for the matrix.

The carbon fibers are linear elastic, with EI = 238 GPa and νI = 0.26.
Moreover, the carbon fibers are assumed to be isotropic, which is far from being
true9, to enhance the difference of material properties in the transverse direction
and, thus, to illustrate the ability of the method to perform the homogenization.
Results obtained will thus not match experimental results but will allow to verify
the new MFH process developed.

Reference results are provided by finite element computations performed on
unit cells where the micro-structure is fully meshed. In these unit cells, it is
assumed that the matrix and the fibers can be considered as homogeneous mate-
rials. As these simulations involve softening, the representativeness of the unit
cells is disputable as a shear band of comparable size of the volume appears
[33, 34, 57–59]. This requires particular attention, as using averaging methods
[59], proscribing periodic boundary conditions but applying adequate boundary
conditions [33, 34], when extracting the macroscopic behavior from the cell sim-
ulations, particularly when performing a computational homogenization. How-
ever, such methods are beyond the scope of this paper whose main purpose is
the development of a MFH method, for which the RVE remains conceptual.

With the non-local model, the Helmholtz equation (51) has to be solved
in the domain of interest with the associate boundary conditions (52) on its

9The Young modulus of fibers in transverse direction is lower than in longitudinal direction.
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(a) Periodic unit cell (b) Random unit cell

Figure 2: The transverse section (the meshes are actually 3D) of the two kinds of studied unit
cells for unidirectional continuous fiber reinforced composite with a volume fraction vI = 0.3.

boundary. When using the MFH, the domain boundary is the boundary of the
domain under consideration. However, when considering unit cells made of dis-
sipative and elastic materials arises the question on how to apply the boundary
conditions (52). A complete discussion on the thermodynamical aspect of the
method can be found in [55], and can be summarized as

• The boundary condition A (BC A) corresponds to applying the bound-
ary conditions (52) to the boundary of the unit cells and integrating the
Helmholtz equation (51) in the two material components. As one ma-
terial remains elastic, the non-local quantity is thus also calculated by
implicit averaging over the elastic inclusions. Although not thermody-
namically rigorous, “this limit can be interpreted as gradually switching
off any non-local effects in the elastic regime, while preserving the ability
of the elastic region to influence damage growth in the process zone” [55].

• The boundary condition B (BC B) corresponds to applying the bound-
ary conditions (52) at the interface between the two materials, restricting
direct energy exchanges to the process zone. From the analyzes in [55]
this option may appear as too limiting as “it seems unlikely that energy
exchange would be stopped at the boundary of the process zone”.

• The boundary condition C (BC C) corresponds to balancing the energy
exchange across the interfaces.

As a complete study of this effect is out of the scope of this paper, when per-
forming the numerical simulations of the unit cell, we will consider the different
results obtained for BCs A and B only.

In this paper, two kinds of unit cells are applied for the validation. The first
one is the small unit cell with an hexagonal periodic distribution of fibers in the
transverse direction (Fig.2(a)), and the second one is the larger cell with random
distribution of fibers in the transverse direction (Fig. 2(b)). It is assumed that
the cross section of the fibers is circular with a radius of 50 µm. Then, the
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size of the unit cell can be calculated according to the fiber volume fraction
vI and the number of fibers considered in the simulation [60]. In the second
case, as the size of the unit cell is not much larger than the micro-structure
length (only four fibers per cell are considered), six different occurrences, with
random fiber distributions are simultaneously considered in order to capture
the scattering effect due to the violation of the length scale separation. As
we choose traction-free/displacement-controlled boundary conditions, the cell
with only four fibers allows obtaining results close to the periodic cell results, as
shown in the following part. The periodic cells have about 250 linear hexahedral
elements, while the non-periodic unit cells have about 2500 quadratic tetrahedral
elements, which allows to reach mesh convergence10. All the meshes have one
layer of elements on the thickness. The comparisons between simulations are
successively achieved for 15, 30 and 50 % volume fractions of fibers. For the
periodic cells, BCs A and B are considered, while for the random distribution
cells, only the BCs A are considered.

The characteristic length of the non-local model in the simulations of unit
cells should be related to the width of the shear band in the matrix material.
The size of the unit cells is about a few hundreds micro-meters, which is much
smaller than the characteristic length of the matrix material, and the interac-
tions between the matrix material points are blocked off by the elastic fibers.
Therefore, the simulations on unit cells are not sensitive to reasonable values
of l. As only a simple tensile test is considered, the MFH simulation will give
uniform numerical results, which are not affected by the value of l. So we set
l2 = 2.0 mm2, which is a typical value for composite [49].

4.1.2. Results
First, a loading-unloading cycle is applied in the direction transverse to

the fibers. A maximal deformation of 10 % is reached before the unloading
proceeds to zero-transverse deformation. Boundary conditions correspond to
uniform displacements11, with controlled deformation in the loading direction,
traction-free condition in the other transverse direction and plane-strain con-
dition in the longitudinal direction. The plane-strain condition in the fibers
direction correspond to the state of a composite ply, while the combination of
traction-free, strain-controlled displacements in the transverse directions gives
good convergence results in terms of unit-cell size.

The effective behaviors predicted by the MFH models and the FE results
for the three fiber volume ratios are presented in Fig. 3. For the three fiber
volume ratios, the homogenized property is dominated by the properties of
the matrix, with an obvious elasto-plastic behavior exhibiting softening. When
considering the periodic cells, BC B predicts higher softening than BC A, as it

10Number of elements is not exactly the same for all the fiber volume fractions nor for all
the realizations of the unit cells

11For the periodic unit cells and the MFH problems, this corresponds to periodic boundary
conditions by symmetry.
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Figure 3: Stress-strain behavior of the epoxy fiber reinforced composite, for different fiber
volume ratios, under transverse loading.

was expected since matrix constraints are lower. However, for low to moderate
(up to 30 % fiber volume ratio), the difference remains reduced. The 6 random
cell occurrences converged as they exhibit a solution similar to the periodic unit
cell, although the statistical dispersion increases with the fiber volume ratio.
For the fiber volume fractions of vI = 15% and 30%, rather good predictions
are given by the MFH model, with, as expected, higher macroscopic stress
and damage predicted by the MFH due to the incremental LCC formulation.
However for vI = 50%, the MFH model overestimates the macroscopic stress
compared to the periodic unit cell results. This error comes from the assumption
of Mori - Tanaka based MFH, which can give an accurate prediction when the
volume fraction of inclusions is lower than 30%. Also, for the computations of
random cells of vI = 50%, only three random cells reach the end of the loading-
unloading cycle. This might be due to the abrupt increase of damage, which can
reach 1.0 in high stress concentration area before the maximum loading stage
is reached. More explanations for this will be given in the next section. Note
that these curves are for comparison purpose as few composites will sustain this
level of deformation.

For illustration purpose, the von Mises stress, the matrix accumulated plastic
strain and the matrix damage for one 30% fiber random cell are presented in
Fig. 4 at zero-strain after unloading. As comparison, those values obtained
from the MFH are also presented. In the random unit cell, the distribution
of the von Mises stress is quite homogeneous (Fig. 4(a)), higher damage is
found between the fibers along the loading direction (Fig. 4(c)), and higher
accumulated plastic strain appears in a 45o-band (Fig. 4(b)). Highest values
of those in matrix are seen at the fiber/matrix interfaces. On the contrary,
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(d) Von Mises stress (Pa)
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tic strain
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Figure 4: The von Mises stress, accumulated plastic strain in the matrix phase and damage
in the matrix phase at zero-strain after unloading and plastic compression, for a 30% fibers
random unit cell (a)∼(c), and those of a 30% fiber homogenized cell (d)∼(f) under transverse
loading. The scale for the von Mises stress shows the maximal value reached during the
loading process.

uniform values of the von Mises stress, accumulated plastic strain and damage
are obtained by the cell with the MFH process (Fig. 4(d)-Fig. 4(f)). This was
expected, but as the homogenized material exhibits softening, it is important
to make sure localization problems are avoided under uniform loading, which is
the case in this formulation.

The constant non-local damage in the matrix obtained with the MFH scheme
is compared, in Fig. 5, to the minimum, average, and maximal values reached
in the epoxy matrix for the periodic cell simulations, for 30 % fiber volume
fraction. For the periodic cells, the effect of the boundary conditions considered
for the Helmholtz equation is studied. From this figure, it can be seen that
the damage in the periodic cell has a higher average value when applying BC
B, as expected. The non-local MFH damage remains in-between the average
and (minimal) maximal value of the matrix, for BC A (B), respectively. This
confirms that the damage predicted by the MFH is a good image of the average
value in the matrix.

Next, loading along the fiber direction is studied. Boundary conditions cor-
respond to uniform displacements, with controlled deformation in the loading
direction, traction-free and plane-strain conditions in the two transverse direc-
tions. The effective behaviors predicted by the MFH models and the FE results
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Figure 5: Damage evolutions in the epoxy matrix for the 30% fiber periodic cell and for the
30% fiber homogenized cell. Results obtained with the MFH scheme are compared to the
minimum, average and maximum values reached for the periodic cell simulations, and for BC
A and BC B related to the non-local Helmholtz equation.

for the three fiber volume ratios are presented in Fig.6. As continuous fibers are
considered in our case, only the periodic unit cells, with BC A, are applied to
obtain the reference results, as random cells give the same results. For all the
three fiber volume fractions, nearly linear elastic properties have been obtained
in this longitudinal direction. This results from the large difference between the
Young’s modulus of the matrix and that of the fibers, which makes the homoge-
nized property dominated by the fibers. From Fig. 6, it is found that the MFH
model underestimates the macroscopic stress within 5 ∼ 10% difference, while
it was found that the MFH model overestimates the macroscopic stress in the
transverse direction.

4.2. Structural application
In this section, a two-dimensional example is studied using the gradient

enhanced MFH formulation presented previously, and in particular the conver-
gence of the proposed formulation during the strain softening stage is investi-
gated. The same material system as in section 4.1 is considered herein, with the
characteristic length l2 = 2.0 mm2. It should be noted that this value is just
an assumption for this simulation. Indeed, for a real material, on the one hand
fibers have the effect of preventing the interactions among the matrix material
points in transverse direction, and on the other hand, they dominate the long
range effects in the longitudinal direction [61]. So different values of l, which
are related to the size of fibers and internal distances among fibers, should
be used in the different material directions, motivating the development of an
anisotropic non-local model. Moreover, an artificial spreading of the damaged
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Figure 6: Stress-strain behavior of the epoxy fiber reinforced composite for different fiber
volume ratios under longitudinal loading.

zone orthogonal to the direction of a crack propagation has been seen in the
numerical simulations involving damage to fracture transition with constant l
[49, 61]. Therefore, a variable length parameter should be considered to avoid
this spurious behavior [49, 61].

l=60 mm

w
=16 m

m
 

R=5 mm

x

y 

Figure 7: Schematics of the sample test.

The specimen, whose geometry is visualized in Fig. 7, represents the trans-
verse section of a unidirectional reinforced ply. In order to study the effect
of the non-local damage model, notches are added to force strain localization.
The fibers are assumed to be perpendicular to this section. Thus plane-strain
conditions are applied in the fiber direction (z-direction), and traction-free con-
ditions are applied along the ply-thickness (y-direction). The specimen is then
subjected to a transverse loading (x-direction), up to the softening stage. The
material properties are the same as in the previous example with a fiber volume
fraction of vI = 30%. The symmetry of the specimen permits to model only one
quarter of the structure in the finite element simulations.

The mesh of the quarter specimen is refined in the weak zone of 8.0×8.0 mm
(see the shadow area in Fig. 7), and three meshes are successively considered:

• Coarsest mesh of 182 elements and with a mesh size of about 0.43 mm at
the notch ;
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• Intermediate mesh of 360 elements and with a mesh size of about 0.3 mm
at the notch;

• Finest mesh of 1120 elements and with a the mesh size of about 0.15 mm
at the notch.
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Figure 8: Force per unit ply length vs. displacement of the sample for different meshes.

The load-displacement curves are extracted for the three mesh sizes and are
presented in Fig. 8. A good convergence can be seen with the decrease of the
mesh size. Indeed, dividing the mesh size by 2 between the finest mesh and the
intermediate mesh does not induce differences larger than between the coarsest
and intermediate meshes, for which the mesh size has only been reduced by 30
%.

For all the meshes, the computations did not converge further than 15% soft-
ening. This might be explained by the evolution of the damage in the matrix
which obeys the Lemaitre-Chaboche model. Indeed, this model is characterized
by a low damage increase rate at early loading stage while this rate increases
abruptly at a given stage. For the studied example, the damage at the maxi-
mum displacement has already reached 0.25, see Fig. 9(c) and a rather small
increment of displacement would result in a damage reaching 1.0 at the stress
concentration area. At this stage, a failure criterion could be derived, or a
method for transition from damage to crack could be developed to pursue the
simulation.

The basic characteristic of the gradient enhanced method resides in the ex-
istence of the non-local effect in the damage area: the evolution of the damage
is not localized to a single element nor to a mesh dependent one-element-wide
band. The interactions among elements are considered through the gradient
items within a zone which size does not depend on the size of elements, but on
the characteristic length. This phenomenon can be confirmed by the compu-
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Figure 9: The von Mises stress in the homogenized material, accumulated plastic strain in the
matrix phase and damage in the matrix phase at maximum displacement, for coarsest mesh –
mesh size=0.43 mm (a)∼(c), intermediate mesh –mesh size=0.3 mm (d)∼(f) and finest mesh
– mesh size=0.15 mm (g)∼(i).

tational results. For the three different mesh cases, Fig. 9 displays the distri-
butions of von Mises stress, accumulated plastic strain in matrix and damage
in matrix at maximum displacement (about 0.83 mm) respectively. These fig-
ures demonstrate the convergence of the method with respect to the mesh-size:
for three different meshes, only small differences can be observed in the field
distributions. From Fig. 9 it can be seen that the local accumulated plastic
strain distributions form a band while the non-local damage distributions have
a more diffuse distribution. However, from the accumulated plastic strain and
damage distributions shown in Fig. 9, it can be seen that if the method is used
to estimate a crack initiation, fine meshes are still required.

5. Conclusions

A gradient enhanced mean-field homogenization (MFH) scheme, based on
the so-called linear comparison composite (LCC) approach, for damage-enhanced
elasto-plastic composites, was presented.

In particular, at the micro-level, the fibers were assumed to remain elas-
tic, while the matrix obeys an elasto-plastic behavior with damage. In order
of avoiding issues related to softening behaviors, such as mesh-dependency, ar-
bitrary strain localization ... the damage of the matrix was formulated in a
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non-local way, using the so-called implicit approach. In this approach, the dam-
age is computed from a non-local equivalent accumulated plastic strain, which
is obtained by solving new Helmholtz-type equations relating the non-local ac-
cumulated plastic strain to its local expression.

At the homogenized macro-level, the resulting formulation required four de-
grees of freedom per nodes, the three usual displacement unknowns, and a new
degree of freedom, which is a representation of the equivalent accumulated plas-
tic strain in the matrix. Thus, the set of traditional mechanical equations was
completed in a fully coupled way by a new set of equations corresponding to
the weak formulation of the non-local implicit formulation.

Although general, this approach was applied to unidirectional carbon-fiber,
epoxy-matrix composites. First the responses under uniform strain obtained
with the new non-local MFH formulation were compared to the responses ob-
tained with the direct numerical simulation of periodical cells and RVEs. Toward
this end, a loading/unloading cycle was applied in the transverse direction. For
low fiber volume ratios (< 30 %) results are in excellent agreement, including
during the softening and unloading parts of the loading history. For average
fiber volume ratios (up to 50 %), the method is less accurate (error up to ∼
20 %), which is mainly explained by the M-T assumption and the incremental
MFH approach adopted in this paper. Indeed MFH using the LCC incremental
formulation does not correct the previous stress increments from a modification
of the material stiffness, due to the plastic or damage behavior.

Finally the methodology was applied to study the transverse loading of a
notched composite ply. In particular it was shown that the method can capture
the softening and lead to results that converge with mesh refinement, demon-
strating the ability of the method to be used to compute mesoscopic or macro-
scopic structures.

Nevertheless, the method was found to remain accurate for moderate fiber
volume ratios only. The MFH could thus be enriched by second statistical
moments [18] to improve the accuracy. Adding anisotropic behaviors in the fiber
and/or in the damage law and in the characteristic length, as well as considering
fiber debonding would allow to compare predictions with experimental results
as more physical inputs would be accounted for. Also, in a future work the
model will be used to predict macro-crack initiation, including comparisons to
experimental results.

Appendix A. Tensorial operations and notations

• Dots and colons are used to indicate tensor products contracted over one
and two indices respectively:

uuu · vvv = uivi, (aaa · uuu)i = aijuj ;
(aaa · bbb)ij = aikbkj , aaa : bbb = aijbji ;

(CCC : aaa)ij = Cijklalk, (CCC : DDD)ijkl = CijmnDnmkl . (A.1)
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• Dyadic products are designated by ⊗:

(uuu⊗ vvv)ij = uivj , (aaa⊗ bbb)ijkl = aijbkl . (A.2)

• Symbols 111 and III designate the second- and fourth-order symmetric identity
tensors respectively:

111ij = δij , IIIijkl =
1
2
(δikδjl + δilδjk) , (A.3)

where δij = 1 if i = j, δij = 0 if i 6= j.

• The spherical and deviatoric operators are IIIvol and IIIdev respectively:

IIIvol ≡ 1
3
111⊗ 111, IIIdev = III − IIIvol , (A.4)

so that for symmetric tensors aij = aji we have:

IIIvol : aaa =
1
3
amm111 , IIIdev : aaa = aaa− 1

3
amm111 = dev(aaa) . (A.5)

• Any fourth-order tensors CCC and DDD define the following scalar invariant:

CCC :: DDD = CijklDlkji = DDD :: CCC (A.6)

Using this definition, the following results are easily obtained:

IIIvol :: IIIvol = 1, IIIdev :: IIIdev = 5 and IIIvol :: IIIdev = 0 . (A.7)

• Any symmetric and isotropic fourth-order tensor CCC iso is a linear combina-
tion of IIIvol and IIIdev, and can be written as follows

CCC iso = (IIIvol :: CCC iso)IIIvol +
1
5
(IIIdev :: CCC iso)IIIdev (A.8)

Appendix B. The Lemaitre-Chaboche ductile damage model in non-
local form

In this section, subscript 0 related to the matrix material is omitted for
simplicity.

In the ”time-continuum” formulation of sec. 2.2.4, a ”continuum” elasto-
plastic tangent operator such that ˙̂σσσ = CCCep : ε̇εε can be calculated from (e.g. [54,
chapter 12]):

CCCep = CCCel − (2µ)2

h
NNN ⊗NNN, h = 3µ +

dR

dp
> 0 , (B.1)

where µ is the shear modulus. Due to the finite increments of strain and stress
between time tn and time tn+1, the operator CCCalg = ∂∆σ̂σσ

∂∆εεε differs from CCCep,
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[50]. In the case of the radial return mapping assumption, the derivative of the
effective stress increment with respect to the strain increment reads (e.g. [54,
chapter 12])

CCCalg = CCCep − (2µ)2(∆p)
σ̂eq

σ̂eq, tr

∂NNN

∂σ̂̂σ̂σ
, with

∂NNN

∂σ̂̂σ̂σ
=

1
σ̂eq

(
3
2
IIIdev −NNN ⊗NNN) . (B.2)

In this last relation, σ̂eq, tr is the trial (elastic predictor) value of σ̂eq, and ∆p is
the accumulated plastic strain increment in the time interval. Note that in case
of plastic flow both CCCep and CCCalg are anisotropic, and that in case of elasticity
CCCalg reduces to CCCel.

The increment of damage in one time step is expressed as [46]:

∆D = (
Yn+α

S0
)s∆p̃ , (B.3)

where

Y =
1
2
εεεe : CCCel

0 : εεεe and Yn+α = (1− α)Yn + αYn+1 . (B.4)

It can be easily deduced that

∂Y

∂εεεe
:

∂εεεe

∂εεε
: δεεε = αεεεe : CCCalg : δεεε , (B.5)

leading to

δD(εεε, p̃) ≈ ∂∆D

∂Y

∂Y

∂εεεe
:

∂εεεe

∂εεε
: δεεε +

∂∆D

∂p̃
δp̃

= s∆p̃
(Yn+α)s−1

Ss
0

∂Y

∂εεεe
:

∂εεεe

∂εεε
: δεεε + (

Yn+α

S0
)sδp̃

= αs∆p̃
(Yn+α)s−1

Ss
0

εεεe : CCCalg : δεεε + (
Yn+α

S0
)sδp̃ . (B.6)

Appendix C. Stress residual vector

The equation to be satisfied at the end of the MFH procedure is Eq. (30).
Multiplying Eq. (28) by BBBε(III, C̄̄C̄CalgD

0 n+α, C̄̄C̄Calg
I n+α) ans using (30) lead to

v0∆εεεIn+1 + vIBBB
ε(III, C̄̄C̄CalgD

0 n+α, C̄̄C̄Calg
I n+α) : ∆εεεIn+1 =

BBBε(III, C̄̄C̄CalgD
0 n+α, C̄̄C̄Calg

I n+α) : ∆ε̄εεn+1 . (C.1)

With the M-T assumption the strain concentration tensor follows from (4), and
Eq. (C.1) reads

∆εεεIn+1 + v0SSS : [(C̄̄C̄CalgD
0 n+α)−1 : C̄̄C̄Calg

I n+α − III] : ∆εεεIn+1 = ∆ε̄εεn+1 , (C.2)
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or again FFF = 0 with

FFF = C̄̄C̄CalgD
0 n+α : [∆εεεIn+1 −

1
v0

SSS−1 : (∆εεεIn+1 −∆ε̄εεn+1)]

−C̄̄C̄Calg
I n+α : ∆εεεIn+1 . (C.3)

In order to satisfy FFF = 0, Eq. (C.3) is linearized as

dFFF =
∂FFF

∂εεεI
: d∆εεεI +

∂FFF

∂εεε0
: d∆εεε0 +

∂FFF

∆ε̄εε
: d∆ε̄εε +

∂FFF

∂p̃
dp̃ . (C.4)

When solving FFF = 0 at constant ∆ε̄εε and constant p̃, as v0∆εεε0 + vI∆εεεI is
also constant, the iteration process relies on dFFF = JJJ : dεεεI with

JJJ =
∂FFF

∂εεεI
+

∂FFF

∂εεε0
:

∂εεε0

∂εεεI

= C̄̄C̄CalgD
0 n+α :

[
III −SSS−1

]
− C̄̄C̄Calg

I n+α −
∂C̄̄C̄Calg

I n+α

∂εεεI
: ∆εεεIn+1 −

vI

v0

∂C̄̄C̄CalgD
0 n+α

∂εεε0
:
[
∆εεεIn+1 −SSS−1 :

(∆εεεIn+1 −∆ε̄εεn+1)
v0

]
−

vI

v0
C̄̄C̄CalgD

0 n+α : SSS−1 . (C.5)

Once FFF = 0 is satisfied, the effect on the strain increment in each phase of a
variation d∆ε̄εε at constant ∆p̃ can directly be obtained by constraining dFFF = 0,
and Eq. (C.4) leads to

0 =
∂FFF

∂εεεI
: d∆εεεI +

∂FFF

∂εεε0
: d∆εεε0 +

∂FFF

∂ε̄εε
: d∆ε̄εε , (C.6)

or again

∂εεεI

∂ε̄εε
= −JJJ−1 :

∂FFF

∂ε̄εε
. (C.7)

As under these circumstances dε̄εε = v0dεεε0+vIdεεεI, this last equation is completed
by

∂εεε0

∂ε̄εε
=

1
v0

(III − v1
∂εεεI

∂ε̄εε
) . (C.8)

The same relations can be obtained for a linearization with respect to p̃ at
constant ∆ε̄εε.
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[11] P. Ponte Castañeda, The effective mechanical properties of nonlinear
isotropic composites, Journal of the Mechanics and Physics of Solids 39 (1)
(1991) 45–71, ISSN 0022-5096, doi:DOI: 10.1016/0022-5096(91)90030-R.
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