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Abstract

We present a tableau-based construction for obtaining tomeaton from a temporal logic
formula in an “on-the-fly” fashion. Thatis, the automaton camrbnstructed simultaneously with,
and guided by, the generation of the model. In particulas, jtossible to detect that a property
does not hold by only constructing part of the model and ofatmaton. The algorithm can
also be used to check the validity of a temporal logic assertiAlthough the general problem
is PSPACE-complete, experiments show that our algorithm pagquite well on the temporal
formulas typically encountered in verification. While bagimear-time temporal logic model-
checking upon a transformation to automata is not new, ttelsef how to do this efficiently,
and in “on-the-fly” fashion have never been given.

1 Introduction

Checking automatically that a protocol, especially a coremirone with many parallel activities,
satisfies its specification has gained a lot of attentionngutiie last 15 years. The main dichotomy
between approaches to automated protocol verification eachbracterized as logic-based versus
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state-space based methods. The former type of methodseprdgetranslating both the protocol
and its specification into formulas in some formal logic arydshowing logical implication of the
specification by the protocol formula. In contrast, stgiaeg based methods proceed by analyzing the
possible configurations the protocol can be in, i.e. iteesspbice, and how the protocol evolves from
one configuration to another. None of these methods offerfaramadvantage; both have strengths
and weaknesses when compared to the other.

This paper concentrates on a class of state-space baseddsiediften called “model checking”.
The idea of model checking is to view verification as checkatgether the graph representing the
state space of the protocol satisfies (imm@adelof) the property to be checked. Specifically, we focus
on model checking for linear-time temporal logic formul&$. [ In this context, what one actually
checks is that all infinite execution sequences that can toacted from the state-space graph satisfy
(are models of) the temporal logic formula, or equivalerttiat none of these sequences falsifies the
formula.

A classical approach to solving this problem [12] is to pextas follows. One first constructs
the state spaces for both the protocol to be verified and ®négationof the property, the latter
state space thus comprises all execution sequences (modekihich the property is violated. The
two state spaces are then analyzed for the existence of a aorarecution sequence; finding one
means that the property can be violated by the protocol. rGiliat one is interested in the infinite
sequences that can be generated by the two state spacescdinelse interpreted as automata over
infinite words, i.e., as-automata [11]. The analysis to be done thus amounts todheatd problem
of checking if the language accepted by the (synchronous)yat of the automata is empty or not. A
general approach for solving this problem proceeds by ahgdhkr strongly connected components
as is done in [8], but one can also reduce the problem to a simptle detection for which simpler
algorithms can be used [6, 4].

The model-checking problem as well as the validity problentihear temporal logic are PSPACE-
complete [10]. In practice, applications of model-chegkinethods face two complexity related
limits:

1. The size of the automata, both for the protocol and for thegrty, since the execution time is
proportional to the product of the number of nodes in the mata,

2. The size of that part of the product automaton that has taeptin memory in order to check
for emptiness, since available memory sets a firm bound osizkeof the problems that can be
treated.

As to the latter problem, the cycle detection approach o#iJ@jses a simple depth-first-search
(DFS) strategy and, in contrast with [8], only needs a smailt pf the product automaton to be in
main memory at any one time: the part corresponding to thepatettion that the depth-first-search
is currently exploring. It implies that the protocol autdoramay be constructed on-the-fly, i.e. as is
needed, while checking for its emptiness. This means tithg property does not hold, the algorithm
can detect so after constructing and visiting only a smatl plethe state space

The automaton corresponding to the property can have as am@/(™ nodes where: is the
number of subformulas in the property formula [13]. Thus, $ize of the product automaton, which



determines the overall complexity of the method is propol to NV - 2™ whereN is the number
of (reachable) protocol states. It is clearly desirablegegkproperty automata small and to avoid the
exponential blowup that can occur in their construction méver possible.

The standard automaton construction for a temporal logipgnty [13] (see also [16, 8]) is a
global one and starts by generating a node for each (maximmatisistent) set of subformulas of the
property. While this is a simple way to describe the consimuactt is clearly not a reasonable way
to implement it, since it immediately realizes the worstecagsponential complexity. A subsequent
construction, proposed as a basis for an implementatiqrs{&its with a two state automaton that is
repeatedly ‘refined’ until all models of the property arelimsd. Although the worst case remains
exponential, this construction often achieves a substiaetiuction in the number of generated nodes.
On the other hand, the algorithm cannot be used on-the-fipglardepth-first search, as it repeatedly
inspects the whole graph and “corrects” it by removing andiragledges and nodes. Moreover, the
emptiness check proceeds by determining and inspectingttbiegly connected components of the
automaton and is thus less easily applicable to verifyingtiwbr a protocol satisfies a property. It
should be said that the authors of [7] were not so much irtiedléds protocol verification as in checking
validity of a formula that include past operators.

In this paper we present, and describe experiments withagnpattic algorithm for constructing
an automaton from a temporal logic formula. Though havisgabts in the construction of [13],
our algorithm is designed to yield small automata wheneussible and to be simple to implement.
Furthermore, it proceeds on-the-fly in the sense that thenzatbn is only generated as needed
during the verification process. Technically, the alganttianslates a propositional linear temporal
logic formula into a Generalizedi8hi automaton [4] using a very simple depth-first searche Th
interesting point is that, even though the algorithm predue Generalizedighi automaton, a simple
transformation of this automaton yields a classicatB automaton for which the emptiness check
can be done using a simple cycle detection scheme as in [4].r&83ult is that we obtain a protocol
verification algorithm in which both the protocol and the peaty automata (and, hence, the product
automaton) are constructed on-the-fly during a depth-fa@tch that checks for emptiness.

The rest of the paper starts with some preliminaries defit@ngporal logic and its interpretations.
Section 3 presents the basic algorithm, discusses optionzzand its application to model checking.
The correctness proof occupies Section 4. In Section 5 weersakie more detailed comparisons

with existing constructions. The paper finishes with somgeerental results and conclusions in
Sections 6.

2 Preliminaries

The set of well-formed linear temporal logic (LTL) are cansted from a set of atomic propositions,
the standard Boolean operators, and the temporal opebatanslU. Precisely, given a finite set of
propositionsP, formulas are defined inductively as follows:

e every member oP is a formula,

e if ¥ andy are formulas, then so arep, ¢ A, ¢ V¢, Xp andy U 1.



An interpretation for a linear-time temporal logic formuaan infinite word{ = xqx; - - - over
the alphabet?, i.e. a mapping from the naturals t6 . 2As made precise below, the elements Bf 2
are interpreted as assigning truth values to the elemerf®s elements in the set are assigned true,
elements not in the set are assigned false. We ritar the suffix of¢ starting atr;. The semantics
of LTL is then the following.

o { E=qif g € xo, forqgeP,

e { = —wifnoté E ¢,

o £V AYIfE = pande =,

e {EeVvyifEyord =1,

o { EXpif & E &,

o { =¢ Uy ifthereis an > 0such that; = ¢ and; = ¢ forall0 < j <.

We introducer as an abbreviation fgy vV —p, andr as an abbreviation fort. We also introduce
additional temporal operators as abbreviatiofg:= T U ¢, Gy = —-F—¢. Finally, we also use the
temporal operato¥ which is defined as the dual 0f ¥V = —=(—¢ U —1).

3 A Tableau Construction

Our goal is to build an automaton (transition system) thaiegates all infinite sequences satisfying
a given temporal logic formulg. The automata we build are generalizeidcBi automata, namely
Buchi automata with multiple sets of accepting states, assgbto simple Bchi automata that have
only one set of accepting states [11].

A generalized Bchi automaton [4] is a quadrupké = (Q, I, —, F), where( is a finite set of
states I C @ is the set ofnitial states —C @ x @ is thetransition relation and.F C 22° is a set
of sets of accepting statés= {F1, F», ... F,,}. Notice thatF can be empty.

An executionof A is an infinite sequence = ¢oq1 42 . .. such thatyy € I and, for each > 0,
¢ — ¢;+1.- Anaccepting execution is an execution such that, for each acceptancé;setr, there
exists at least one stagec F; that appears infinitely often ian.

The automata we have defined so far have no input, and hencet define any sequences. We
thus need to add labels to our automata. The most commonagp®to add labels to transitions.
Here, we proceed slightly differently and add labels tocestafA labeled generalizediBhi automaton,
or LGBA for short, is a triplel.A, D, L), whereA is a generalized &chi automatonD is some finite
domain, andC : Q — 27 is alabeling functionfrom the states ofd to subsets of the domaib (a
state has a set of labels fra®). An LGBA acceptsa word{ = zgx1 25 . .. from D iff there exists
an accepting execution= go q1 ¢2 . . . of A such that for each> 0, z; € L(¢;). We also say that the
executions accepts.

The central part of the automaton construction algorithentebleau-like procedure related to the
ones described in [14, 15]. The tableau procedure buildaphgmwhich will define the states and



transitions of the automaton. The nodes of the graph aréldbg sets of formulas and are obtained by
decomposing formulas according to their Boolean strucand by expanding the temporal operators
in order to separate what has to be true immediately from Wasito be true from the next state on.
The fundamental identity used to this/id) ¥ = ¥ v (u A X(u U ¥)). Before describing the graph
construction algorithm, we introduce the data structurgebitto represent the graph nodes.

3.1 The Data Structure

The data structure we use for representing graph nodesitgstzficient information for the graph
construction algorithm to be able to operate in a DFS ordegraph nodecontains the following
fields:

NameA string that is the name of the node.

IncomingThe incoming edges represented by the names of the nodeamitiitgoing edge leading
to the current node. A special nanieit is used to mark initial nodednit is not the name of
any node, hence does not represent a real edge.

NewA set of temporal properties (formulas) that must hold atilreent state and have not yet been
processed.

Old The properties that must hold in the node and have already peeessed. Eventuallijew
will become empty, leaving all the obligations@id.

NextTemporal properties that must hold in all states that areadiate successors of states satisfying
the properties ifOld.

FatherDuring the construction, nodes will be split. This field vatintain the name of the node from
which the current one has been split. This field is used fasaeiag about the correctness of
the algorithm only, and is not important for the constructio

We keep a list of nodeldodesSetwhose construction was completed, each having the same field
as above. We denote the fid\ewof the node; by New(q), etc..

3.2 The algorithm

To simplify the representation of the algorithm, we assumst fhat the given formulg for which
the automaton should be built does not contain the Nextinggadpr X'. We will show later how

to lift this restriction. Without loss of generality, we mayther assume that the formula does not
contain the operator$* and ‘G’, and that all the negations are pushed inside until they précede
propositional variables. That is, the formula is first tfansied to contain only the operatodsand

V. In fact, the operatov, which is the dual of the operatdd*, was specifically introduced in order
to allow pushing the negations without causing an expoakhtowup in the size of the translated
formula.



The line numbers in the following description refer to thgaxithm that appears in Figure 1. The
algorithm for translating the formula starts with a single node (lines 34-35). This node has assingl
(dummy) incoming edge, labeléait, to mark the fact that it is an initial node. Thus, by the enthef
construction, a node will be initial iff it contains this lakin its list of incoming nodes. It has initially
one new obligation ilNew, namely,¢, and the set®Id andNextare initially empty. For example, the
upper node in Figure 2 is the one with which the algorithmtstér constructing the automaton for
pUq.

With the current nodé\, the algorithm checks if there are unprocessed obligatieisn New
(line 4). If not, the current node is fully processed and yeade added tdlodesSet If there already
is a node inlNodesSetwith the same obligations in both i®ld andNextfields (line 5), the copy that
already exists needs only to be updated w.r.t. its set oihnieg edges; the set of edges incoming to
the new copy are added to the ones of the old copyadesSet(line 6).

If no such node exists iNodesSet then the current node is added to this list, and a new current
node is formed for its successor as follows (lines 8-10):

e There is initially one edge fronV to the new current node.
e The setNewis set initially to theNextfield of V.
e The setld andNextof the new current node are initially empty.

When processing the current node, a formpia Newis removed from this list. In the case that
IS a proposition or the negation of a proposition (a literdden, if—n is in Old (we identify ——» with
n), the current node is discarded, as it contains a contiadiflines 16—17). Otherwise,is added to
Old (if it is not already there).

Whenn is not a literal, the current node can be split into two (liB&s26) or not split (lines 29-31),
and new formulas can be added to the fidldsvandNext(lines 22—-23,25-26,30-31). The exact
actions depend on the form gfand are the following:

n = u A ¥ Then, bothy andv are added tdNewas the truth of both formula is needed to make
hold.

n = V% Then, the node is split, addingto Newof one copy, and’ to the other. These nodes
correspond to the two ways in whighcan be made to hold.

n = ' U ¥ Again, the node is split: for the first copy,is added tdNewandy U ¥ to Next For the
other copyy is added tdNew This splitting is explained by observing that) ¥ is equivalent
to ¥ Vv (u A X(u U¥)). This is depicted in Figure 2.

n = V¥ Then, the node is splity is added tdNewof both copies: is added tdNewof one copy,
and VY is added taNextof the other. This splitting is explained by observing th&t) is
equivalent to) A (u Vv X(uVv)).

The copies are processed in DFS order, i.e., when expanfsiibba current node and its successors
are finished, the expansion of the second copy and its suredsstarted.



The algorithm is listed in Figure 1 in a pseudo-code langudge functiomew_name()generates
a new string for each successive call. The functdey is defined as follows:Nedq P,)=—F,,
Neg—FP,)=F,, and similarly for the boolean constantandr. The functiondNew1(;), New2(;) and
Nextl(n) are defined in the following table:

K | Newl1(n) | Nextl(n) | New2() |
pU [ {1} {nUV} [{¥}
pVY | {¥} {uve} | {w. v}
AR, 0 {¥}

3.3 Using the Automaton for Automatic Protocol Verification

The graph constructed by the algorithm in Section 3.2 canlm®wsed to define an LGBA accepting
the infinite words satisfying the formula. The set of stafesvill be the nodes returned by the
algorithm. Notice that only nodes for whid¥ew is empty are placed in this set. In other words, only
fully expanded nodes are returned. The initial stdtage those nodegsuch thainit € Incoming(q).
The transition$ — ¢ are exactly those satisfying that Incoming(q).

The domainD is 2” and the label of a nodgis all sets in Z' that are compatible witlDld(q).
Indeed, a node of the graph does not necessarily assignvarlus to all atomic propositions, and
the label of a node can be any element &fthat agrees with the literals that appear(d(q).
Precisely, letPos(q) be Old(q) NP and Neg(q) be {n | -n € Old(q) AN n € P}, i.e., Pos(q)
and Neg(q) are the positive and negative occurrences of the proposiiiog, respectively. Then,
L(q) ={X|X CPAX D Pos(q) N X N Neg(q) = 0}.

Finally, we have to impose accepting conditions. Indeedgeoke that not every maximal path
o = qoqi1--- in the graph determines models of the formula: the constmuctllows some node to
containu U while none of the successor nodes contairT his is solved by imposing the generalized
Biichi acceptance conditions. For each subformula of the typeu U ¢, there will be a sef” € F
which includes the nodese Q such that either U ¥ ¢ Old(q), or¥ € Old(q).

Let us show that, with these acceptance conditions, one odonger accept a sequence in
which 1 U ¥ appears from some nodg onwards without/ occurring later. First, notice that from
the construction, ifu U ¥ € Old(¢;) and¥ ¢ Old(qi11), thenp U ¥ € ¢, and¥ & q;,1, then
p U € Old(gi41). Thus, in the above scenarip,U ¥ propagates frong; onwards, since’ never
occurs. LetF € F be the accepting subset that is associated with>. Then, none of the states
with index greater or equal tocan be inf’. But then the sequeneedoes not contain infinitely many
occurrences of any state frof\ and is not accepting.

As explained in the introduction, a protocol is verified tvaproperty by constructing an automaton
for the negationof the property, and by exploring the synchronous produdhefprotocol and the
property automaton for emptiness. Since the automatoresepting the protocol has an empty
acceptance conditionA{ = ()), the product automaton simply inherits the accepting sétthe
property automaton.

Checking for emptiness can be done on-the-fly, i.e., durieggimeration of the product. For a



1 record grapnode =[Namestring, Father.string,Incomingset of string,
2 Newset of formulaOld:set of formulaNextset of formuld

3 functionexpand (Node NodesSe)

4 if New(Node}) then

5 if 3IND eNodesSetwith Old(ND)=0Ild(Node)andNext(ND)=Next(Node)
6 thenincoming(ND)= Incoming(NDVIncoming(Node)

7

8

returnNodesSej;
else returréxpand([Name=Father <new_name(),
9 Incoming= {Name(Node), New=Next(Node)
10 Old< ), Next= (], {NodefUNodesSe})
11 else

12 letn eNew
13 New(Node)= New(Nod€e){n};

14 case of

15 n=P,,or—-P, orn =t 0orn =fF=>

16 if n =F or Neg(n) €Old(Node)(* Current node contains a contradiction *)

17 then returrodesSe}) (* Discard current node *)

18 elseOld(Node)=Old(Node){n};

19 returnéxpand(Node NodesSe});

20 n=pU¥ orpuVo,orpv e =>

21 Nodel=[Name=new_name(), Father= Name(Node)incoming=Incoming(Node)
22 New=New(Node)({Newl(n)}\Old(Node),

23 Old<0Old(Node){n}, NextNext(Nodey{Nextl(n)} ];

24 Node2=]Name=new_name(), Fathek=Name(Node)iIncoming=Incoming(Node)
25 New=New(Node)({New2n)}\Old(Node),

26 Old<Old(Node){n}, Next=Next(Node)

27 returnéxpand(Node2 expand(Nodel NodesSe}));

28 n=pAY=>

29 returnéxpand([Name= Name(Node)Father=Father(Node)Incoming=Incoming(Node)
30 New=New(Node)({u,¥}\Old(Node),

31 Old<Old(Node){n}, Next=Next(Node)) NodesSe))

32endexpand,

33functioncreate_graph (¥)

34 return(expandflame=Father=new_name() Incoming={init},
35  News= {9}, Old<= (), Next= 0], 0))

36endcreate_graph;

Figure 1: The algorithm



Name: Nodel
Father: Nodel
Incoming: init
CurrentNew: {y U ¥}
CurrentOld: ()

Next)
split

Name: Node2 Name: Node3
Father: Nodel Father: Nodel
Incoming: init Incoming: init
CurrentNew: {u} CurrentNew: {¢'}
CurrentOld: {u U ¢} CurrentOld: {x U ¢}
Next:{u U ¢} Next)

Figure 2: Splitting a node

simple Bichi automaton (one for which is a singleton), one only needs to find a reachable accepting
state that is also reachable from itself. An algorithm foindahis is described in [4]. Furthermore,
that paper also shows how generaliza@Bi conditions can also be handled. The idea is to transform
a generalized Bchi automaton into a simple one. This is done by using a esuetch state becomes

a pair(q, i) wherei is a counter. The counter is initialized to 0 and counts modulvheren = | F|.

It is updated fromi to i + 1 whenever one reaches an element ofithesetF; € F. One then only
needs one set of accepting states, for instdrce {0}.

3.4 Improvements to the Basic Algorithm

Adding Nextime Formulas All that is needed to be able to handle formulas involvinghlextime
operator X) is to add an extra case to the algorithm.

n=Xp=>
returngxpand([Name=Name(Node)Father=Father(Node)
Incoming=Incoming(Node)New=New(Node)Old<OIld(Node){n},
Next=Next(Node){x}], NodesSe})



Pure “On-the-fly” Construction. The algorithm presented here generates an LGBA that can be
used for model-checking or checking the validity of a tenapéwrmula. However, one does not have
to complete the construction of this automaton in order tahdomodel-checking. Construction of
nodes can be done “on-demand”, while intersecting them thighprotocol automaton. Then, when
the successors of a node in the property automaton are gotesty one does not immediately continue
to construct their own successors, and so forth. Insteaglcbooses the successors that can match
the current state of the protocol. Thus, it is possible thabktion of the checked property will be
discovered before generating the entire property autamato

Improving the Efficiency. The algorithm as presented here was written in such a wayitthat
proof of correctness will be simplified. Therefore, it cantasome redundancies. The following
improvements can be made:

e The fieldFatheris not needed, except for the proof of correctness.

e When splitting a node (lines 21-26), there is no need to gémén®d new nodes; instead one
can update one of them with additional information, andrajenerating all its descendents,
create the other one. This is also true when adding the cotgjtm a node (lines 28-30).

e An eventuality of the forrmyUT does not generate a set <€ F. Indeed, such a formula is
equivalent tor.

e Inconsistencies are only detected at the level of atomipgsitions so that nodes that are
semantically inconsistent may still appear in the automat@ertain inconsistencies can be
detected earlier using syntactic means. For instanceréafiding a formula: to a node one
can ‘compute'—u (by pushing the negation inside) and check whether it ajreadurs. If it
occurs, the current node is abandoned.

e Every processed formula is currently stored in @lel field. This is not always necessary.
For instance, after a conjunctign A u, has been analyzed, it need not be added tdCtake
field because botly; and i, will be added, and the presence of these formula tells us that
the conjunction will also be true in this node. Note howevexttif i1 A py is the righthand
argument of an Until subformula U ¥, it must still be stored, since it is used to define the
acceptance conditions. Similar observations apply tadijons,U andV formulas, but care
must be also taken to retain the information needed for ify&my the acceptance conditions,
i.e. the righthand arguments bfformulas. As a consequence, the generated automata may
become smaller, since nodes that differed previously nbghbme identical.

e In the case of treating at line 20 a subformula of the type ¥, if ¥ already appears in
New(q) U Old(q), then there is no need to split the nagdi@to two. It is then sufficient to move
the subformulau U ¥ from New(q) to Old(q). The same holds when treating a formula of the
type V¥, and both andy are inNew(q) U Old(q).



4 Proof of Correctness

In this section, the proof of correctness will be sketchduke main theorem is the following:

Theorem 4.1 The automaton4 constructed for a property acceptsexactlythe sequences over
(27)« that satisfye.

Proof. The two directions are proved in Lemma 4.9 and Lemma 4.10Abelo ]

Let A(q) denote the value ofid(q) at the point where the construction of the nads finished,
l.e. when it is added tblodesSet at line 10 of the algorithm., Let = denote the conjunction of a set
of formulas=, the conjunction of the empty set being taken equal to

Let¢ = zo172 . . . be apropositional sequencée., a sequence ové2”)”, and leto = qoq1qz . . .
be a sequence of states.fsuch that for each> 0, ¢; — ¢; 1. Recall that;; denotes the suffix of
the sequencg, i.e.,x;x; 142 . . ..

Lemma 4.2 Leto be an execution ofl, and lety U n € A(go). Then one of the following holds:
1. Vi >0: u, pUn € A(g;) andn & A(q:).
2.3 >0Vi0<i<j:pu pUnel(g)andn e Ag;).

Proof. Follows directly from the construction. ]

Lemma 4.3 When a node is split during the construction in lines 21-26 into two nogesand ¢,
the following holds:

(AOIld(q) A ANew(q) A X A Next(q)) «—
((AOld(q1) A ANew(g1) A X ANext(q1)) V (A Old(g2) A ANew(g2) A X A Next(gz)))

Similarly, when a node is updated to become a new naggas in lines 28-31, the following holds:
(/\ Old(¢) A A\ New(q) A X A\ Next(q)) <— (/\ Old(¢") A /\ New(¢') A X /\ Next(q))

Proof. Directly from the algorithm and the definition of LTL. ]

Using the fieldFather we can link each node to the one from which it was split. Thigngs an
ancestor relatio, where(p, q) € R iff Father(q) = Name(p). Let R* be the transitive closure of
R. Nodesg such thatFather(q) = Name(q), i.e.,(p,p) € R are calledooted A rooted node can
be one of the following two:

1. pis the initial node with which the search started at lines3%-Thus, it hasVew(p) = {¥}.

2. p is obtained at lines 8-9 from some nogl@vhose construction is finished. Thus, we have
New(p) settoNext(q).

Let first(q) be the node such thatp, q) € R*, and(p, p) € R.



Lemma 4.4 Letp be a rooted node, angl, ¢, . ..q, be all its same-time descendant nodes, i.e. the
nodesy; such that(p, ¢;) € R*. Let= be the set of formulas that are Mew(p), when it is created.
LetNext(q;) be the values of the fieldgéextfor ¢; at the end of the construction. Then, the following

holds:
A=< \/ (A\A(@) AX/\Next(q))

1<i<n

Moreover, if{ = Vici<,(AA(g) A XANext(g;)), then there exists sonte < ¢ < n such that
¢ = NA(g;) A X ANext(g;) such that for each U n € A(g;) with & = n, nis also inA(g;).

Proof. By induction on the construction, using Lemma 4.3. [

Lemma 4.5 Let¢ be a propositional sequence such that A A(q) A X A Next(q). Then, there exists
a transitiong — ¢’ in A such that;; = AA(¢') A X ANext(q'). Moreover, letr = {n | uUn €
A(q) andn ¢ A(g) andé; = n}, then in particular there exists a transition — ¢’ such thatq’
satisfies also that C A(¢).

Proof. When the construction of nodgwas finished, a node with New(r) = Next(q) = = was
generated. Then, Lemma 4.4 guarantees that a successquaedeexists. ]

Lemma 4.6 For every initial state; € [ of an automatond generated from the formula, we have
¢ e Aq).

Proof. Immediately from the construction. [

Lemma 4.7 Let. A be an automaton constructed for the LTL prope&styThen

¢+ \/ (A\Alg) A X \Next(q)) .

qel
Proof. From Lemma 4.4, sincg in that Lemma is initially{¥}. ]

Lemma 4.8 Leto = qoq1q2 - - . be a run of A that accepts the propositional sequericeshenqy is
taken to be an initial state. Then= A A(qo)-

Proof. By induction on the size of the formulas. The base case is fontdtas of the formP, - P,
whereP € P. We will show only the case gf Un € A(qo). Then, according to Lemma 4.2 there are
two cases:

1.Vi >0: pu, pUn e A(g) andn & Alg;).
2. 37 >0Vi0<i<j:pu, pUnel(g)andn e Ag;).

Sinceo satisfies the acceptance conditionsfonly case 2 is possible. But then, by the induction
hypothesis{; = n and for each 0< ¢ < j, & = p. Thus, by the semantic definition of LTL,
¢ E nUn. The other cases are treated similarly. ]



Lemma 4.9 Leto be an execution of the automatgh constructed forp, that accepts the proposi-
tional sequencé. Then{ | .

Proof. The nodey, is now an initial state, i.e., ifi. From Lemma 4.8 it follows that = A A(qo). By
Lemma 4.6, ifgo € I theny € A(qo). Thus,£ |= ¢. ]

Lemma 4.10 Let{ = ¢. Then there exists an executierof A that accepts.

Proof. First, by Lemma 4.7, there exists a nogiec [ such thatt = AA(q) A XA Next(qo).
Now, one can construct the propositional sequend® repeatedly using Lemma 4.5. Namely, if
& E NA(g) ANX A Nezxt(q;), then choose; 1 to be a successor of that satisfies; 1 = AA(giv1) A
XA Nezxt(q;11). Furthermore, Lemma 4.5 also guarantees that we can chgpgssuch that if for an

U subformulau U n in A(g;), n holds in&;,1, thenn € A(g;41). We also know from Lemma 4.2 that
w1 U n will propagate to the successorsg@funlessn holds. Since; = U n, there must be some
minimal j > ¢ such that; = 7. hence by the above,c A(qg;). ]

5 Comparison with Previous Work

The first translation from an LTL formula to a Bichi automaton was by Wolper, Vardi and Sistla [16,
13]. It is based on constructing the intersection of two m#ta. The first automaton takes care of
the state-to-state consistency of the runs, and is calletbtal automaton The other automaton,
called theeventuality automatqriakes care that the eventualities i.e., subformulas ofyihe. U ¥,

will be satisfied. The set of formulag(y) are the subsets af. Then, each statd of the local
automaton consists of the formulas frehty), either negated, or non-negated. The transitions of the
local automaton reflect consistency conditions. E.gp—#>q, i.e., ¢ is a possible successor pf
andXP belongs to node, then P must belong to node. The edges of this automaton are labeled
identically to the nodes from which they emanate. The ihdiates of the local automaton are the
ones that contain the formulaitself.

The second automaton’s states consists of a subdétsoibformulas ofp . These are the set
of goals that need to be satisfied along the execution sequehbe edges are labeled as in the
local automaton. Once the righthand subformula &f formula (i.e.,? in ¥ U ¥) appears on an
edge, thaJ formula is removed from the set of goals (i.e., does not apipethe set of formulas of
the next state). When all the goals are achieved, one stafisawiew set of goals accumulated in
the labels of the edge (which will later be linked to the gaadsumulated in the state of the local
automaton). The eventuality automaton accepts a word wieadl the goals are achieved infinitely
often. The combination of the two automata is done by takireg@artesian product of the node
sets, and coordinating the edges. The acceptance condittbe product is fixed by the eventuality
automaton: any node that has (in its second component) aty eseipof goals is accepting.

This construction was meant first of all to show the theoadtconnection between LTL and
Buchi automata and establish its correctness. It was alsgraEsto be applicable to temporal logic
extended with operators defined by finite automata [14]. #pidblindly, it systematically leads to an
automaton with a state set of exponential size for the fatigweasons.



1. Each node in the local automaton of this construction igimal. Namely, it contains each
subformula either negated or non-negated. Thus the nunfipedes is exponential in the size
of the formula (or equivalently in the number of its subfotasjcl(¥)). This is unnecessary
since many of theses nodes are often unreachable. Furtferthis approach does not allow
nodes that only differ on locally irrelevant members:tfp) to be merged.

2. The eventuality automaton has states that consist adSdtsubformulas. Thus, itis exponential
in the number ofJ subformulas. This is needed to handle extended temponakldaut is not
necessary for the logic we consider here. Indeed, dinfimemulas propagate unmodified until
their righthand side argument is satisfied, one can, as wesdleg directly write the requirement
that U subformulas are satisfied as a generalizédHB acceptance condition. Furthermore,
converting this generalizediBhi acceptance condition to a simple one can de done with an
increase in the size of the automaton that is linear in thebaunof U subformulas, rather
than exponential in this number as in the eventuality automapproach. (This observation is
independently made in [2].)

3. The nodes are generated in a “global” manner: first, akkiptes nodes are generated for both
automata. Then, edges are constructed between pairs of iidldey satisfy some consistency
conditions. Finally, the product automaton is taken. Orilyha end it is possible to check
which nodes are really reachable from the initial statess fdquires an additional search.

An improved tableau construction for temporal logic wasegivn [7]. It constructs a graph (the
goal of that paper was checking satisfiability rather thangihe translation for model-checking), but
can similarly create the i8hi automaton that corresponds to a temporal propertys ddmstruction
indeed uses the above observations to reduce the numbates ahd edges. Itis also claimed that it
operates “on-the-fly”, as it starts with the property thataeto be translated, creating an initial graph,
and then refining this graph until it corresponds to the appate translation. Thus, it constructs
nodes and edges only “when needed”. This construction tjjoblaecks pairs of adjacent nodes in
the graph. If they do not satisfy the tableau consistencylitioms, one of these nodes is refined:
it is replaced by a set of nodes that satisfy the consisteanditons. The algorithm continues to
refine nodes until all the edges satisfy the consistencyitiond. This involves replacing old nodes
by new ones, and adding and removing edges accordingly. tlghalgorithm, the construction of
the automaton needs to be finished before it can be used faglrabdcking.

Our construction starts with the checked formyaconstructs a node for it and continue to
generate the graph in a depth-first-search order. The osbsoahere a node is discarded are where
it is already found in the list of existing nodes, or when intains a propositional contradiction.
Moreover, it can be used on-the-fly. Thus, avoiding the neetbhstruct the entire automaton if a
violation of the checked property was found during its iséstion with the protocol.

6 Experimental Results and Conclusions

The following table compares the global construction descrin [13] and the algorithm described
in Section 3. Both were implemented in Standard ML of New Jersere,Fp abbreviates U p and
Gp abbreviates-F—p.



Global Constructio New Construction
Num. | Formula Nodes| Transitions| Nodes| Transitions| Accepts
2 | prU(p2Ups) 26 240 4 6 2
3 | ~(paU(p2Ups)) | 26 240 7 15 0
4 | GFpy — GFp, 114 763 9 15 2
5 Fpi U Gp, 56 337 8 15 2
6 | GprUps 13 63 5 6 1
7 | =(FFpy < Fp1) | - - 22 41 2

The rightmost column represents the number of pairs in teeance table of the constructed
automaton. Notice that for the safety property 3, there aré& subformulas satisfy. Yet, for the
automaton to be nonempty, it has to contain a reachable.cycle

The formulas that were used in the experiments are the follpw

GFp, — GFp, This formula can describe a fairness conditign:expresses the enabledness of
some element (e.g., a process, a transition) patite execution of that element. Such a formula
can be exploited when one wants to check some property unidémnass condition which is
not already implemented in the model-checker.

p1 U (p2 U p3) and—(p1 U (p2 U p3)) The purpose of these examples is to show that the constnuctio
does not impose an exponential blowup when negating a fecmul

—(FFpy <> Fpy) This can be used to verify th&EFp, <> Fp;) is a tautology. Unfortunately there
was insufficient memory for the ML program for the global doastion to complete.

It is evident from the table that the exponential blowup @scouch faster using the global
construction. This will not only be reflected in the memorgdime that it takes to complete the
construction, but also during the emptiness check, whikbstéime (linearly) proportional to the size
of the constructed automaton.

In model-checking the size of the constructed propertyraaton is more critical, since one has
to take the product of this automaton with the one represgittie state space. Given that the size of
the state space is itself also often a problem, it is all theenmaportant that the property automaton
be as small as possible.

For the same reason, the fact that the algorithm is on-thesfignportant. It means that the
algorithm can often given an answer before the full states@and property automaton have been
constructed.

Thus, we feel that the algorithm in this paper is a promising potentially practical approach
to both model-checking and validity checking: it is simpleappears to produce reasonable sized
automata and it operates on-the-fly.

Acknowledgment. The second author likes to thank Elsa Gunter for helping hith debugging the
ML program.
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