Matching an oscillator model to a phase response curve
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Abstract— The Phase Response Curve (PRC) has proven a II. DERIVING A PHASE RESPONSE CURVE

useful tool for the reduction of complex oscillator models. It IN THE NEIGHBORHOOD OF A STABLE PERIODIC ORBIT
is also an information often experimentally available to the . . . i o
biologist. This paper introduces a numerical tool based on the ~ In this section, we introduce basic definitions about pe-

sensitivity analysis of the PRC to adapt initial model parameters  riodic orbits and summarize the phase reduction procedure

in order to match a particular PRC shape. We illustrate the  |eading to the notion of PRC. Details about this standard
approach on a simple biochemical model of circadian oscillator. procedure can be found in [4]-[6]

| INTRODUCTION A. Closed system and hyperbolic stable periodic orbit

Rhythmic phenomena are essential to the dynamic be- : . )
havior of biological systems [1]-[3]. They arise in genetic We consider a closed dynamical system defined by a set

and metabolic networks as a result of complex interactionos]c first-order ordinary differential equations

betvyeen .mu_ltiple biollogiggl processes, which makgs their i = f(x,p), x(0)=2a°, (1)
design principles not intuitive. Elucidating those unglerd
mechanisms is crucial to advances in systems biology. in Which statesz(t) evolve on some subset C R" and
Quantitative models based firmly on experiments providéconstant) parametegstake values in some subsgtC R
an essential tool for studying those mechanisms. With tecehhe vector field f : X x P — R" supports all the usual
advances in biology, the number of identified key variablegmoothness conditions that are necessary for existence and
in a given process increases and the nature of their intéfdiqueness of solutions. THeow (arising from the vector
actions (feedforward and feedback loops) is better knowfield f) is the mapy that associates 1@, 2°, p) € Rx X x P
In spatially homogeneous conditions, ordinary differeinti the solutiong(t, 2%, p) = x(t) at timet € R. The orbit of
equations describe the time evolution of the system: yet cuihe flow ¢ throughz® € X for fixed parameterg € P is
rent models suffer from several limitations. Among othersthe invariant sel’ := {z € X : = = ¢(t,2°,p),t € R}.
parameter values are often determined empirically or basedFor fixed parameterg, we assume that the system (1)
on the few pieces of experimental information. admits a periodic orbity C & with period 7" (and cor-
In mathematical biology, the Phase Response Curve (PR®sponding angular frequeney = 2r/T). The periodic
has proven a useful input-output tool for the reductio®rbit v is the invariant set described by a (non-constant)
of complex oscillator models [4]-[6]. It indicates how theT-periodic solutione(t, 29, p) = 2 (t) which is defined for
timing of inputs affects the timing (steady-state phasé)sh all timest¢ € R and wherez) is a reference position on
of oscillators. Not surprisingly, the shape of this curvaysi the periodic orbity. The periodT" is the smallest positive
a critical role in entrainment and synchronization proigert number with the property tha(T’ z5,p) = .
of the system [7], [8]. Moreover, the PRC is well adapted As the reference position) may be any point on the pe-
to description tools developed by biologists. It can often briodic orbit, there are infinitely many solutions describing
experimentally measured for circadian rhythms [9], [10]. the same periodic orbif. A unique isolated solution can be
We developed a numerical tool to adapt an initial choice o¥elected by imposing phase condition
parameters in order to match an oscillator model to a particu (@, T,p) =0
lar PRC. We propose a natural distance between equivalence PALy L5P) =
classes of PRCs and perform a gradient-descent search in #figere : v x Ry x P — R is a smooth map. Examples of
model parameter space. The gradient computation involvealid phase conditions can be found in [11].
the sensitivity of the PRC. The periodic solutionz.(-) with the period7 can be

The paper is organized as follows. Section Il introduces théomputed by solving the boundary value problem (BVP) as
notion of PRC in the neighborhood of a stable periodic orbit.

Section Il provides the sensitivity analysis of a periodlibit iy (t) = f(24(t),p) =0 (2a)
and its PRC. Section IV defines a metric between equivalent 24 (T) —2(0) =0 (2b)
PRCs and derives its associated gradient in the parameter 0 7 )y =0 2

. . . . <p(a:w ap) - Y ( C)
space. Section V applies a gradient-descent algorithmdbase
on this distance to the Goodwin oscillator model. This periodic BVP is a particular case of a two-point BVP.

. , _ _ In what follows, we assume that the periodic orhit
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Assuming hyperbolic stability of the periodic orbit proeil The set of all points having the same asymptotic phase is
those properties as stated by the Andronov-Witt theorem. called anisochron Considering hyperbolic periodic orbit,
Theorem 1 (Andronov-Witt theorem [12])f 1 is a sim- isochrons are codimension-1 submanifolds (diffeomorphic
ple characteristic multiplier of the variational system(dj to R"~!) crossing the periodic orbit transversally [13].
and the remaining — 1 characteristic multipliers are in mod-
ulus less than ond.¢. if the periodic orbit is hyperbolically
stable), then the periodic solutian, (t) is asymptotically
orbitally stable, having the asymptotic phase property. i = f(x,p) + eg(z,p)u(t), =(t°) =a°, ©)
The maximal open set from which the periodic orbit

attracts is called thiasin (or the oscillator stable set) of ~Where input values(¢) belong to some subsét € R™. The
mapg : X x P — R™*™ supports all the usual conditions

C. Open system and (input) infinitesimal PRC
The dynamical system in (1) is turned into an open system

B(y):={2"c x: t_l}gl dist(¢(t, 2%, p),v) = 0} that are necessary for existence and uniqueness of saution
> The parametek is assumed to be smalD (< ¢ <« 1)
where in order to weakly perturb the closed system. The flow
dist(x,7) := Inf [z —yll2 arising from this open system is the map that associates

to (t,t%,2% u,p) € R xR x X x U x P the solution
bu(t, 19,20 u,p) at timet € R.
The phase variable corresponding to a solution of the open

is the distance from the point€ X to the sety C X’ based
on the Euclidean norn - |2 in R™.

B. Phase, asymptotic phase, and isochron system (3) is defined ak(t) = ©(¢u(t,t°,2°, u, p)). Using
Any point 2z° € v can be characterized by a scapdrase the chain Z;Jcl)e’ we have
Y9 € S! that uniquely determines the position of the paifit oo _ T
dt (u) = w + €V2O™ (du)g(Pu, p)u

along the periodic orbity because a periodic orbit is a one-

dimensional (closed) curve homeomorphicsh For fixed (where we omitted the argumert,t°, z°, u,p) for nota-
parameter®, the smooth bijectivgphase mapd : v — S!  tional convenience). Evaluating the right side of this eigua
associates to each point on the periodic orbit its phas#’, at the intersection of the isochron correspondingyjoand
such that the periodic orbity,

||(b(t,x0,p) - -Tw(t + ﬂO/W)HQ =0, forallteR. xv(e((bu)/w) ={re€v:0(x) =0(ou)},

This mapping is constructed such that the imagezpf the evolution of the phase variable is approximated by a one-
is equal to0 and the progression along (in absence of dimensional nonlinear equation

perturbation) produces a constant increasé‘inThe phase )~ w ot eV, 0T (2 (0w o (0w ult

variable ¥ : R>o — S! is defined for each trajectory o ( 7.(_/ ))g(2(6/w), ) .(> .
o(t,2°, p) starting from a pointz® on the periodic orbity, ~Subject to the initial conditio(0) = ©(2). This equation
asv(t) = O(¢p(t, 2% p)) = O(z,(t + 9°/w)). The phase is valid (up to the first-order approximation) in a neighbor-

variable? evolves linearly in time hood of the periodic orbit.
. 0 The gradient mapVv,© : B(y) — R"™ measures the
I(t) =w, 9(0)=17", relative infinitesimal asymptotic phase-shift caused by an

infinitesimal state perturbation. When evaluated along the
t}periodic orbit, the mapv,©(¢(7, 3, p)) = ¢(t) is known
as the(state) infinitesimal Phase Response CUiRRC).
The directional derivativel,© : B(y) — R™ is defined
as

such thatd(t) = wt +J9 mod 2.

For a periodic orbit with the asymptotic phase proper
the notion of phase can be extended to any pofhtn the
basinB(v) by defining the concept aisymptotic phasEor
fixed parameters, theasymptotic phase map : B(y) — St T
associates to each poinf in the basin3(v) its asymptotic Ly.0(x) = g (2,p)V2O(2)
phased?, such that in which g.; is theith column of the matrixg. When eval-

. 0 0 uated along the periodic orbit, the mdgO(¢(r, 2%, p)) =
tlg-noo H(b(t’x P) = 24 (t+ 0 /W)H2 =0 q.(t) is known as thdinput) iPRC It s::%/es( a(s é-?mpzl)ﬂse
Again, the mapping is constructed such that the imag&SPonse characteristics in the direction of phase-shift.

of 20 is equal to0 and the progression along any orbit The iPRCgq(-) is the T-periodic solution of the adjoint

(in absence of perturbation) produces a constant increa&diational system (Malkin theorem, see [4] or [6])

in §. The asymptotic phase variablé : R>, — S! is —§— £ (x4 (t),p)g =0 (4a)
defined along each solutiop(t, 2°, p) starting in the basin

i ; T)—¢q(0)=0 4b
of attraction ofy, asé(t) = ©(¢(¢, 2", p)). The asymptotic a(T) = 4(0) (4b)
phase variabl@ follows (f(z4(t),p), q(t)) =w (4c)

é(t) —w, 60(0)=0" where f,, denotes the Jacobian matrix Hiwith respect tar.

This normalization condition (4¢) ensures that the asytipto
such thatd(t) = wt + 6° mod 2. phase variable of the closed system evolves linearly in.time



[1l. SENSITIVITY ANALYSIS OF we have, taking derivatives with respectup
A PERIODIC ORBIT AND ITS PHASE RESPONSE CURVE d di JT

In this section, we introduce the sensitivity analysis of a @j Tfu(o, )* ~Tfp(d,p) - f(¢7p)* =0
periodic orbit and its iPRC. Sensitivity analysis of iPRCs

was previously applied in the context of electronics in [14](Where we omitted the argume(, =3, p) in order to not
clutter the formula). In addition, from the phase condi-
A. Classical sensitivity analysis of a (periodic) solution i, (2c), we have

Classical sensitivity analysis considers the effectsnag: ti
y anay dp A1 DpdT

on a state value; of perturbing (at timed) a parametep; Ittt
P o g ( )ap p; o0 d Tordy T ap ="
s3;(t) = dp,l (t,2°, p). (where we omitted the argumeft?, T, p) in order to not
_ _ 7 clutter the formula).
From the differential equation The sensitivity of the periodic orbi”(¢) and the period
d sensitivity ¢ are solutions of the BVP
e, p) = F(6(4,2°p).p), Y
s . . 1 dT
we have, taking derivatives with respectyp Z%(t) — fulzy(t),p)Z°(t) — T:’cy(t)@ = B"(t) (6a)
d d d :v T —
ao %) = o) (52) + o) ZUT) = Z5(0) =0 (8b)
(where f,, denotes the Jacobian matrix f)fWith respect tg @Z (0) + aT dp - ~Op (6c)
and we omitted the argume(t, 2°, p) in order to not clutter _ . ol
the formula). In addition, from the identiy(0, 2°, p) = 2°, with BE(t) = fy(zy(1),)-
we also have that C. Sensitivity of the infinitesimal phase response curve
@(0 20, p) = dio Similarly to the sensitivity of the periodic orbit, we define
dp 7" dp the sensitivity of the iPRC as

Therefore the sensitivity of a solutioff (¢, 2°,p) = S*(¢ AV, 0 -
is the solution of the matrix equation dp;

SE(t) = fo(o(t,2°,p), p)ST(t) + fo(o(t, 2% p),p), (5) From the differential equation (4a) written for the normeati

o time

subject to the initial conditions*(0) = f{di. _dVLO - S

In the analysis of oscillatory systemg, we focus on the ds (¢) =Tz (6, p)V=0(¢) =0

T-periodic solutiong(t,z5, p). The general solution of (5) we have, taking derivatives with respect;to
about a periodic solution takes the form (see [15]-[17]) d dv,0 dv.,.0

SI(t) = tRE(t) + ZL(t). “ds dp (6) = Tf3(6:p)— "~ ap () =

TBI(s)

The first termt R (¢) is unbounded It contains the influencejn which elementsbq (s) of the matrix B4(s) € R"*P are
of the period sensmvny (row vector in RY) on the given by
sensitivity of the solution ﬁrough thE-periodic matrix L OF, AT s 0T dqs 57,
. dr — 2k kT V., 0

R'y(t) = —ff(Qs(taf?,,P)vP)dfp- ; <T ox; dpj Z O0x;0x; dp; 8x 8pj> k
The second tern¥”(¢) is bounded and™-periodic. It repre- (where we omitted all arguments in order to not clutter the
sents the sensitivity of the periodic orbit. From now, wel wil formula). In addition, from the normalization conditioncj4
drop the indexy to simplify notations. we have

V@ dw

dp

B. Sensitivity of the periodic orbit T (¢, P)

In order to focus on the sensitivity of the periodic orbit, ~
we introduce the normalized time = /T and the corre- With Z/(t) = f.(6,p)Z"(t) + f,(6,p).
sponding flowe(s, 2%, p) := ¢(T's, z°, p). The sensitivity of The sensitivity of the iPRZ9(-) is the uniquel-periodic

(¢) + V,0T(9) 27 (t) =

the periodic orbit is then defined as solution of the BVP
() = i 0 ). —20(t) = £ (x4 (0),p)Z°(t) = BI(t)  (7a)
Y dp; - ZUT) — Z9(0) = 0 (7b)
From the differential equation (2a) written for the normatl dw
time ; 22 F1 (0, 0)Z9(1) + 4" (1) 27 (1) = D (7c)

(s,23,p) = Tf(d(s,23,p),p) =0, with Bi(t) = BI(t/T).



IV. SHAPE-DISTANCE METRIC AND GRADIENT and then, using the definition of the induced distance, as

We aim at selecting an oscillator model by adapting initial ¢1 2|2 Iyl

parameters to better match a given PRC. Discriminating i — +a -

between points in the parameter space requires to quantify” ") “F>0 | @ ly()ll2 l2C)ll2

the similarity between an oscillator PRC and a referenda which p,,(0) is a short notation for the normalized

signal (both possibly depending on parametgrsTo our circular cross-correlation

knowledge, an empirical similarity measure between PRCs @),y + o)) /T F(H)y(t + o)
0

. . (- o) = —— = —_—
\r/\éa(ljsucct)ir(;lal [lljg]e.d once in the context of oscillator modeb(z(-),y(-),o) ZO 1Ol 20RO
In this section, we construct a shape-distance metric b&D€ circular cross-correlatiop,, () is a T-periodic signal
tween equivalent signals and derive the associated gradidfftich measures the similarity between two signals as a func-
in the parameter space. tion of the time-lagr applied to one of them. M!nlmlzat|or_13
overo anda can be done separately and optimal solutions
A. Shape-distance between equivalent periodic signals (o, «.) are given by

We consider two periodic signals(-) € L»s[0,T,) and . N — ) )
y(-) € Ly]0,T,) with pdifferent pgeriodgs)being t[he o)scillator o-(@(),y()) = arg 025%) Rete(z()90),2)},
PRC (for parameters) and a reference signal, respectively. 1z (|2
To compare one cycle of(-) to one cycle ofy(-), atime- o= (2(), () = Iyl
scalingtransformation is applied to both signals. Time-scaled The distance between equivalence classes of periodic
signalsi(t) = z (4xt) andg(t) = Q?O areT-periodic and  sjgnals is thus eventually given by

belong to the same vector spakeg|0, 7). This vector space ) Y — : :
s equipped with the scalar product de([()] () = V21 = Re{p(a(),y(), o))

2§R6{pmy (‘7)}

dt.

r with o (2(), y(-)) = arg max,e o) Refp(@(-), y(), o)}
@) = [ i B. Shape-distance gradient
To explore the parameter space with a gradient-descent
algorithm, we need the gradieft,d.(-,-) defined by the
distanced. (-, -) between equivalence classes of periodic sig-
T 1/2 nalsz(-,p) andy(-, p). Both signals may depend on param-
12C)||2 = (&(-), 2(-))/? = </ |:Y;(t)|2dt> . etersp. The circular cross-correlatiop(z(-, p), y(-,p), 0+)
0 involved in the distance expression depends directly on
The distance induced by the norm in this vector space is Signalsz(-, p) andy(-, p) but also indirectly through the time-
lag U*(x(-,p), y(-,p))-

wherej(t) denotes the complex conjugateidt). The scalar
product induces the associated norm

d(@(),9() = [12(:) = g()|2- Using the chain rule, we have
We show in the following how to modify this natural % dp | _ Opdx  Opdy  Opdo
distance to satisfy two equivalence properties, hamelgtim € dp | Ordp Oydp Oo dp

shifting and magnitude-scaling equivalence propertiesF  \yhare we omitted arguments in order to not clutter the

now, we will intentionally omit the symbols- in order 10 ormyia). The last term is equal to zero because we have
not clutter the notations.

Signals are considered as equivalent up taree-shifting Re {%(x(.7p)7 y(.’p),a*)} =0
and amagnitude-scalingf they are related as follow do

_ B by definition of o,. First and second terms are computed
o) ~y() & o e[0,T),a €Rsp 1 y() = 2( —0) /e easily by straightforward derivatives.

The set of all signals equivalent to(-) is the equivalence ~ The shape-distance gradient is thus eventually given by

class[z(-)]. Re {@L i @dj}
We define the distance between two equivalence classes; _ . _ Ov dp ~ dy dp
pde([z(-, )], [y (-, P)]) ~
as V(- Relple.g,5.)])
Ao ([()], () = (), x(+) C. Gradient-descent algorithm
‘ 7 celalxely] V]EO)20IxO) 2 We use a gradient-descent algorithm with Armijo step

sizes for line search. Its descent direction at each itmras
6he opposite of the gradient and the Armijo step size gives
an approximate line minimization [19].
In general, we are dealing with non-convex optimization
problems (non-convex cost functions over non-convex sets)
d(z(-),ay(- + 7)) The gradient-descent algorithm will reach a local minimum
o€[0,7),a€R>0 y/a||2()|]2]ly(-)]2 which may not be the global minimum of the problem.

in which |£(-)|l2 # 0 and ||x(-)||2 # 0 if we consider non-
trivial signals. The normalization is necessary in order t
avoid all distances to tend towards zero.

This minimization problem can be reformulated as
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V. APPLICATION TO GOODWIN OSCILLATOR
Fig. 2. Distance of iPRC for Goodwin oscillator to a Hopftbifation-
In this section, we apply our gradient-descent algorithrtike iPRC. (a)~(b) The shape-distance (color levels) betwe sinusoid

: ; : : : : and the (input) iPRCs corresponding to the first and secopdtichannel
toa S|mple biochemical model of circadian oscillator. increases with the distance from the Hopf-bifurcation madi{black line).

The gradient-descent algorithm follows the path indicabgd+ and o.
(c) The distance along the path followed by the gradienteieisalgorithm
decreases with the iteration number.

The Goodwin oscillator is a cyclic feedback system where

metabolites repress the enzymes which are essential for the ) . o

own synthesis by inhibiting the transcription of the molecu B. Minimal shape-distance to a Hopf-bifurcation-like iPRC

DNA to messenger RNA (MRNA) [20]. The model for such Approximation of iPRCs have been computed in the

a mechanism is schematically shown in Fig. 1. It can beeighborhood of codimension-1 bifurcations [5]. In partic

described as the cyclic interconnection of three first-ordaular, it has been shown that iPRCs are sinusoidal near Hopf

subsystems and a monotone static nonlinearity bifurcations. However, the shape of those iPRCs may be
modified when the system evolves away from the bifurcation.

A. Goodwin oscillator

H; : { Tity = Kiug — for i=1,...,3 Figures 2(a) and 2(b) show the contourllevels (in the
Yi =T reduced parameter space) of the shape-distance between

I L 1 a sinusoid and (input) iPRCs corresponding, respectively,

S (uq/0)P to the first and the second input channel. In both cases,

o o the shape-distance increases (almost concentricallin) thvét
where the cyclic interconnection is given By = uex.1 —%4,  distance to the Hopf-bifurcation manifold (black line).&h
up = Y1, uz = Y2, andug = uexz + y3. Two external gpane distance for the second input channel takes higher
input channels represent two ways to perturb the biologicgh)yes indicating a larger deformation from a sinusoid.
oscillator. A dimensionless form of this system is equinéle 1, enlighten this observation, we apply our gradient-

to imposeKy; = K3 =7 =60 =1.

This system possesses a single equilibrium:in= zo =

z3 = x*, with z* being the solution ofZL;

—z = 0.

descent based on the shape-distance to a sinusoid. Starting
from the center of the parameter space, the gradient-descen
algorithm follows paths in direction of the Hopf-bifurcatti

The equilibrium may loose its stability only through a Hopfmanifold (Fig. 2(a) and 2(b)). The shape-distance alongeho
bifurcation giving birth to a stable periodic orbit [21],R

paths decreases as the iteration number increases (Fjy. 2(c

To simplify the analysis (but without loss of generality), o ] ] o

we reduce the parameter space to two dimensions: we impdse Minimal shape-distance to an experimental-like iPRC
equal time-constants i/ and Hz (12 = 73 = 7) and fixe Experimental PRCs have been measured for circadian
the Hill coefficientp = 20. This high coefficient is justified rhythms of various organisms [9], [10]. We apply our
by the necessity to get periodic orbits & 8) and strong gradient-descent algorithm to the Goodwin oscillator idewr
enough differences between iPRC shapes in the parametematch an experimental-like iPRC of circadian rhythms.
space. The results for weaker coefficient are similar b les Figures 3(a) and 3(b) show the contour levels of the shape-
marked. The parameter space reduceéXo, 7) € R2,. distance to an experimental-like iPRC and the paths foltbwe
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(a) First input channel. (b) Second input channel.

iPRC and on a shape-distance metric between equivalence
classes of periodic signals. The application of this sinqdé

on the Goodwin model gives encouraging results. We plan
to apply those tools to more complex models of circadian
rhythms [23].
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Fig. 3. Distance of iPRCs for Goodwin oscillator to an expemtal-like [6]
iPRC. (a)—(b) The shape-distance (color levels) betweemxerimental
iPRC and the (input) iPRCs corresponding to the first and reedoput
channel exhibits a non-convex behavior in the reduced pdeanspace. [6]
The gradient-descent algorithm follows the path indicdigdt-, o and x.
(c) The distance along the path followed by the gradienteleisalgorithm [7]
decreases with the iteration number.
(8]
2
(9]
§ 0 [10]
[11]
2 7r‘/4 %r 37{/4 27 [
phasef [13]
Fig. 4. The shape of the optimal iPRC (dashed-dotted line)dsec to (14]
the reference iPRC (solid line) than the initial iPRC (dakliee).
[15]

by the gradient-descent algorithm in the reduced parametéf!
space. Two paths are shown for iPRCs corresponding to
the second input channel. Starting from close initial pgint [17]
paths evolve towards different local minima. The shape-
distance being almost symmetric with respect to a unitafyg
time-constantr, both local minima correspond to similar
iPRCs (up to a time-shifting and a magnitude scaling).

Figure 4 compares initial (dashed) and optimal (dashegb
dotted) iPRCs for the second input channel to the ref-
erence one (solid). The optimal iPRC fits very well thd?!]
experimental-like one.

[22]
VI. CONCLUSION

We have presented a gradient-descent algorithm that &3]
lows to adapt initial parameters to reach a particular iPRC
shape. This tool is based on the sensitivity analysis of the

(Belgian Fund for Scientific Research).
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