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The design of a multi-subject fMRI experiment needs specification of the number of subjects and scanning
time per subject. For example, for a blocked design with conditions A or B, fixed block length and block order
ABN, where N denotes a null block, the optimal number of cycles of ABN and the optimal number of subjects
have to be determined. This paper presents a method to determine the optimal number of subjects and
optimal number of cycles for a blocked design based on the A-optimality criterion and a linear cost function by
which the number of cycles and the number of subjects are restricted. Estimation of individual stimulus
effects and estimation of contrasts between stimulus effects are both considered. The mixed-effects model is
applied and analytical results for the A-optimal number of subjects and A-optimal number of cycles are
obtained under the assumption of uncorrelated errors. For correlated errors with a first-order autoregressive
(AR1) error structure, numerical results are presented. Our results show how the optimal number of cycles
and subjects depend on the within- to between-subject variance ratio. Our method is a new approach to
determine the optimal scanning time and optimal number of subjects for a multi-subject fMRI experiment. In
contrast to previous results based on power analyses, the optimal number of cycles and subjects can be
described analytically and costs are considered.
.nl (B. Maus).
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Introduction

There exists a trade-off between number of subjects and number
of measurements in time per subject in terms of statistical efficiency
and experimental costs in any kind of experiment. Statistical
efficiency increases with increasing number of subjects and increasing
number of measurements in time per subject, but the same holds for
experimental costs. Worsley et al. (2002) pointed out that if the
variance between subjects is higher than the variance within subjects,
it is better to scan more subjects with a shorter scanning time per
subject than to scan fewer subjects with a longer scanning time per
subject. However, Worsley et al. (2002) concluded that due to
additional costs per subject a compromise between number of
subjects and scanning time has to be chosen. This paper presents a
method which will be useful for fMRI researchers in choosing the
optimal number of subjects and scanning time. Given the high costs
for fMRI experiments, such a method is relevant for these
experiments.

Generally, the optimization of fMRI experiments has been studied
for single-subject fMRI experiments while less attention has been
given to the optimization of multi-subject fMRI experiments. For
single-subject fMRI experiments, it has been shown that blocked
designs are statistically optimal for detection of stimulus related
activation, called detection power, whereas event-related designs are
statistically optimal for estimation of the hemodynamic response
function (HRF), called estimation efficiency. Bianciardi et al. (2004)
studied the effect of filtering and experimental design on second-level
group analyses. Furthermore, the statistical power for multi-subject
fMRI experiments was studied and sample size recommendations
based on power calculations were given by Desmond and Glover
(2002), Hayasaka et al. (2007), Mumford and Nichols (2008) and
Murphy and Garavan (2004). In this paper, a new approach is given
for the optimization of a multi-subject fMRI experiment, taking into
account the costs per individual subjects, for scanning time and for the
total experiment by a linear cost function.

This paper focuses on theA-optimality criterion (Atkinson et al., 2007;
Dale, 1999; Liu et al., 2001)which selects as optimal the design for which
the sum of the variances of the estimators for the unknown group
parameters isminimized. A linearmixed-effectsmodel is used to describe
the relationship between unknown parameters and the fMRI signal. This
type of model is often also referred to as random-effects model in fMRI
literature (Penny and Holmes, 2004). The number of subjects and the
scanning time are restricted by a linear cost function describing the
experimental costs due to thenumberof subjects and scanning time. For a
blocked design with task blocks A1,…,AQ, with null blocks denoted by N
and the block order A1…AQN, the scanning time depends on the number
of cycles ofA1…AQN, the length of stimulus blocks andnull blocks and the
number of stimulus types Q. Assuming uncorrelated errors, we derived
analytically the optimal number of subjects and number of cycles for a
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blocked design assuming fixed block lengths and fixed number of
stimulus types. For a linear mixed-effects model with a first-order
autoregressive (AR1) error structure (Bullmore et al., 1996; Chatfield,
2003), numerical calculations were performed to find the optimal
number of subjects and cycles. The optimal number of subjects and
cycles were found to depend on the ratio of within- to between-subject
variance for uncorrelated errors as well as correlated errors. Furthermore
for both error structures, the ratio of costs per subject and costs per
scanning time is crucial for the optimal choice of number of subjects and
cycles. The results are valid for any number of stimulus type.

The outline of this paper is as follows. In theMethodology section the
linear mixed-effects model, the A-optimality criterion and the cost
function are presented and the numerical calculations for correlated
errors are explained. In the section about optimal designs for a given
budget, the analytical results for the optimal number of subjects and
cycles assuming uncorrelated errors and the results of the numerical
calculations for correlated errors are given. Further details on the
derivations are provided in Appendices A and B. The consequences of the
analytical derivations and numerical calculations are illustrated by
exampleswith commonvalues for fMRI experiments in the section about
optimal designs for a given budget. Furthermore, we study in the Results
section the effect on design efficiency when the number of cycles and
subjects vary slightly from the optimal design. In the Discussion and
conclusions section the results are discussed and conclusions are drawn
based on the results.

Methodology

Model and estimators

Each subject is measured at NT time points with a given repetition
time (TR) and the data vector Yi is obtained for each subject from
these measurements. It is assumed that Q different stimulus types are
presented in blocks to each subject. One block contains trials of the
same stimulus type. The following first-level model is considered for
subject i:

Yi = Zβi + Sγi + �i; ð1Þ

where Z of dimension NT×Q models the hemodynamic responses to
the Q different stimulus types and S of dimension NT×r models r
nuisance terms, e.g., intercept, linear or quadratic trends. The errors �i
are assumed to be normally distributed with expectation zero and
covariance matrix σ�

2∑. It is assumed that all subjects have the same
error covariance matrix σ�

2∑.
The interest at thefirst level is in estimation of the stimulus effectsβi.

The generalized least squares (GLS) estimator for (βi
T γi

T)T is given by

βi
γi

� �̂
= Z S½ �T∑−1 Z S½ �
� �−1

Z S½ �T∑−1Yi: ð2Þ

The matrix Z S½ � is a concatenation of the matrices Z and S. The
generalized least squares (GLS) estimator of β̂i in Eq. (2) is given by

β̂i = ZTVT I−PVSð ÞVZ
� �−1

ZTVT I−PVSð ÞVYi; ð3Þ

where V=∑−1/2 is the inverse square root matrix of the error
correlation matrix ∑ and PVS=VS(ST∑−1S)−1STVT is the projection
matrix onto the space spanned by the columns of the matrix VS
(column space) (Liu and Frank, 2004; Lovell, 1963; Seber, 1977). The
projection matrix PVS is needed to obtain a closed form expression for
β̂i. The covariance matrix of β̂i is given by

Cov β̂i

� �
= σ2

� ZTVT I−PVSð ÞVZ
� �−1

: ð4Þ
We define the detrended and decorrelated design matrix Z⁎=(I−
PVS)VZ, which is the decorrelated design matrix VZ after removal of
decorrelated trends, e.g., constant, linear and quadratic trends, by
application of the projection matrix (I−PVS). The following equations
are then obtained:

β̂i = ZTTZT
� �−1

ZTTVYi ð5Þ

Cov β̂i

� �
= σ2

� ZTTZT
� �−1

: ð6Þ

The matrix (Z⁎TZ⁎)/σε
2 is the Fisher information matrix which can

be used to measure the amount of information present in the data
about the unknown parameters (Liu and Frank, 2004) and to
determine the optimal design (Atkinson et al., 2007).

The second-level model is given by

βi = βG + bi; ð7Þ

where βG are the group stimulus effects and bi are the random
stimulus effects for subject i. The random effects bi are assumed to be
normally distributed with expectation 0 and covariance matrix σq

2D.
The matrix D is the correlation matrix of the random-effects vector bi.
All random effects in the random-effects vector bi are assumed to have
the same random-effects variance, also called between-subject
variance, σq

2. Combining Eq. (1) with Eq. (7) gives the following
model:

Yi = ZβG + Zbi + Sγi + �i: ð8Þ

The covariance matrix of the GLS estimator β̂G for βG in Eq. (8) is
given by

Cov β̂G

� �
=

1
N

σ2
� ZTVT I−PVSð ÞVZ
� �−1

+ σ2
q D

� �
;

=
1
N

σ2
� ZTTZT
� �−1

+ σ2
q D

� �
;

ð9Þ

where N is the number of subjects. The term σ�
2(Z⁎TZ⁎)−1 is the

within-subject covariance matrix of β̂i assuming the same error
covariance σ�

2∑ for all subjects, and σq
2D is the between-subject

covariance matrix of the stimulus effects. Eq. (9) can be seen from
Section 4 in Beckmann et al. (2001).

Optimality criterion and relative efficiency

Several optimality criteria exist, each with their own advantages
and disadvantages (Atkinson et al., 2007). The two mainly applied
criteria are the A- and D-optimality criteria. In this paper, the A-
optimality criterion is applied and the number of cycles and the
number of subjects are optimized subject to a linear cost function
given in the Cost function section. The A-optimality criterion has been
applied before for optimization of single-subject fMRI experiments by
Dale (1999), Liu et al. (2001) and Wager and Nichols (2003).
Assuming equal frequency for all Q stimulus types, Liu and Frank
(2004) showed that the A-optimal stimulus frequency for estimation
of stimulus effects is equal to p = 1 = Q +

ffiffiffiffi
Q

p� �
. For a blocked design,

this will result in longer null blocks than stimulus blocks. For
estimation of pairwise contrasts, p=1/Q is the optimal stimulus
frequency and results in no null blocks.

The D-optimality criterionminimizes the simultaneous confidence
ellipsoid of the estimators for the effects of interest whereas the A-
optimality criterion minimizes the sum of the variances of the
estimators. This renders the A-optimality criterion more easy to
understand for practitioners. One strength of the A-optimality
criterion in our specific example is the possibility to derive analytical
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results. Another strength is the fact that off-diagonal elements of the
random-effects covariance matrix σq

2D do not have to be taken into
account when considering individual stimulus effects by the A-
optimality criterion. One general advantage of the D-optimality
criterion is that the D-optimal design is unaffected by linear
transformation of the design matrix Z, i.e., linear transformation of
the columns of the designmatrix,whereas this is generally not the case
for the A-optimality criterion. However, no linear transformations of
the design matrix Z seem to be relevant for the present model except
scaling of the HRF which would not affect the A-optimal design.

Wewill compare blocked designswith block order A1…AQNwhich
means that a block of stimulus type A1 is followed by a block of
stimulus type A2 etc. Finally, AQ is followed by a null block denoted by
N. This block order has been shown to be statistically optimal for
estimation of individual stimulus effects (Maus et al., 2010a). By
assuming null block length equal to 0 s, block order A1…AQ is
obtainedwhich is efficient for estimation of pairwise contrasts. A cycle
A1…AQN, consisting of the individual stimulus blocks and a null block,
can be repeated several times for the considered blocked designs. The
compared blocked designs differ in the number of cycles NC and
number of subjects N. The number of stimulus types and block lengths
are not optimized as these parameters will be fixed by the researchers
for his or her specific experiment. Furthermore, optimal values for
block length have already been given in literature (Aguirre and
D'Esposito, 1999; Chein and Schneider, 2003; Maus et al., 2010a,b).
This optimal value will be valid for all scanning times as the optimal
value is influenced by the power spectrum of the HRF and the power
spectrum of the error noise (Aguirre and D'Esposito, 1999).

Thus for fixed block lengths, stimulus onset asynchrony (SOA) and
number of stimulus types, the design spaceΞ, fromwhich the optimal
design will be chosen, consists of these blocked designs ξ with NC

cycles and N subjects:

Ξ =
n
ξ jξ is a blocked design with block order A1…AQN;

NC cycles and N subjects;NC ;N∈N
o
:

ð10Þ

The stimulusonset asynchrony (SOA) refers here to the timebetween
successive trials in a stimulus block or null events in a null block.

Estimation of all individual stimulus effects βG and estimation of
stimulus effects contrasts CβG with c×Q contrast matrix C are
considered. The contrast matrix C indicates c contrasts of interest.
The A-optimal design minimizes the trace of the covariance matrix

Cov Cβ̂G

� �
over all possible designs in the design space. This

trace Cov Cβ̂G

� �� �
will vary for designs with different number of

cycles and subjects. We denote by C β̂
ξ
G the estimator obtained for

design ξ. The trace of Cov Cβ̂
ξ
G

� �
is equal to the sum of the variances

for each contrast in Cβ̂G and gives a measure of how precisely these
contrasts (or individual stimulus effects if C is an identity matrix) are
estimated. It follows from Eq. (9) that the A-optimal designminimizes

trace Cov C β̂ξ
G

� �� �
=

σ2
q

N
σ2
�

σ2
q
trace C Z TTZ T

� �−1
CT

� �
+ trace CDCT

� � !
ð11Þ

over all designs ξ inΞ subject to the linear cost function described in the
Cost function section. We can simplify Eq. (11) for uncorrelated errors,
SOA equal to TR and a nuisance matrix S equal to 1NT

, where 1NT
is a

vectorwithNT1s asentries andmodels an intercept. InAppendixA.1 it is
shown thematrix Z⁎TZ⁎ can then be expressed asNC⋅M, whereNC is the
number of cycles of A1…AQN andM/σ�

2 is the Q×Q information matrix
of one cycle A1…AQN. Thus, the trace of the covariance matrix of Cβ̂G

can be rewritten for uncorrelated error as

trace Cov C β̂G

� �� �
=

σ2
q

N
σ2
�

σ2
q

1
NC

⋅trace CM−1CT
� �

+ trace CDCT
� � !

: ð12Þ
The matrix M is only invertible when null blocks are included in
the design (see Appendix A.1 for further explanation), but the general
expression in Eq. (11) can always be used. From Eqs. (11) and (12) it
can be seen that the optimal number of subjects N and the optimal
number of cycles NC, which minimize the A-optimality criterion,
depend on the variance ratio σ�

2/σq
2, but not on the specific values for

σ�
2 or σq

2.
The relative efficiency, which can be used to compare a design ξ

with the optimal design ξ⁎, is given by the following ratio

RE ξ jξT
� �

=
trace Cov C β̂ξT

G

� �� �
trace Cov C β̂ξ

G

� �� � : ð13Þ

The relative efficiency is a value between 0 and 1 with values close
to 0 indicating a very low efficiency of the design ξ versus the optimal
design ξ⁎ and values close to 1 indicating a high efficiency of the
design ξ versus the optimal design ξ⁎. The inverse of the relative
efficiency RE(ξ|ξ⁎) gives the number of times that design ξ has to be
repeated to be as efficient as the optimal design ξ⁎, i.e., to have the
same precision for estimation of CβG and the same power if CβG is a
contrast or single stimulus effect.

Cost function

A cost function for a blocked fMRI experiment with one run and
one session is considered. For the cost function we are denoting the
total costs of the experiment with CT, the costs per subjects with C1
and the costs per unit scanning time TSwith C2. C1 includes the subject
fee, recruitment costs and equipment per subject, and costs due to
preparation of a subject or the scanner before the subject's session.
The costs of C1 might rise if a special population is considered, e.g.,
subjects with a rare illness. It should be noted that the value
associated with C2 depends on the unit of time used, e.g., C2=€400/
h≈€6.66/min≈€0.11/s. The effective scanning time TS is here the
length of one run, i.e., one continuous period of scanning. For a
blocked design with Q stimulus types, the scanning time TS is given
by

TS = NC⋅ Q⋅NBLA
+ NBL0

� �
⋅SOA; ð14Þ

where NC is the number of cycles of A1…AQN, NBLA is the number of
events per stimulus block for all stimulus types, NBL0 is the number of
null events per null block and Q is the number of stimulus types. The
cost function of the whole experiment expresses the total costs CT as
sum of the costs for all subjects and the costs for the scanner time of all
subjects:

CT = NC1 + N⋅NC⋅ Q⋅NBLA
+ NBL0

� �
⋅SOA⋅C2: ð15Þ

Note that C2 is given above as costs per second, i.e., costs for one
second scanning time. The number of subjects N and the scanning
time TS are restricted by the cost function and the assumed total costs.
As explained in the previous section block lengths, number of
stimulus types Q and SOA are assumed to be fixed by the researcher.
Thus, restriction of the scanning time is equivalent to restriction of the
number of cycles NC as can be seen from Eq. (14). We assume fixed
total costs CT and want to find the combination of number of subjects
and scanning time TS which minimizes trace Cβ̂G

� �
in Eq. (11).

Numerical calculations

In the following we give an outline of the numerical calculations
which were performed in MATLAB (The Mathworks Inc, Natick, MA)
to find optimal designs for a model with correlated errors. The code



Table 1
List of symbols.

Symbol Meaning

Q Number of stimulus types (excluding null events)
NBL0 Number of events per null block
NBLA Number of events per stimulus block
CT Total experimental costs
C1 Costs per subject
C2 Costs per scanning time, depending on context given per h, min or s
σ�
2 Error variance (within-subject variance)

σq
2 Random-effects variance (between-subject variance)

ρ Autocorrelation coefficient for AR1 error structure
N Number of subjects
NCopt Optimal number of cycles
Nopt Optimal number of subjects
C Contrast matrix
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for correlated errors is available on request from the first author. An
AR1 covariance structure with AR1 autocorrelation ρwas assumed for
the covariance matrix σ�

2∑ of all within-subject errors εi (i=1,…,N).
The optimal number of subjects and cycles were chosen as the values
whichminimize Eq. (11) for a specified design (SOA, null block length,
stimulus block length, number of stimulus types Q), contrast matrix C,
autocorrelation ρ and variance ratio σ�

2/σq
2 of within-subject variance

σ�
2 to between-subject variance σq

2. As the variance σq
2 is the same for

all designs, it does not influence the values for which the minimum of
Eq. (11) is obtained. It is therefore sufficient to focus on the variance
ratio.

The number of cycles was varied from a lower boundary to an
upper boundary. If no highpass filtering was assumed, the optimal
number of cycles for uncorrelated errors to be derived in the
Uncorrelated errors section was chosen as a lower boundary as it
was expected and confirmed by preliminary results that the optimal
number of cycles for correlated errors is higher than for uncorrelated
errors. The reason for this relationship is explained in the Correlated
errors section. If highpass filteringwas assumed, the lower border was
set equal to 1. The upper boundary was raised if the obtained optimal
number of cycles for correlated errors turned out to be equal to the
upper boundary.

The number of cycles was thus varied within a certain range and
the number of subjects was calculated for each number of cycles with
the cost function in Eq. (15) for fixed costs. The block lengths, SOA, TR,
the number of stimulus types, the autocorrelation and the variance
ratio were likewise fixed to constants, and the hemodynamic
response function h was given. The combination of number of cycles
and subjects, for which trace Cov β̂G

� �� �
= σ2

q as given by Eq. (11)
reached its minimum, was the optimal number of cycles and optimal
number of subjects.

Results

The optimal number of subjects and cycles for uncorrelated errors
are determined in the Uncorrelated errors section analytically. We
present some numerical results in the Uncorrelated errors section for
the derived optimal number of cycles and subjects. For correlated
errors with AR1 error structure (Bullmore et al., 1996; Chatfield,
2003), a numerical calculation in MATLAB (The Mathworks INc,
Natick, MA) was performed as described in the Numerical calcula-
tions section to determine the optimal number of cycles and subjects.
For the numerical results for uncorrelated errors and correlated
errors, the hemodynamic response function with default parameters
from the MATLAB toolbox BVQXtools_v08d (Brain Innovation,
Maastricht, The Netherlands) was applied, sampled with rate 2 s
over a period of 32 s and scaled to have a peak amplitude of 1. The
toolbox can be downloaded for free from http://support.brainvoya-
ger.com/available-tools/52-matlab-tools-bvxqtools.html. The de-
fault HRF has a positive peak at 5 s, a negative peak (undershoot)
at 15 s, a positive and negative dispersion of 1 and a positive-to-
negative ratio of 6. The exact function and parameters are further
described in Maus et al. (2010a). For all calculations, it is assumed
that the matrix S equals 1NT

except in the Correlated errors section
when the effect of highpass filtering is studied. In Table 1 a list of the
applied symbols in all figures is given.

For ease of interpretation the cost ratio C1/C2 is given in the figures
based on C2 being the costs per minute scanning time. Then, a cost
ratio of C1/C2=12 means that a subject costs as much as 12 min
scanning time.

Optimal design for a given budget

Uncorrelated errors
From Eq. (15) it follows that the number of subjects N can be

expressed as the ratio of the total experimental costs and the total
costs per subject. The obtained expression for N can be substituted in

Eq. (12), the trace of Cov C β̂
� �

, for N. In the next step, the trace of

Cov C β̂
� �

is minimized with respect to NC. This leads to the following

optimal number of cycles

NCopt
=

ffiffiffiffiffi
C1

C2

s ffiffiffiffiffiffi
σ2
�

σ2
q

vuut ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

trace CDCT
� �

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
trace CM−1CT

� �
SOA NBL0

+ QNBLA

� �
vuuut : ð16Þ

Using the expression forN obtained by the cost function in Eq. (15)
and substituting NCopt

for NC in this expression results in the following
optimal number of subjects

Nopt =
CT

C1 +
ffiffiffiffiffiffiffiffiffiffi
C1C2

p ffiffiffiffiffiffi
σ2
�

σ2
q

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

trace CDCT
� �s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

trace CM−1CT
� �

SOA NBL0
+ QNBLA

� �r :

ð17Þ

If the ratio σ�
2/σq

2 increases, the optimal number of cycles
increases, and as a consequence the optimal number of subjects
decreases. Higher fixed costs C1 per subject or lower costs C2 per
scanning time result in a higher ratio C1/C2 so that more cycles are
optimal for the A-optimality criterion given costs CT. Furthermore, it
can be seen that the optimal number of cycles is independent of the
total costs CT. Eqs. (16) and (17) are comparable to results in
Moerbeek et al. (2008, p. 183, Table 4.1) for optimal nested designs
with regard to the effects of cost ratio, variance ratio and costs. The
factors trace(CM−1CT), NBL0, NBLA and SOA describe properties of fMRI
experiments.

To calculate the optimal number of cycles in Eq. (16) and the
optimal number of subjects in Eq. (17) for individual stimulus effects,
we need to determine trace(M−1) as C equals in this case the identity
matrix IQ of dimension Q. The trace of the matrixM−1 in Eqs. (16) and
(17) however depends on the block length NBL0, the stimulus
frequency p and the hemodynamic response function and no closed
form expression is available for trace(M−1) depending on these
factors. Thus, we will replace M−1 by an approximation to derive
more direct and insightful formulae for the optimal number of cycles
and subjects. It is shown in Appendix A.2 that trace(M−1) can be
approximated by

trace M−1
� �

≈Q−Q2p + Qp
pNBL0

H
; ð18Þ

where H=∑m=1
Nh ∑n=1

Nh hmhn depends on the hemodynamic re-
sponse vector h. The hemodynamic response vector h is the
hemodynamic response function sampled with rate TR. Based on
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Fig. 1. Optimal number of cycles and subjects for uncorrelated errors, C= I2, Q=2, TR=2 s, SOA=2 s, NBL0=8 (16 s) and NBLA=6 (12 s), CT=€6000, C2=€400/h≈€6.66/min and
C1=€80, C1=€200 or C1=€400. The horizontal line indicates the minimum number of cycles of 2. The exact values are based on Eqs. (16) and (17) while the approximated values
are based on Eqs. (19) and (20). On the right y-axis for the optimal number of cycles the corresponding scanning time in minutes is given.
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the approximation of trace(M−1) in Eq. (18), the following optimal
number of cycles and optimal number of subjects are obtained for
minimization of trace Cov β̂G

� �� �

NCopt
=

ffiffiffiffiffi
C1

C2

s ffiffiffiffiffiffi
σ2
�

σ2
q

vuut ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−pQð Þ 1−pQ + pð Þ

p

s
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

HN2
BL0

SOA
q ; ð19Þ

Nopt =
CT

C1 +
ffiffiffiffiffiffiffiffiffiffi
C1C2

p ffiffiffiffiffiffi
σ2
�

σ2
q

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−pQ + pð Þ
p 1−pQð Þ

s ffiffiffiffiffiffiffiffiffiffi
SOA
H

r : ð20Þ

Eqs. (19) and (20) can be seen by substituting trace(M−1) with its
approximation in Eq. (18) and by substitutingNBLAwith [p/(1−pQ)]NBL0
in Eqs. (16) and (17). The equationNBLA=[p/(1−pQ)]NBL0 follows from
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Fig. 2.Optimal number of cycles and subjects for uncorrelated errors (UN) and AR1 (ρ=0.3)
C= I3 and C2 in costs per second. Costs were CT=€6000, C2=€800/h≈€13.33/min and C1=
stimulus block length was 10 s, TR and SOA were 2 s. The horizontal lines indicate the min
corresponding scanning time in minutes is given.
the definition of the stimulus frequency p=NBLA/(Q⋅NBLA+NBL0). The
approximation of M−1 in Appendix A.2 was tested on its precision for
trace(M−1) and results indicate that the approximation can be
imprecise for the off-diagonal elements in M−1. These off-diagonal
elementswere not needed for trace(M−1) butwould beneeded for trace
(CM−1CT). Therefore, only approximated formulae for NCopt and Nopt for
the case C= IQ are presented.

In Fig. 1 the optimal number of cycles and subjects for a design
example and costs example are given. The optimal estimation of two
individual stimulus effects, i.e., C= I2, is considered. The A-optimal
stimulus frequency of p = 1 =

ffiffiffi
2

p
+ 2

� �
≈0:30 for estimation of

stimulus effects was applied. It can be seen in Fig. 1 that the optimal
number of cycles and subjects based on Eqs. (16) and (17) were
similar to the optimal number of cycles and subjects based on the
approximation as given by Eqs. (19) and (20). The approximated
results were also similar to the results based on Eqs. (19) and (20) for
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. The results for uncorrelated errors are based on Eqs. (16) and (17) with contrast matrix
€150, €400 or €600. The number of stimulus types was Q=3, null block length was 14 s,
imum number of cycles of 2. On the right y-axis for the optimal number of cycles the
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different costs, different number of stimulus types and stimulus
frequency p=1/(Q+1) which results in stimulus block lengths equal
to the null block length, while the A-optimal stimulus frequency
results in longer block lengths for null blocks. Fig. 1 illustrates that for
increasing cost ratio the optimal number of cycles increases whereas
the optimal number of subjects decreases. This is generally true for the
optimal number of cycles whereas for the optimal number of subjects
this relationship holds because C2 is fixed. Furthermore, the optimal
number of cycles increases and the optimal number of subject
decreases for an increasing ratio of within-to-between-subject
variance. The described relationship between optimal number of
cycles/subjects and cost ratio was also found for p=1/(Q+1). In
addition, the described relationship between the optimal number of
cycles/subjects and variance ratio was the same for p=1/(Q+1) as
for p = 1 = Q +

ffiffiffiffi
Q

p� �
.

The optimal number of cycles and subjects were calculated in Fig. 1
for given total costs CT=€6000, costs per scanning time C2=€400/
h≈€6.66/min≈€0.11/s and varying costs per subject C1. The optimal
number of subjects and cycles were calculated based on Eqs. (16),
(17), (19) and (20) for different cost ratios C1/C2 and C2 given as costs
per second, i.e., C2=€400/(3600 s)≈0.11/s. A design with two
stimulus types, null block length equal to 16 s and stimulus block
length equal to 12 s was assumed. This corresponds to the A-optimal
stimulus frequency of p = 1 =

ffiffiffi
2

p
+ 2

� �
≈0:30 for estimation of
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Fig. 3. Optimal number of cycles for different variance ratios σ�
2/σq

2 depending on autocorrela
€150, €400 or €600. The number of stimulus types was Q=3, contrast matrix C was equal
stimulus effects. The variance ratio σ�
2/σq

2 varied in a range from 0
to 50 as this covers a wide range of variance ratios. For values close to
0, σq

2 dominates the variance ratio whereas for values close to 50, σ�
2

dominates the variance ratio.
The number of cycles should be at minimum 2 so that linear

trends can be estimated. The maximum run time can be restricted by
an assumed realistic maximum length time, e.g., 15 min to avoid
boredom and fatigue of subjects. If the optimal number of cycles is
unrealistic because the assumed realistic maximum run time is
exceeded, the number of cycles should be decreased to the highest
possible value for the number of cycles and the number of subjects has
to be adapted according to this value for the number of cycles such
that the total costs CT remain the same. In the given example with
scanning time of up to 10 min, we assumed the scanning time to be
realistic. Generally, as the optimal number of cycles and subjects
obtained by Eqs. (16) and (17) will be mostly no integer values, the
optimal values have to be rounded.

Correlated errors
In Fig. 2a the optimal number of cycles for correlated errors and

uncorrelated errors is displayed for a particular design with three
stimulus types, null block length equal to 14 s and stimulus block
length equal to 10 s (Maus et al., 2010b). The autocorrelation ρ was
set to 0.3 for Fig. 2 as this value is a middle value of autocorrelation for
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tion ρ. The following costs were assumed: CT=€6000, C2=€800/h≈€13.33/min, C1=
to I3, null block length was 14 s, stimulus block length was 10 s, TR and SOA were 2 s.
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TR=2 s. Integer values were used for the number of cycles in the
numerical calculation for correlated errors. Therefore, the optimal
number of cycles and the optimal number of subjects in Fig. 2 change
in steps. Fig. 2 illustrates that the behavior of the optimal number of
cycles and the optimal number of subjects as a function of the variance
ratio and the cost ratio is similar for uncorrelated and correlated
errors. For example, the relationship between the optimal number of
cycles and the variance ratio is curvilinear (square root) for
uncorrelated and correlated errors. Another example is that for
uncorrelated and correlated errors the optimal number of subjects
decreases with increasing variance ratio and stabilizes for high
variance ratios.

In Fig. 3 the optimal number of cycles and in Fig. 4 the optimal
number of subjects are shown for varying autocorrelation ρ, different
variance ratios σ�

2/σq
2 and different cost ratios C1/C2. Fig. 3 illustrates

that for increasing autocorrelation the optimal number of cycles
increases and the optimal number of subjects decreases except for the
smallest variance ratio σ�

2/σq
2=1 in combination with the lower cost

ratios. This increasing and decreasing effect of the autocorrelation can
also be seen in Fig. 2 by comparing the results for uncorrelated error
(ρ=0) with correlated error (ρ=0.3). Further just as in Fig. 2, is it
seen in Figs. 3 and 4 that for a given autocorrelation and a given
variance ratio the optimal number of cycles increases with increasing
cost ratio whereas the optimal number of subjects decreases.
Furthermore, the optimal number of cycles increases and the optimal
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Fig. 4. Optimal number of subjects for different variance ratios σ�
2/σq

2 depending on autoco
C1=€150, €400 or €600. The number of stimulus types was Q=3, contrast matrix Cwas equ
number of subjects decreases in Figs. 3 and 4 for increasing variance
ratio. This generalizes the relationships in Fig. 2 for ρ=0 and ρ=0.3
to other autocorrelation values.

An increase of optimal number of cycles for increasing autocor-
relationwas expected since for stronger correlated errors the different
scans are stronger correlated and as a consequence each scan will
provide less additional information than a scan in a model with lower
autocorrelation. Therefore, more cycles are necessary for strongly
correlated errors to obtain the same information as for weakly
correlated errors. As a result of the increased optimal number of
cycles, the optimal number of subjects decreases for increasing
autocorrelation (see Fig. 4 for an example).

In Table 2 the effect of highpass filtering on the optimal design is
studied. A highpass filter was included into the matrix S by a discrete
cosine transform (DCT) set. We considered the effect of number of
DCT basis functions from 1 to 5 basis functions for different
autocorrelation coefficients ρ. The first basis function is a constant
and corresponds to the vector S=1NT

which was used for the
analytical derivations for uncorrelated errors. We considered here
the same experimental parameters (TR=2 s, SOA=2 s, number of
stimulus types Q=3, block length null equal to 14 s and stimulus
block length equal to 10 s) as before, total costs of CT=€6000, costs
per subject of C1=€200 and costs per hour scanning time C2=€400/
h. The individual stimulus effects were of interest, thus C= I3.
Different variance ratios σ�

2/σq
2 and different autocorrelations ρ were
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Table 2
Optimal number of cycles for different numbers of DCT basis functions, (bf = basis
function(s)).

(a) Variance ratio=1 (b) Variance ratio=10

1 bf 2 bf 3 bf 4 bf 5 bf 1 bf 2 bf 3 bf 4 bf 5 bf

ρ=0 2 2 2 2 3 5 5 5 5 5
ρ=0.2 2 2 2 2 3 6 6 6 6 6
ρ=0.4 2 2 2 3 3 7 7 7 7 7
ρ=0.6 2 2 2 3 3 8 8 8 8 8
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considered. It can be seen in Table 2 that highpass filtering had in
some cases an increasing effect on the number of cycles, i.e., the
optimal number of cycles increased in some cases if the number of
basis functions increased. As a consequence the optimal number of
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Fig. 5. Effect of small deviations from the optimal design for individual stimulus effects (C=
NBL0=7 (14 s), NBLA=5 (10 s). The total costs CT were set to €6000. The costs per subject w
subjects decreased for an increasing number of basis functions.
Further calculations showed that for a fixed number of basis functions
and ρ=0.3, the optimal number of cycles increased and the optimal
number of subjects decreased for increasing variance ratio. This is
consistent with the previous results for uncorrelated errors and
correlated errors without highpass filtering. The results for a highpass
filter using Legendre polynomials were similar.
Effect of deviations from the optimal design for a given budget

It can help researchers to plan their experiment and budget more
efficiently if they have knowledge about the effect on design efficiency
of deviations in the number of cycles and subjects from the optimal
design. We will focus here on the effect of small deviations from the
optimal design. The effect of deviations in the number of cycles and
number of subjects from the optimal number of cycles and subjects
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I3). A TR of 2 s and the following design characteristics were assumed: Q=3, SOA=2 s,
ere C1=€200 and the costs per scanning time were C2=€400/h≈6.67/min.
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can be evaluated by the relative efficiency. Assuming uncorrelated
errors, it follows with Eqs. (12) and (13) that the relative efficiency of
a design ξ with NC cycles and N subjects versus the optimal design ξ⁎
with NCopt and Nopt is given by:

RE ξ jξ�� �
=

N
Nopt

⋅
σ2
�

σ2
q

1
NCopt

⋅trace CM−1CT
� �

+ trace CDCT
� �

σ2
�

σ2
q

1
NC

⋅trace CM−1CT
� �

+ trace CDCT
� � : ð21Þ

Keeping N fixed and increasing or decreasing NC towards NCopt , the
relative efficiency approaches N/Nopt. Furthermore, the relative
efficiency increases for increasing NC but this increase attenuates for
higher NC as (σ�

2/NC)trace(CM−1CT), the trace of the within-subject
part of the covariance matrix of Cβ̂G, decreases and trace(CDCT), the
trace of the between-subject part of the correlation matrix of Cβ̂G,
then dominates the denominator of the second part in Eq. (21).

In Fig. 5 the relative efficiencies for several designs versus the
optimal design for estimation of individual effects (C= IQ) are given.
The optimal number of cycles and subjects were calculated with the
numerical program for correlated errors setting ρ to 0 for uncorrelated
errors and ρ to 0.3 for AR1. The designs with small deviations in the
number of cycles and subjects from the optimal design were chosen
such that the number of cycles varied between NCopt = 2 and NCopt ⋅2,
and the number of subjects varied between Nopt−3 and Nopt+3 in
Fig. 5.

It can be seen in Fig. 5 that several designs have a high relative
efficiency, e.g., between 0.9 and 1.1. Thus, these designs with small
deviations from the optimal design performwell in comparison to the
optimal design but may not make full use of the budget of €6000 or
exceed the budget. Fig. 5 further illustrates that for a fixed number of
subjects the relative efficiency attenuates if the number of cycles
increases. This has consequences for designs with fewer subjects than
the optimal design. For example in Fig. 5b for a variance ratio of 15, the
design with 23 subjects does not reach an efficiency very close to 1,
even when the number of cycles is twice the optimal value 6. The
attenuation was explained analytically for uncorrelated errors by
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Fig. 6. Relative efficiency versus the optimal design of designs employing the full costs. Th
σq
2=15. The following assumptions were made: Q=3, C= I3, TR=2 s, SOA=2 s, NBL0=7 (
Eq. (21). For correlated errors, it can also be seen in Fig. 5 that the
relative efficiency flattens off for higher numbers of cycles.

Another important comparison is between designs which employ
the full budget CT and the optimal design for that budget. In Fig. 6 we
present the relative efficiencies versus the optimal design of designs
with the same budget CT as the optimal design. It can be seen that
several designs for both variance ratios and both error structures have
a high relative efficiency above 0.9 in Fig. 6. For a given value of NC, the
number of subjects was calculated for costs of CT=€6000 using the
expression forN in dependence ofNC from Eq. (15) and rounded down
to the nearest integer. In this way, the maximum possible number of
subjects for a given number of cycles and costs was obtained and as a
consequence, trace Cov β̂G

� �� �
was minimized. As the number of

cycles and the number of subjects were integer values, the full costs
were often not completely employed. The costs varied in the range
between €5740 and €6000 for both variance ratios. The number of
cycles was chosen close to the optimal number of cycles for the
different variance ratios of 2 and 15.
Optimal design for a given power

We will now explain how a given power can be obtained for a
minimum budget. Firstly, the optimal number of cycles and subjects
for a given budget have to be calculated. In our example a fixed budget
CT=€4000 is used together with the following parameters: Q=2,
TR = SOA = 2 s, null block length 14 s, stimulus block length 10 s,
C=[1−1], C1=€200 and C2=€400/h≈6.67/min≈0.11/s, ρ=0.3,
σ�
2/σq

2=2 and between random-effects correlation D12=0. The
interest is in the parameter contrast θ=βG1−βG2. Using numerical
computations as outlined in the Numerical calculations section, the
optimal number of cycles is then equal to 3 and the optimal number of
subjects is equal to 18.93≈19.

Secondly, the power of this design with the derived optimal
number of cycles and subjects is determined. If the power is too low or
too high, the variance Var θ̂

� �
, which guarantees the given level of

power, has to be calculated. The desired power in our example is 80%
and the null-hypothesis is H0 :θ=0 versus the alternative hypothesis
2 4 6 8 10 12 14 16
0.5

0.6

0.7

0.8

0.9

1

number of cycles

re
la

tiv
e 

ef
fic

ie
nc

y

N=21
N=22
N=23
N=24
N=25
N=26
N=27

3 4 5 6 7 8 9 10 11 12

time (minutes)

)

ε q or NC opt  = 8 and Nopt = 25 (σ2/σ2 = 15)
(b) AR1(ρ=0.3), NC opt  = 4 and Nopt = 27 (σ2/σ2 = 2)
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14 s), NBLA=5 (10 s), C1=€200, C2=€400/h=€6.66/min.
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HA :θ=Δ. Specifying the effect size in percent signal change Δ=1%,
σ�
2=2, σq

2=1 and a conservative significance level α=0.005 to
correct for testing at multiple voxels, a power of 63.48% is obtained
which is too low. The following formula calculates the variance which
gives a power of approximatively (1−δ)=0.80:

Var θ̂
� �

=
Δ

z1−δ + z1−α

� �2
: ð22Þ

The 100(1−α) percentile respectively the 100(1−δ) percentile of
the standard normal distribution is given by z1−α respectively by z1−δ.
In our example, Var θ̂

� �
must be 0.0856 to obtain 80% power for effect

size Δ=1%.
Thirdly, the budget for this new variance has to be calculated. If the

power is too low, the budget has to be raised and if the power is
unnecessarily high, the budget has to be decreased. The new budget is
given by

CT =
C1 + C2⋅TS
Var θ̂
� � ⋅σ2

q
σ2
�

σ2
q
trace C ZTTZT

� �−1
CT

� �
+ trace CDCT

� � !
:

ð23Þ

This equation follows from Eqs. (11) and (15). The number of
cycles is fixed in Eq. (23) to the previously calculated optimal value of
3 as Eq. (16) indicates that the optimal number of cycles does not
depend on the budget CT. Eq. (23) results in a new budget of €5130.74.
The optimal number of subjects can then be calculated by a new
numerical computation which results in Nopt=24.28≈24. This
example shows how the optimal design with a minimum budget for
a given power can be obtained.

Discussion and conclusions

The aim of this paper was to find the optimal design for multi-
subject fMRI studies with respect to the scanning time and the
number of subjects. We found the combination of number of subjects
and number of cycles which was optimal according to the A-
optimality criterion when both the number of subjects and the
scanning time were restricted by experimental costs. Thus, our
optimal design is the design which minimizes the trace of the group
effects estimators' covariance matrix, respectively the trace of the
contrasts estimators' covariance matrix, but simultaneously does not
exceed experimental costs for a given cost function. Analytical
solutions for the optimal number of cycles and optimal number of
subjects were presented for blocked designs and uncorrelated errors.
The analytical results are useful to describe the general relationships
between the optimal number of subjects and cycles and the factors
variance ratio, cost ratio and costs. These relationships were also valid
for the numerical results for correlated errors with and without
highpass filtering.

For correlated errors more cycles and fewer subjects are optimal
than for uncorrelated errors. This can be explained by the decrease of
information from individual scans when correlated errors are
assumed instead of uncorrelated errors. The higher the correlation
between scans is, the stronger the increase in optimal number of
cycles and the stronger the decrease in optimal number of subjects
from uncorrelated errors to correlated errors will be. The results for
uncorrelated errors and correlated errors further show that for an
increasing cost ratio, higher number of cycles become optimal. The
explanation is that for higher cost ratios, cycles are becoming cheaper
in relation to subjects and thus more cycles are optimal within the
same total experimental costs.

The results for both error structures also illustrate that the optimal
number of cycles increases and the optimal number of subjects
decreases with increasing variance ratio. This can be explained by
considering separately the three causes for an increasing variance
ratio. Firstly, the variance ratio increaseswhenσ�

2 increaseswhile σq
2 is

fixed or increases less strongly than σ�
2. In this first case a higher

number of cycles is needed to estimate subject-specific effects
efficiently from each subject which leaves less budget for subjects.
Therefore, the optimal number of subjects decreases. Secondly, the
variance ratio increases when σq

2 decreases while σ�
2 is fixed or

decreases less strongly than σq
2. In this second case a lower number of

subjects becomes optimal so that more budget is available for cycles
and the optimal number of cycles increases. Thirdly, the variance ratio
increases when σ�

2 increases and σq
2 decreases. As in the first case,

more cycles are needed to estimate subject-specific effects efficiently
and as in the second case, fewer subjects are needed so that more
budget is available for cycles.

The effect of small deviations from the optimal design was studied.
It was seen that small deviations from the optimal number of cycles
and subjects had little effect on the relative efficiency. Keeping the
number of subjects fixed and increasing the number of cycles,
increases the relative efficiency, but this increase levels off with
increasing number of cycles (see Fig. 5). For uncorrelated errors, this
behavior of the relative efficiency was explained by the analytical
formula for the relative efficiency in the section about effects of
deviations from the optimal design for a given budget. Such a point of
diminishing return has also been found by Desmond and Glover
(2002) and Mumford and Nichols (2008) for power analyses. When
the number of subjects and the number of cycles were chosen such
that the total costs of €6000 were used, it was seen that several
designs had high relative efficiencies. Similarly, Mumford and Nichols
(2008) found several designs with a power of 80% and costs of around
$7600.

Our results are based on minimizing the sum of the variances of
the effects of interests. For one effect of interest, e.g., a single stimulus
effect or a contrast between several stimulus effects, minimizing the
variance of the estimator for this effect will lead to maximum power
to test the null-hypothesis of zero effect or of a given effect value via a
t-test. The value of this maximum power will of course depend on the
effect size, the significance level α, the within-subject and between-
subject variance and might not reach a power of for example 80%.
However, instead of maximizing the power for a given budget our
approach can also be used to find a design for a given power
minimizing the budget. For multiple effects of interest, our method
minimizes the sum of the variances of the estimators for the effects
and the chosen optimal design is thus efficient for multiple univariate
tests. Our method is thus not a replacement for power analyses but
complementary to power analyses.

Mumford and Nichols (2008) consider the power of t-tests for
single hypotheses and of F-tests for simultaneous testing of multiple
hypotheses. While our approach gives the optimal number of subjects
and cycles for a given budget and maximum power of a t-test, it is not
guaranteed that it will result in maximum power of an F-test. That can
be seen as a limitation of our approach. By the cost function we are
taking costs directly into account and find a specific optimal number
of cycles and subjects minimizing the trace of the estimator's
covariance matrix for a given budget. In contrast, Mumford and
Nichols (2008) first calculate several designs with 80% power and
afterwards perform costs calculations for these designs. We are
focusing on blocked design while Mumford and Nichols (2008)
consider event-related and blocked designs.

Desmond and Glover (2002) also focused on blocked designs and
calculated the power of t-tests for comparison of different conditions
in a blocked design. In contrast to our work and Mumford and Nichols
(2008), Desmond and Glover (2002) did not consider correlated
errors for their power calculations and no convolution with a
hemodynamic response function. However, Mumford and Nichols
(2008) showed that power calculations are incorrect if temporal
correlation and HRF convolution are ignored. Likewise, our results
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illustrate that the optimal number of subjects and cycles can differ
between correlated and uncorrelated errors. Desmond and Glover
(2002) provided a more time-intensive simulation based method
whereas our approach results in direct analytical formulae for
uncorrelated errors and typically less time-intensive numerical
computations for correlated errors.

To apply our results, it is important to remember that the cost ratio
depends on the unit in time. In Eqs. (16) and (17) the costs C2 are
given per second scanning time. Furthermore, the random-effects
variance σq

2 depends on the scaling of the HRF. For example, if the
amplitude of the HRF is m at its peak and the HRF is scaled by
multiplication with 1/m to obtain an amplitude of 1, the random-
effects variance will becomem2 as large as every random effect bi will
become m times as large. The variance ratio of within- to between-
subject variance has to be determined from previous studies. It would
further be interesting to find a design which is efficient for a possible
range of parameter values, e.g., for a possible range of the variance
ratio σ�

2/σq
2. For example, a maximin design (Atkinson et al., 2007),

which is robust against misspecification of σ�
2/σq

2 in a prespecified
range, could be determined. In the following we will present more
possible extensions of our work and discuss the assumptions which
were made.

It was assumed that the error covariance matrix is the same for all
subjects. While this is a simplification, it is a common assumption in
optimal design as a parsimonious model is needed as a basis for
further optimal design calculations.When the error covariance matrix
σ�
2∑ is estimated from a previous study, heterogeneity can be taken

into account. A different error covariance matrix can be estimated per
subject and subsequently an average error covariance matrix can be
determined for use in our equations. For example for an AR1 structure,
the average correlation parameter and average error variance can be
used for further calculations. The assumption of equal random-effects
variance for all stimulus effects is also useful to have a parsimonious
model as basis for optimal design calculation. The analytical results for
uncorrelated errors were based on the following assumptions:
TR=SOA, only filtering of constant trend (S=1NT

) and inshifting.
The assumption of inshifting is explained in Appendix A.1. Further, it
is discussed in Appendix A.1why this assumption has little to no effect
on the results. If the other assumptions do not hold, the numerical
program can be used to determine the optimal number of cycles and
subjects as no assumption on the TR and SOA or the degree of
highpass filtering are necessary for the MATLAB code.

Another often used optimality criterion is the D-optimality
criterion which minimizes the determinant of the covariance matrix
of the estimators for the unknown parameters (Atkinson et al., 2007).
One advantage of the D-optimality criterion is that the D-optimal
design is invariant to linear transformation of the regressors in the
model. However, the regressors for the stimulus effects βGi all depend
on the scaling of the hemodynamic response function and the A-
optimal design is, like the D-optimal design, invariant to scaling of the
HRF. Future work could include the application of the D-optimality
criterion. For this extension the off-diagonal elements of the random-
effects correlation matrix D in Eq. (9) have to be considered not only
for contrasts but also for individual stimulus effects. For the A-
optimality criterion, consideration of the off-diagonal elements is only
necessary for contrasts. Furthermore, an extension to multiple runs
per session is important. Our current results consider experiments
with one run and one session. Increasing the number of runs will have
a decreasing effect on the trace of the covariance matrix of the
estimators but likely this effect will attenuate for higher number of
runs similar to the effect of the number of cycles on the relative
efficiency.

Another extension is the consideration of across-subject contrasts.
For example, Suckling et al. (2008) studied the power for comparison
of two groups in a two-center repeated-measures pharmacological
fMRI study and Schouten (1999) presents the optimal allocation ratio
of subjects into two groups depending on the costs in a clinical trial.
The difference in means between two independent groups can be
considered via an unpaired t-test. The variance of such a between-
subject contrast is a pooled sum of the variances of the group-specific
estimates. Assuming equal subjects costs, scanning time costs, error
variance, autocorrelation and random-effects variances for both
groups, the costs per group will be half of the total costs and equal
sample sizes, i.e., equal number of subjects and equal scanning time,
per group are optimal. The variances of the group-specific estimates
can then be minimized by our approach using CT/2 per group and the
optimal number of cycles and subjects per group can be determined.
By minimizing the variances of the group-specific estimates, we
minimize the variance of the between-subject contrast. Unequal costs,
autocorrelation or variances between groups affect the optimal
budget split between groups, but given a budget split, optimization
can be performed per group to optimize between-group estimation.

Summarizing, we presented a method to determine the optimal
number of cycles and subjects for a blocked multi-subject fMRI
experiment. This method takes design efficiency and costs into
consideration. Therefore, efficiency can be gained and costs can be
reduced by using this method to determine the optimal number of
cycles and optimal number of subjects. Typically, fMRI noise is
temporally correlated and highpass filtering is applied. Therefore, we
recommend to use numerical computations for determination of the
optimal number of subjects and cycles. The analytical formulae are
useful to describe the general relationships between the optimal
number of subjects and cycles and other parameters.
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Appendix A. Expression for ZTTZT in Eq. (11) assuming
uncorrelated errors

Appendix A.1. General expression

We will show that the matrix ZTTZT can be expressed as NC ⋅M,
where NC is the number of cycles of A1…AQN and M/σ�

2 is the Q×Q
informationmatrix of one cycle A1…AQN. Thematrix ZTTZT is given by

ZTTZT = ZT I−PVSð ÞZ: ðA:1Þ

Foruncorrelatederrors, it holds thatPVS=PSandV= INT
. Furthermore,

we assume that S=(1,…,1)T. The projection matrix PS projects onto the
space spanned by the vector S. The matrix PS equals (1/NT)⋅ JNT×NT

with
JNT×NT

being the NT×NT matrix with all elements equal to 1. Thus, I−PS
is a centering matrix here, and Z⁎=(I−PS)Z is the centered design
matrix.

The designmatrix Z=X(IQ⊗h) is obtained bymultiplication of the
matrix X with the Kronecker product IQ⊗h. The matrix X contains 0s
and 1s indicating a stimulus type at a certain time point and will be
explained in detail below. The vector h=(h1,…,hNh

)T is the
hemodynamic response function sampled at Nh time points with
sampling rate TR. To derive Eq. (A.6) and as a consequence the
analytical results for uncorrelated errors in the Uncorrelated errors
section, the time between trials in one block, the stimulus onset
asynchrony (SOA), was assumed to be equal to TR. Therefore, the
hemodynamic response function is here sampled with rate TR. The
hemodynamic response function, e.g., the canonical double gamma
function (Friston et al., 1998; Henson, 2004), is assumed to be known.

The NT×(QNh) dimensional matrix X is a block matrix containing
the stimulus convolution matrices Xq (Dale, 1999) for the different
stimulus types Aq: X=(X1…XQ). Each NT×Nh matrix Xq consists of 0
and 1. The first column of Xq is the actual stimulus sequence sqwhere 1
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indicates an occurrence of stimulus Aq and 0 indicates no occurrence
of stimulus Aq. The other columns of Xq are shifted versions of the
stimulus sequence to model convolution of the stimulus sequence sq

with the hemodynamic response function. When the stimulus
sequence is shifted, zeros are filled in:

Xq =

sq1 0 … 0

sq2 sq1 ⋱ ⋮
⋮ ⋮ ⋱ 0

sqNT
sqNT−1ð Þ … sqNT−Nh + 1ð Þ

0
BBBBB@

1
CCCCCA: ðA:2Þ

We call this zero padding. However, for our following derivations
we will assume that the outshifted elements in the columns of the
matrices Xq are shifted in again:

Xq =

sq1 sqNT
… sqNT−Nh + 2ð Þ

sq2 sq1 ⋱ sqNT−Nh + 3ð Þ

⋮ ⋮ … ⋮
sqNT

sqNT−1ð Þ … sqNT−Nh + 1ð Þ

0
BBBBBB@

1
CCCCCCA: ðA:3Þ

This will be called “inshifting”. The assumption of inshifting is a
theoretical assumption which is necessary to derive the optimal
number of cycles for uncorrelated errors. Due to the assumption of
inshifting, the matrices M and ZTTZ T are only invertible if null blocks
are included in the design. We define the centered matrix X⁎ by X⁎=
(I−PS)X. The assumption of inshifting had little to no effect on the
results when we compared results under the assumption of inshifting
to results under the assumption of zero padding. As the null block is
assumed at the end of a cycle A1…AQN, both assumptions often lead to
the same design matrices. Furthermore, the more scans are obtained,
the less thematrix XTTXT under the assumption of inshiftingwill differ
from XTTXT under the assumption of zero padding.

It follows with the definition of X⁎=(I−PS)X that

ZTTZT = IQ⊗h
� �TXTTXT IQ⊗h

� �
: ðA:4Þ

For all stimulus types equal stimulus frequency p is assumed. This
means that each stimulus occurs equally often in the experiment and
that all blocks for all different stimulus types have the same block
length. We denote by NA the number of times that stimulus Aq occurs
in the design for one subject. So, p=NA/NT and X⁎=X−p1NT×(QNh).
The matrix XTTXT consists of the sub-matrices XT

q1
TXT

q2 :

XTTXT =

XT
1
TXT

1 XT
1
TXT

2 … XT
1
TXT

Q

XT
2
TXT

1 XT
2
TXT

2 ⋮
⋮ ⋱ ⋮

XT
Q
TXT

1 … … XT
Q
TXT

Q

0
BBBBB@

1
CCCCCA: ðA:5Þ

In Appendix B it is shown that the entry XT
q1

TXT
q2

� �
mn

can be
expressed as

XT
q1

TXT
q2

� �
mn

= NC⋅ 1−pð Þ2⋅P1 + NC⋅ −pð Þ2⋅P2 + NC⋅ 1−pð Þ −pð Þ⋅P3:
ðA:6Þ

The factors P1, P2 and P3 give the number of products of form (1−
p)2, (−p)2 and (−p)(1−p). The number of these products depends
further on the shift size d which is the shift between column m in Xq1

⁎

and column n in Xq2
⁎:

P1 = max NBLA
−d;0

� �
+ max 0;d−NBL0T

� �
ðA:7Þ
P2 = max NBL0T
−d;0

� �
+ max 0;d−NBLA

� �
ðA:8Þ

P3 = min d;NBLT
−d;NBLOT

� �
: ðA:9Þ

The shift size d is given as |(m−n)+|q1−q2|NBLA|. The total length
of one cycle A1…AQN is NBLT=QNBLA+NBL0 and the total length of one
null block in sequence sq is given by NBL0T=(Q−1)NBLA+NBL0. It
follows that

XTTXT = NCK; ðA:10Þ

where K is a (QNh)×(QNh) dimensional matrix dependent on NBL0 and
NBLA but independent of NC. We define

M = IQ⊗h
� �TK IQ⊗h

� �
: ðA:11Þ

The matrix M depends on the block lengths NBL0, NBLA and the
vector h but is independent of NC. The vector h itself depends on the
chosen hemodynamic response function, the number of sampling
points Nh for the HRF and the sampling rate for the HRF which is
assumed to be equal to TR. It follows that

ZTTZT = NCM: ðA:12Þ

Appendix A.2. Approximated expression for matrix M in the Uncorrelated
errors section

In this section, we give the following approximation for the Q×Q
matrix M in Eq. (A.11):

M = CQ ⋅NBL0
⋅f p;Qð Þ⋅H; ðA:13Þ

wherewedenote byH the sum∑Nh
m = 1∑

Nh
n = 1 hmhn and f(p,Q)=p(1−

p)/(1−Qp) which is defined for a stimulus frequency p in the interval
[0,1/Q). This approximation for the information matrixM can be seen as
an extension to the approximation for the information matrix XTTXT in
Liu and Frank (2004). The Q×Q matrix CQ is given by

CQ = 1 +
p

1−p

� �
IQ−

p
1−p

1Q1
T
Q : ðA:14Þ

The matrix CQ is of format Q×Q and gives the correlation between
the detrended stimulus sequences sqT. Thus, the diagonals of CQ
contain 1 and the off-diagonal elements of CQ are equal to−p/(1−p).

We will derive this approximation by assuming Nh=1 and h=1
(first simplification) or Q=1 and NBL0=NBLA (second simplification).
Let us assume that Nh=1 and h=1. Then

ZTTZT
� �

qq
= hT XT

q
TXT

q

� �
h

= NC⋅ 1−pð Þ2NBLA
+ Q−1ð Þ −pð Þ2NBLA

+ −pð Þ2NBL0

� �
:

ðA:15Þ

It follows from the definition of the stimulus frequency p=NBLA/
(QNBLA+NBL0) that NBLA=p/(1−Qp)NBL0. We define g(p,Q)=p/(1−
Qp) and it follows that

ZTTZT
� �

qq
= NC⋅ 1−pð Þ2g p;Qð ÞNBL0

+ Q−1ð Þ −pð Þ2g p;Qð ÞNBL0
+ −pð Þ2NBL0

� �
= NC⋅NBL0 1−pð Þ2g p;Qð Þ + Q−1ð Þ −pð Þ2g p;Qð Þ + −pð Þ2

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

=:f p;Qð Þ:

ðA:16Þ
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We calculate that f(p,Q)=p(1−p)/(1−pQ). Furthermore, it can
be calculated that

ZTTZT
� �

q1q2
= hT XT

q1
TXT

q2

� �
h

= NC⋅ 1−pð Þ −pð ÞNBLA
+ 1−pð Þ −pð ÞNBLA

+ −pð Þ2 Q−2ð ÞNBLA
+ −pð Þ2NBL0

� �
= NC⋅NBL0

⋅ −2p 1−pð Þg p;Qð Þ + p2 Q−2ð Þg p;Qð Þ + p2
� �

= NC⋅NBL0
⋅ −p2

1−pQ

 !

= NC⋅NBL0
f p;Qð ÞCQq1q2

:

ðA:17Þ

This shows Eq. (A.13) for the first simplification (Nh=1 and h=1).
For the second simplification, we assume thatQ=1 andNBLA=NBL0

so that ZTTZT is a scalar and p=1/2. By hi the ith element in the vector
h is denoted. It holds that

ZTTZT
� �

= hTXTTXTh

= ∑
Nh

n=1
∑
Nh

m=1
hm XTTXT
� �

mn
hn:

ðA:18Þ

We know that

XTTXT
� �

mn

= NC

h
1−pð Þ2 jNBL−shift size j + −pð Þ2 jNBL−shift size j

+ 2 −pð Þ 1−pð Þshift size
i

= NC⋅NBL⋅
"
1−pð Þ2 jNBL−shift size j

NBL
+ −pð Þ2 jNBL−shift size j

NBL

+ 2 −pð Þ 1−pð Þ shift size
NBL

#
: ðA:19Þ

We make the following approximations which will be more
precise for small shift sizes and/or a larger number of trials within a
block

jNBL−shift size j
NBL

≈1 ðA:20Þ

shift size
NBL

≈0: ðA:21Þ

We obtain then

ZTTZT
� �

= ∑
Nh

n=1
∑
Nh

m=1
hTm XTTXT
� �

mn
hn = NC⋅NBL⋅

1
2

∑
Nh

m=1
∑
Nh

n=1
hmhn:

ðA:22Þ

Note that for p=1/2 and Q=1 it holds that f(p,Q)=1/2. This
shows Eq. (A.13) for the second simplification.

By the derivations above we motivated our approximation in
Eq. (A.13) based on two simplifications. We calculate now the inverse
of M from Eq. (A.13). The inverse of M is given by

M−1 =
1

NBL0
f p;Qð ÞH C−1

Q : ðA:23Þ
Using Woodbury's formula (Harville, 1997, p. 424) it follows that
for pb1/Q

C−1
Q = 1−pð ÞIQ +

p 1−pð Þ
1−Qp

1Q1
T
Q : ðA:24Þ

Finally, the following expression, which will be useful for
simplification of Eqs. (16) and (17), is obtained

trace M−1
� �

=
1

NBL0
f p;Qð ÞH trace C−1

Q

� �

=
1

NBL0
f p;Qð ÞH Q 1−pð Þ + Qp 1−pð Þ

1−Qp

� �

=
Q−Q2p + Qp

pNBL0
H

:

ðA:25Þ

We tested this form of the approximation for various combinations
of p (p = 1= Q +

ffiffiffiffi
Q

p� �
, the A-optimal stimulus frequency for

estimation of individual stimulus effects, or p=1/(Q+1)), TR
respectively SOA (1 s, 2 s), Nh (1, 17, 33), Q (1, 2, 3) and block length
of null blocks (10 s, 11 s, …, 30 s). For the A-optimal frequency, the
block length of stimulus blocks was given by SOA⋅ 1 =

ffiffiffiffi
Q

p� �
⋅



BL0 = SOAð Þ�, where [x] denotes the nearest integer number to the
real number x and BL0 is the length of null blocks in seconds. For most
combinations the approximation was accurate, i.e., the trace of the
real matrix M−1 was 92% to 107% of the trace of the approximated
matrix M−1. For smaller block lengths the approximation was less
accurate. In particular, for stimulus frequency p=1/(Q+1) the given
range was 92% to 104% for all block lengths higher than or equal to
12 s. For p = 1= Q +

ffiffiffiffi
Q

p� �
, the range for Q=2was 93% to 106% only

for block lengths higher than or equal to 11 s and the range for Q=3
was 94% to 107% only for block lengths higher than or equal to 16 s.
Note that for Q=1 the stimulus frequencies p = 1 = Q +

ffiffiffiffi
Q

p� �
and

p=1/(Q+1) are equal and the range is as given above for p=1/(Q+1).

Appendix B. Calculation of XTTXT in Eq. (A.6)

The product XTTXT in Eq. (A.6) will be calculated by making firstly
two simplifications in Appendix B.1, i.e., the assumption of one stimulus
type and the assumption of stimulus block length being equal to null
block length. Based on the results in Appendix B.1, the product XTTXT

can be calculated generally for one stimulus type in Appendix B.2
without the assumption of stimulus block length being equal to null
block length. Finally in Appendix B.3, XTTXT for more than one stimulus
type without any assumption on block lengths is given.

Appendix B.1. Calculation for one stimulus type and stimulus block
length equal to null block length

We consider blocked designs with equal number of trials NBL per
block for null events and stimulus events and with block order AN, i.e.,
an A block is always followed by a null block N so that the design has
form ANAN…AN. Wewill speak of one cycle AN, whenwe refer to an A
block and a null block together. It will be shown that for all m=1,…,
Nh and for all n=1,…,Nh:

XTTXT
� �

mn

= NC

"
1−pð Þ2⋅ jNBL−mod jm−n j ;2NBLð Þ j

+ −pð Þ2⋅ jNBL−mod jm−n j ;2NBLð Þj

+ 2 −pð Þ 1−pð Þ⋅min
�
mod jm−n j ;2NBLð Þ;2NBL−mod jm−n j ;2NBLð ÞÞ�

=: NCKmn:
ðB:1Þ
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The entry XTTXT
� �

mn of the matrix XTTXT is given by the scalar
product of the mth column with the nth column in X⁎. The centered
matrix X⁎ contains the entries−p and 1−p. Thus, XTTXT

� �
mn contains

products of the form (1−p)2, (−p)2 and −p(1−p). The shift
between column m and n in X⁎ is given by mod(|m−n|,2NBL). The
scalar product of two columns Xm1

⁎ and Xn1
⁎ is the same as the scalar

product of the columns Xm2
⁎ and Xn2

⁎ if the shift between columnm1 and
n1 is the same as the shift between columnm2 and column n2. Thus for
derivation of Eq. (B.1), it is sufficient to focus on the scalar product of
the first column X.1⁎ of X⁎ with all columns of X⁎ (including the first
column).

The first column of X⁎ is the centered stimulus sequence s⁎. As
there are blocks of A followed by blocks of N in the fMRI experiment,
there are also blocks of (1−p) followed by blocks of (−p) in the
stimulus sequence s⁎. A block of (1−p) followed by a block of (−p) in
the stimulus sequence s⁎will also be called a cycle. The scalar product
sTT sT equals:

NC⋅ 1−pð Þ2⋅NBL + NC⋅ −pð Þ2⋅NBL: ðB:2Þ

Per shift of the centered stimulus sequence, the scalar product of s⁎

and the nth column X.n⁎ looses one product of the form (1−p)2 and
one product of the form (−p)2 and gains one product of the form
(−p)(1−p) in Eq. (B.2) per cycle. However, it has to be corrected for
higher shift sizes when products of the form (1−p)2 and (−p)2 are
regained and products of the form (−p)(1−p) are lost again. By
these considerations and observations the formula in Eq. (B.1) is
obtained.

Appendix B.2. Calculation of XTTXT in Eq. (A.6) for one stimulus

In this section, blocked designs with one stimulus type will be
considered without any assumption on block lengths. By NBL0 the
number of trials in a null blockwill be denoted and byNBLA the number
of trials in a stimulus block will be denoted. It will be shown that

XTTXT
� �

mn

= 1−pð Þ2⋅ max NBLA
−d;0

� �
+ max 0;d−NBL0

� �� �
⋅NC

+ −pð Þ2⋅ max NBL0
−d;0

� �
+ max 0; d−NBLA

� �� �
⋅NC

+ 2 −pð Þ 1−pð Þ⋅min d;NBL0
+ NBLA

−d;NBL0
;NBLA

� �
⋅NC ;

ðB:3Þ

where d=mod(|m−n|,NBL0+NBLA) gives the shift size between
column m and column n in X*. In Eq. (B.1) 2NBL has to be replaced
with NBL0+NBLA and NBL has to be replaced either with NBLA or NBL0 to
adapt Eq. (B.1) for unequal block length. With d as defined above, we
obtain:

XTTXT
� �

mn

= 1−pð Þ2⋅ jNBLA
−d j⋅NC + −pð Þ2⋅ jNBL0

−d j⋅NC

+ 2 −pð Þ 1−pð Þmin d;NBL0
+ NBLA

−d
� �

⋅NC :

ðB:4Þ

In addition, other adaptations are necessary. It holds again that the
scalar product of two columns X.m1

⁎ and X.n1
⁎ is the same as the scalar

product of the columns X.m2
⁎ and X.n2

⁎ when the shift size of the two
pairs is the same. Thus, we focus again on the scalar product of the first
column X.1⁎ with the other columns in X⁎. The scalar product of X.1⁎

with X.1⁎ equals:

XTTXT
� �

11
= XT

:1
TXT

:1

= 1−pð Þ2⋅NBLA
⋅NC + −pð Þ2⋅NBL0

⋅NC :

ðB:5Þ
Per cycle, the number of products of the form (1−p)2 in the scalar
product XTTXT

� �
1n is given by

max NBLA
−d;0

� �
+ max 0;d−NBL0

� �
: ðB:6Þ

For explanation of Eq. (B.6), we assume in the following that
NBL0bNBLA. For a shift size smaller than or equal to NBL0, one product
of the form (1−p)2 is lost per shift of the column X.n⁎ for each cycle.
Thus, the number of products per cycle is totally explained by the
loss of products given by NBLA−shift size

� �
. When the shift size is

between NBL0 and NBLA the number of products is explained by a com-
bination of loosing products and obtaining products as expressed by
NBLA−shift size
� �

+ shift size−NBL0

� �
when shifting. For a shift size

higher than or equal toNBLA, the number of products is explained by the
gain of products given by shift size−NBL0

� �
. Generalizing these

observations to a formula for all shift sizes leads to Eq. (B.6).
The same considerations as for the number of products of the form

(1−p)2 can be applied for the number of products of the form (−p)2.
Thus, the number of products of the form (−p)2 is

max NBL0
−d;0

� �
+ max 0;d−NBLA

� �� �
⋅NC : ðB:7Þ

There cannot be more products of the form (1−p)(−p) per cycle
than the smallest block length. Thus, the number of products of form
(1−p)(−p) per cycle is given by

min d;NBL0
+ NBLA

−d;NBL0

� �
: ðB:8Þ

If NBLAbNBL0, the same observations as above hold when NBLA is
replaced with NBL0 and vice versa. It follows Eq. (B.3) for all possible
combinations of NBLA and NBL0. The formula Eq. (B.3) reduces to
Eq. (B.1) when NBL0=NBLA. Note that Eq. (B.3) also holds for NBL0=0
and the right half of Eq. (B.3) reduces then to NC(1−p)2NBLA.

Appendix B.3. Calculation of XTTXT in Eq. (A.6) for any number of
stimulus types

As before, the number of events in a stimulus block is denoted by
NBLA and the number of events in a null block is denoted by NBL0. The
sequence sq is equal to a stimulus sequence s′ with only one stimulus
type and null events. The matrix X′ ⁎ is the centered matrix for
sequence s′ and the product X′TTX′T is equal to XT

q
TXT

q for all stimuli A1,
…,AQ. As the length of null blocks in s′ and sq is (Q−1)NBLA+NBL0 and
the total length of one cycle (A1…AQN) is QNBLA+NBL0, we have to
replace, NBL0 in Eq. (B.3) with (Q−1)NBLA+NBL0 and NBLA+NBL0 in
Eq. (B.3) with QNBLA+NBL0. We will use the notation NBL0T=(Q−1)
NBLA+NBL0 and NBLT=QNBLA+NBL0 (T for total). Thus,

XT
q
TXT

q

� �
mn

= 1−pð Þ2⋅ max NBLA
−d;0

� �
+ max 0;d−NBL0T

� �� �
⋅NC

+ −pð Þ2⋅ max NBL0T
−d;0

� �
+ max 0;d−NBLA

� �� �
⋅NC

+ 2 −pð Þ 1−pð Þmin d;NBLT
−d;NBL0T

� �
NC ; ðB:9Þ

where d=mod(|m−n|,NBLT) is the shift size between columnm and n
in Xq

⁎. In the next step, we need to determine what the off-diagonal
products of XTTXT in Eq. (A.5) are. As block lengths are equal for all
stimulus blocks, sequence sq is only a shifted version of s1. The shift is
given by (q−1)NBLA. The shift between columnm in X1⁎ and column n
in Xq

⁎ is thus given by (q−1)NBLA+(m−n). The product XT
1
TXT

q is as in
Eq. (B.9) but |m−n| is replaced by (q−1)NBLA+(m−n). Due to the
symmetry of XTTXT it holds that XT

q
TXT

1 = XT
1
TXT

q . We determined the
products XT

1
TXT

q and XT
q
TXT

1 but we still need to determine the products
XT
q1
TXT

q2 for q1≠1 and q2≠1.
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Because of the symmetry of XTTXT wewill focus on q1bq2. The shift
between sequence sq1 and sq2 is the same as the shift between
sequence s1 and sequence sq2− q1+1. The shift is given by (q2−q1)NBLA.
Thus, the shift between columnm in Xq1

⁎ and column n in Xq2
⁎ is given by

(q2−q1)NBLA+(m−n). The product XT
q1
TXT

q2 is thus as in Eq. (B.9) but
we need to replace |m−n| with |(q2−q1)NBLA+(m−n)|. Because of
the symmetry of XTTXT it holds that XT

q1
TXT

q2 = XT
q2
TXT

q1 . It follows
Eq. (A.6) for general qq and q2. Note that this result also holds for
NBL0=0 and of course for NBLA=NBL0.
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