Tracking control in billiards using mirrors without smoke, Part Il:
additional Lyapunov-based local and global results
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Abstract— Two control results are described: 1) local tracking ~ define a unique vectoF'(n) and any function?” : 0F —

control for convex billiards with piecewise locally Lipschtz ~ R2\ {0} satisfying (1) is piecewise locally Lipschitz. Note
boundary, and 2) global tracking control for special polyharal that 1) (F(n),n — n.) = 0 implies . € F, and 2)n, € F

billiards, including rectangles and equilateral triangles. The . ;

controllers are based on Lyapunov functions and a mirroring if and only 'f2<F(77)’ Me — Z°> < 1 for eachy € _8]:'
concept introduced in a companion paper. The local resuits  Letz, € R* andz, € R* denote the velocities of, and
require the impacts to satisfy an average dwell-time condion  z,, respectively. Definer = (z,2])" andz = (2, 2])".

with parameters that depend on the Lipschitz constant of The variablez is constrained to a compact skt ¢ F x
the function that characterizes the boundary. For piecewis R2. The following assumption on the sét prevents the:

constant boundary, and for the global results, the averagewell- tate f hi billiard * " (inf I inb
time parameters are arbitrary. Tools from stability analysis for ~ Stat€ from reaching any billiard “corner” (informally, aip

hybrid systems are used to establish the results. on the boundary o where I is discontinuous) and from
“sliding” along the boundary of the billiard.
|. INTRODUCTION Assumption 1: For the compact skt there existss > 0

This paper is a continuation of [3] where a new Lyapunovsuch that(n*, w*) € K N (9F x R?) implies:
based technique for local tracking in convex, polyhedral 1) 5+ F(n) is locally Lipschitz atp*,
billiards is developed. In this paper, we show how the result 2) |(F(n*),w*)| > v|F(n*)|.
in [3] can be extended to local tracking in convex billiards During continuous evolution, the equations of motion are
with piecewise locally Lipschitz boundary, and to global
tracking for some polyhedral billiards. Background matkeri Ppealz), dp=9¢()tu (2)

on the billiard tracking problem can be found in [3]. Severa\INhere¢ . FxR? — R? is a continuous functiory : R* —

techinques gddressing traclking on billiards and,_ in ge_tnerﬁg is a set-valued mapping that is outer semicontinuous and
on lr(ne(?LhanlllcaIGSystgmsf with |mpt)scts_are provided in thI‘(:ﬁcally bounded having nonempty convex values for each
works [ ]’.[ ], [6] and re erences therein. . € K, andu € R? is the control. A special case covered here
In _Sectlon .”' we describe general convex_bllllards an(?s whena is replaced by a continuous function defined/on
E)Iescr(;be. hyblrldsmoqlelsl Iflor thedm th‘f’g cahpture |mr;a<its qt ﬂWe allow set-valued accelerations for the reference vhriab
oundaries. in ection ', We gescri e_t e contro ag‘.”"'t zp in order to allow the possibility that when the reference
that _achleves local f[rackmg, with trgckmg results prom_ad state returns to a particular value it leaves that valuegabon
Section IV. In Section V we describe a control algor'thn}rajectory that is different from the trajectory it follogehe

:hf_‘t’ tundlfr aplprosprlzi_te a\:ilsumpt;]ons,tscmﬁves global p"‘ffyn?Jrevious time it was at that value. While the acceleration is
ho :g frac 'n?'. n elch|0(rjl | l‘;\'ﬁ’ sdow at these assumpliongot assumed to be unique, the selected acceleration at each
old for certain polyhedral bifiards. time is assumed to be known by the control algorithm.
Il. SYSTEM DESCRIPTION A variable with position vecto € 0F and velocity vector

w is said to impact the boundary of the billiard #(n), w) >

We consider a tracking control problem where we airrb_ That is, impacts occur whefx, =) belong to the seD,
to make the variable:, € R? track thereferencevariable defined aéDb ‘= Dyt U Do wheré

z, € R? where both variables evolve in a closed, convex set
F C R? that has nonempty interior and a piecewise locallyDs1 := {z € OF x R? : (F(x,),,) > 0} x K 3)
Lipschitz boundary. We refer to the sEtas a billiard. Let),  Dp2:= F x{z € KN (dF x R?) : (F(zp), 25) = 0} .
denote some point in the interior @f. By piecewise locally
Lipschitz boundary, we mean that for eaghe d.F, except
possibly for a finite number of points, the conditions

When a variable impacts the billiard boundary at a point
where the boundary is locally Lipschitz, the variable’'sogel

ity is reflected in a direction that is determined by the vigjoc
(Fn—mne) >0 Yn.eF, (F,n—mn,)=1 (1) and the vectof" at the point of impact. These instantaneous
changes in velocity can be written as™ = M (F(n))w,
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where |F| = VFTF. The positions do not change atNow augment the dynamics df:, z, ), which evolves in
impacts, that is;™ = 1 wheren denotes the position of (F x R?) x K x [0, N], with the variablen € R?, which
a variable. This rule can bequivalently writtenasn* =  evolves in thesetII,(K) N dF, where

M(F(n))n + c(F(n)) where

c(F)=F-2(1+FTn,)/|F|* .

IL,(K) = {2, € F : (2p, 2,) € K for somez, € R*} |
i.e., the projection ofC to positions. Define

Several useful identities, including= M (F(n))n+c(F(n)) O = (FxR%) x £ x [0,N] x (IL,(K) NOF) . (7)
for anyn € 0F, are established in [3]. With the definitions v
During continuous-time evolution, which is allowed when

M(F) = dagM(F), M(F)) (z,2,0,m) € C, the variabley satisfies;) = 0. When the
aF) = [eF)" Oixe | x state jumps, which is allowed whe, z,0,7) € Dy x
F(n) = NssoF ((n+B)NOF) , [1, N|x (IL,(K)NdF) the variable is updated ag™ = x,,.

When thez state jumps, which is allowed whén, z, o,7n) €

F(n) = F(n) at points whereF" is Lipschitz and, for all p,, x [1, N] x (I, (K) N OF) the variabley is updated as
impacts, even at points where the boundary is not smooth,+ — z,. The control law is

u = —¢(z)+ M(F(s)a— K (x—m(F(s),z
2] Y mn[z]enn. n D g e i)
rle{n,no} €T m( (S)v Z)|P
_ — where a € a(z) represents the acceleration of at the
Also define F'(1,) = 0, M(0) = I, ¢(0) = 0, M(0) = I,  current time. Sincep € IL,(K) N 9F, it follows from
¢(0) = 0, and, for each(F", z) € R?* x F, define Assumption 1 that, when — «(z) is a continuous function,
m(F, 2) i= M(F)z +HF) . 4) the control lawu is a continuous function on the set

In order to rule out solutions that always jump and never (& % @M € €z =m(0,2)lp # |z = m(F(n), 2)lp} -
evolve continuously, we augment the plant with an averagehe closed-loop tracking system has the flow dynamics (5a),
dwell-time automatorf2], [5, eq. (S3), (S4)]Letting N be (2), (8), which evolve on the sef' in (7), and the jump

FeF(n)

a positive integer ang > 0, we add the dynamics dynamics given in Section Il together with the rules for
. specifiedabove (8). Jumps are allowedtlife state is inD :=
7e [0,0] o €[0,N] (5a) D, x [1, N] x (I1,(K) N OF) whereD, is defined above (3).
o =01 o €[, N]. (5b) IV. CLOSED-LOOP RESULTS
Jumps of the billiard system are allowed where [1, N] Define
and eitherz € 0F x R? and (F(z,),z,) > 0 0r z € KN D= {(zom) €Cm=m(0,2))

OF x R?) and (F(z,), z,) > 0. For any hybrid system in o e -
\(/vhich ois inseried(, Zéach>solution has a hybrid time domain Am = A(@,2,00m) € C:x=m(F(n),2),n= 2}
that satisfies —i < p(t—s)-+N for all (¢, ) and(s, ) inthe ~and.A:= A, UA,,. The setd is compact and satisfies
domain that satisfy + j > s +i; see [2]. The valueép, N)
may be set based on the initial valuexofNeitherp nor N
will be used in control design but, in the case of billiarddNVe establish thaid is locally asymptotically stable (LAS)
with curved boundary, the values pfand N will appear in under appropriate assumptions gn N). LAS of the setA
the analysis. The larger the curvature of the billiard wahe  for the closed-loop system with stale = (z, z, ,7) entails
smallerp must be to guarantee asymptotic stability using out) (stability) for eache > 0 there existss > 0 such that
techniques. Conversely, as the curvature tends toward zet¥ (0,0)[4 <0 = |X(t,j)la <e V(t,j) € domX,

(x,z,00m) €A = x,=2 . 9)

the allowable value op becomes arbitrarily large. where|X| 4 is the distance of the poinX to the setA, and
2) (attractivity) there existg:. > 0 such that fof X (0,0)| 4 <
1. CONTROL ALGORITHM 1, each solution is bounded and each complete solution
Our control algorithm is parametrized by a mat#k €  converges ta4, that is, satisfiedim; ;oo | X (¢,7)|4 = 0.
R2*2 and real numbers,, k, specified as follows. Using the next definition, we can state the main result of

Assumption 2:P = P~ 0 and ZTIF +PA, < —\P thesection. A functiopR.,—R belongs to clas£ if it is

for some) > 0 where A, = [7%1 71@] continuous, nonlncreasmgug0 0(s)=0 and hm o0(s) =oc.
Theorem 1: Let Assumptions 1 and 2 hold and let the

[ EDefl%el}D :ndifb {ixvvf—;fgfe%gﬁggeﬁqefn?n:;e positive integetV be given. There exists € £ such that, if
that1 for 2evéryT € I@.XQ which satisfies’”T = I we have "' F(n) is Lipschitz of ranid. > 0 for all € IT, (K)NOF,
then for eachp < p(L), the compact setd is locally

that |diag(T", T)v|p = |v|p. Thus, usingM (F) = M(F)T, , .
;T - . asymptotically stable for the closed-loop tracking system
M(F)M(F) = I and M(F)e(F) = —c(F), it follows that The next corollary, which follows from Theorem 1 and (9),
|z —m(F,z)|p = |m(F,z) — z|p establishes a local tracking result for the closed-loopesys

|m(F(n),z) —m(F(n),z)|p=|z—z|p . (6)



Corollary 1: Under the conditions of Theorem 1, theUsing thatK is compact,F(-) is Lipschitz with Lipschitz
solutions of the closed-loop tracking system satisfy: constantL nearll,(K) N 9F, and the definitions ofn(-, z)
1) for each e > 0 there existsd > 0 such that in (4), e above andi, in (10), there exists > 0 such that,
1X(0,0)|4 < & implies |z, (t, ) — 2,(t,5)] < e for if [z =m(F(n),2)[} < |z — z[} then
all (¢,j) € dom X; max {|e(n, z, 2)|,|e(n, z,2)|} < &L|x — m(F(n), z)]| .
2) there existg: > 0 such that, for X (0,0)|4 < u, each el @, )}, le(n, 2, 2)[} < KL (Fi),2)
complete solutionlimy ;o |z, (¢, 7) — 2p(t, 7)| = 0.
Proof of Theorem 1:
Givenk > 0, we define

RK = {(17,2,0,77) € C :
max {|z, =1l [zp =1} < slz —m(F(n),2)[}-
The proof is based on the next lemma.

Lemma 1: There exisk > 0 and a compact sef)
contained in(A + ¢B)U((A., + €B) N'R..) that is globally
asymptotically stable for the closed-loop tracking system Y (zT,2%,0%, n™")
when the flow and jump sets are intersected with- <B < exp (_ﬁ) (1 + AL+ L)Y (2, 2,0,7)
with ¢ > 0 sufficiently small.

Using that (vy + v2)T P(vy + v2) = vf Puy + 20T Puy +
ngvg < vlTPvl + Anaz (P)|va| (2|v1| 4 |v2]) , it follows
that there exist& > 0 such that

Vet 2t nT) < (1 +RL(L+ L))V (z,2,7) .

Now we defineY (z, z,0,n) := exp(\o/2p)V (x, z,m) and
we ask thaexp(—A/2p)(1+KL(1+ L)) := g < 1. In fact,
we can fix\; < 1 and then solve fop to get a function
o€ L. ThenY (z,z 0,n) < —%Y(:c,z,a, n) and

(10)

Thus, we restrict the flow and jump sets.Ao+ =B for some _ - AaY (2, 2, % m -
e > 0 sufficiently small. According to [5, Corollary 19], is it This establishes the desired result. u
enough to establish global asymptotic stability for theseli- V. GLOBAL RESULTS FOR SPECIAL BILLIARDS

loop system with the flow and jump sets further restricted, Assumptions

to Q. We consider the evolution of the Lyapunov function . .
! Vot yapunov uncti Henceforth, we pursue global asymptotic tracking. That

candidate . . , .

is, we seek a control algorithm causimg to asymptotically

V(z,z,m) = min |z —m(F(s),2)% . track z, from any initial condition(z, z) € (FxR?) x K. We
s€{mmo} limit our attention to special polyhedral billiards, in vehi
With the restriction that the state belongs( it follows case the boundary of the billiard is characterized by a finite
thatV(z, z,n) = 0 if and only if (x, z,7) € A. set of vectorsF;, i € {1,...,k} wherek is the number of
Due to the choice for the control in (8), it follows thatwalls of the billiard, that satisfy (1{see [3] for details).

during continuous-time evolution we have We drop the “no sliding” condition in Assumption 1,

instead relying on the average dwell-time mechanism of the

model(see (5))to prevent an infinite number of jumps on a

, boundary. Moreover, at this point we do not need to make
For eachy < TI,(K) N 0F, we definec(n,=,2) = ihe “no corners” condition of Assumption 1 explicit, as it

m(F(n), z)=m(F(zp), z) and we define(n.o, r,z) = 0. FOr g coyered implicitly by the following assumption on the

jumps in the plant where thetatex impacts the boundary yistence of a family of control Lyapunov functions. Later

of the billiard, we have we justify this assumption for special billiards by assugin

Viezm) < -A min |r—m(F(s).2)f5
seqn,

Mo

Vit 2t nt)= min |zt —m(F(s),2)|% (11) that thez vqriable does not .reach the corners of the billliard.
sef{nt.no} Assumption 3: The matri = P ¢ R**4, the matrix
= min |m(F(zp),x) —m(F(s),2)|% K € R?*4 and theQ+1 (Q > k) affine functions — n;(z)
s€{@pmo} satisfy the following properties:
= min{|m(F(zp), ) - 2|, |z — 2B} 1) ni(z) = m(Ey, 2) for i € {0,...,k};
= min |z —m(F(s),2)|% 2) for eachi € {k+1,...,Q}, there existl; € R**?
s€{no,2p} ) and L; € R? such thatn;(z) = T;z + L; where
3613]120} |lx — m(F(s),z) + e(s,x, 2)|p. T [% 291} L= [LOI} ;
where we used (6) from the second to the fourth IMéen 3) Defining A.; = [02“ L2x2 }
z jumps, using again (6)we have AT P+PA, < —HTH where(H, A,) is observable;
Vzt, 2zt min |z —m(F(s), 2| (12) 4) For each jump ofz, 2),
s€{ntmo} min |27 —n; (D)5 < min |z —ni(2)[5 ;
= min |z —m(F(s),m(F(z),2))|p ({00 €100
s€{zpmo} 5) For each(z,z) € (F x R?) x K,

= min{lz —zp, | = m(F(z), 2)[p. ) min__ |z—n;(2)] =0= min |z—n;(2)]|=0.

= min |m(F(s),z) — z|* 1€40,... . 1€10,.. .k S
se{no,zp}| (F(s),) P We typically establish the last condition by eliminating
= min |m(F(s),z) — z+e(s, z,2)|% corners from and then showing that i, is not at a corner

s€{nmo} ' thenx £ n;(z) fori e {k+1,...,Q}.



B. Control algorithm
Paralleling the state of Section Ill,our controller uses an

index variable; € R, whose values are restricted to the finite

set @ := {0,...,Q}. During continuous-time evolution,
which is allowed when

(z,2,0,q) €C:= (FxR) xKx[0,N]xQ, (13)
we useq = 0. At jumps, which are allowed when
(z,2,0,q) € D:= Dy x [1,N] x Q, (14)

(where D, is defined above (3)) is reset to any valug™ &
Q satisfying

|zt —ng+ (15)

o ()E = min o —ni(=H)f3

The control law is selected, with the knowledge of the curren

acceleration of the-ball, in order to satisfy

Zp
Tp
whereda(z, z,q) = {(a1,a2) € R? x R? : a1 € a(z), ag =

Tya1+ K (z — ng(2))} In particular, withz = x—n,(z), we
haver = A,z. Together with the dynamics in Section I,

] € 8, 2,q) (16)

VI. SUFFICIENT CONDITIONS FORASSUMPTION3
A. Preliminaries

Henceforth, we impose the following assumptions.
Assumption 4: For each* € II,(IC) N 0F, we have that
n +— F(n) is constant nean*.
Note that Assumption 4 holds for free in the case of single-
walled and parallel-walled billiards.

Assumption 5: The matrice& and P = P” > 0 have
the formK := K ® Irx2, whereK := [ k1 k> |, and
P = P ® I,5> where the matrixP is positive definite and,
with the definitiond, = | T, | satisfiesd, P+PA, <
—H"H where (H,A.) is observable.
One possibility is to take

|

which is used when two parallel walls comprise the billiard.
As observed previously, T7T = I then

|z — diag(T, T)z — L|%
= |diagT", T")x — z — diag T*, TT)L|%
= |z — diagT7, TT)z + diag T, TT)L|% .

k1
0

0

P ! (20)

(21)

this defines the hybrid closed-loop tracking system. Define

A:={(x,2,0,q9) € C:x=n4(2)}

and note that if(z, z, 0, ¢) € A thenmin;cgo |z — n;(2)] =
0 which implies, by assumption, thahineg;,.. ) [z —
ni(z)| = 0. This, in turn, implies that:,, = z,. Thus, like
for the local results, asymptotic stability of the skimplies
asymptotic tracking. We have the following result.
Theorem 2: Under Assumption 3, for eaph> 0 and
N > 0, the compact sefd is globally exponentially stable
for the closed-loop system tracking system.
Remark 1:For given (p, N), the dwell-time automaton
(5) may terminate prematurely solutions which produce

(17)

large number of impacts before settling into tracking. Pre- | . |z — m(F;, m(F, 2)))|

mature termination can be addressed by selegiimpd N
sufficiently large, based on the size of the initial valuerof

Proof sketchWe analyze the behavior of the system by

starting with the Lyapunov functio® (z,z,q) = |z —
nq(2)|%. By definition of A in (17), W is positive definite
with respect toA. Also W (z, z,q) grows unbounded as
grows unbounded.

Using Assumption 3, during continuous-time evolution

W(w,2,q) < = |z —ng(2) [y = = [F3zy »  (18)
and at jumps
Wzt 2t ¢") = |at —ng (1)
mineg [z —ni(2)[% (19)

mineg | — ni(2)[H
|z —ng(2)|p = W(z,2,q) .

Global asymptotic stability follows from observability of

INIACI

(H, A.), the average dwell-time constraint imposed by (5),

and the invariance principle [7]. Global exponential digbi
can be established by using [8, Theorem 2].

So if we have a family of affine functions— n;(z) that in-
cludes diagT’, T)z+ L and diagT?, Tz —diag 77, TT) L
where 77T = TTT = I then we need to check jump
behavior forz only, since the required jump behavior for
2 will follow by symmetry.

B. A single wall

Proposition 1: Letk = 1. Under Assumption 5, Assump-
tion 3 holds with@ = 1.
Proof.Let F, = 0 andFy; = F. SinceM (F;)c(F;) = —c(F;)
for i € {0,1}, according to the observation at the end of the
@st subsection, we just need to establish that

2, = mi —m(F;,2)|% .
P Z_er?ég}lw m(Fi, z)|p
(22)
This relation follows from the fact thatn(0, m(F,z)) =
|

i€{0,1}

m(Fy, z) andm(F, m(F,z)) = z.

C. Two parallel walls

Proposition 2: Letk = 2, [y /|Fy| = —Fy/|F»|, and P
have the form given in (20). Under Assumption 5, Assumption
3 holds with@ = 2.

Proof. Note that if 7} (z,—1,) = 1 thenF{ (z,—n.)/|Fi| =
—1/|Fz|. Then, using that'{ z, < 1+ F{n,, we have that
if £F (2, —1n,) =1 then

L ) ’

’a:p—zp_QlFl\( 5
|F1|+\F2\) — 4%(% = %) ( )
)

:4( )
|F1|+\F2\) _(ITll\+ )) =0

>4 (Tt
Note also that M (F}) M(F3), M(Fy)M(Fy)
I and C(Fl) — C(FQ)

M (Fz)M (Fy)

| F1|+|F2|
[FL[[F2]

2
— |zp — 2
|F1|+|F2|
[Fa[|Fy

| F1|+|F2|
[Fa||Fy

[F2]

1
2



2F/|Fy| (|[Fy| 7Y + |F2| ') so that
m(Fy,2)) = 2+ M(F)E(F) +&(F)
z—¢(Fy) +¢(Fy)

[ Fy |+ Fo|
Z+2|: :|(|}2||F12|))'

In turn, it follows from the structure oP that if i (z, —
no) = 1 then |z — m(Fy, m(F, 2))|% > |z — 2|3 and also
|z —m(F, 2)|% > |x—m(F2, 2)|%. We then have, for jumps
of z on the second wall, that

m(Fl,

P 23)
7]
2x1

i — Fiym(Fy, i
ie?(%}?z} = = m{F, miFs, )l
=min {|z — m(Fy, 2)[}|a — m(Fr,m(Fa, 2)[bola — 2[5}
=min {|x — m(Fs, z |Pv|x_z| }
=min {|x — m(Fs, 2z )|Pv|x_ m(F, z |P’|I_Z| }

This calculation establishes the result.

D. Two orthogonal walls

Proposition 3: Letk = 2 and F{f I, = 0. Under Assump-
tions 4 and 5, Assumption 3 holds with= 3.
Proof. Let n3(z) := m(Fy,m(Fs, z)) = m(Fy, m(Fy, z)).

Sinceng(m(Fz, z)) = m(Fi, z)), it follows that

i —ni(m(Fy, 2))|p = i —ni(2)[ .
e o= ni(m(Fy, 2))[p = min o= ni(2)[p
By symmetry

. — ny(m(F 2 _ : —n;(2)[% .
ie{%{%ﬁ}"” ni(m(F1,2))|p ie{%{%ﬁ}"” ni(z)|p

Finally, to establish the last condition of Assumption 3isit
sufficient to establish that

zp € I, (K) = M(F2)(M(F1)zp + c(F1)) + c(F2) ¢ F .
Intuitively, the mapz,, — M (F1)(M (Fs)zp+c(F>))+c(F1)

is a rotation ofl 80 degrees around the corner point where the
walls meet. The only point in the billiard that is not carried La(i—1)+2

out of the billiard by this operation is the corner point, @i
is excluded by Assumption 4. Rigorously, fore {1, 2},

FY [M(Fo)(M(Fy)zy + o(F)) + e(F)] < 1+ Fl'y,

implies 'z, = 1+ F7,. In other words, the condition
M(F)(M(Fy)z, + c(F1)) + ¢(Fz) € F implies thatz, is
located at the corner of the walls, meaniggé¢ II,(K). B

E. Rectangles

Proposition 4: Letk = 4, Ff'F, = 0, F{'Fy = 0,
F\/|Fy| = —F3/|Fs| and P have the form given in (20).
Under Assumptions 4 and 5, Assumption 3 holds Witk 8.

Proof. Using the results of the previous subsection, one extra

function is constructed for each pair of orthogonal wallse T

new situation that must be accounted for is the change in ON&-\rthermore,

Then, using the calculations from the cases of parallel and
orthogonal walls,

m(Fy, m(Fa, m(F3, z)))
= m(Fl, m(F37 m(F27 Z)))

I
_ TR | Fy |+ Fs]
_m(FQ,Z)+2[ il ] () |

Due to the fact that wall& and3 are orthogonal, it follows
that if £ (2,—n,) = 1 thenF{ (M (Fy)zp+c(Fy)—n0) = 1.
Therefore, following the calculations in the case of paiall
walls and using thaP has the form given in (20), we get that
if FY(zp —1n0) = 1 then|z +m(Fy, m(Fy, m(F3, 2)))|% >

— m(F, 2)|% and also|z + m(Fy,m(F, 2))|3 > |z —
m(Fy, m(Fs,z))|%. The rest of the proof follows the proof
for the case of parallel walls. |

F. Two walls that meet at special acute angles

Proposition 5: Letk = 2, and F{f' Iy, = cos(0)|F1||Fz|
wheref € (0, 5] satisfiestd = = for some integer > 3.
Under Assumptions 4 and 5, Assumption 3 holds Witk
20— 1.

Proof. To save on notation, we use; := M(

¢(F;). We order the walls such that

F;) andg; :=

_ T cos(20) sin(20)

MMy = (MzMh) —sin(260) cos(260)
Suppose is even so thaf M, M,)*/? = (MyM;)"/? = —1.
DefineT_, =Ty = I. Fori € {1,...,%}, define

Tyi-1)+1 = (MiMp)~'My
Tyi—1)42 = (MaMy)"~' M, (24)
Tyi-1y43 = (MaMy)
Tyi-1)4a = (MiMy)*
i-1 i—2
AG-1)41 = Z(Mle)JC1+Z(M1M2)JM162
Jj=0 j=0
i1 i—2
= Z(MQMl)JCQ + Z(M2M1)JM201
Jj=0 j=0
i1 i1
Lyi—1y)43 = Z(Mle)JCQ+Z(M2M1)JM261
=0 =0
i1 _ i1 _
Lyii—1y)44 = Z(Mle)Jq +Z(M1M2)JM162 :
=0 =0
(25)
Note thatTyy = Ty = —I, Lyy = Lgs_1. Also,
Téljgi—l)-i—l = Tii_l)ﬂi Tyii—1)42 = T4T(Z-_1)+2, Ty(i—1)43 =
Ty(i—1)44» @nd
Tyi—1)+1Laci- 1)+1 = —Lau- 1)+1
T4(Z 1)+ L 4(i—1)+ = L 4(1—1)+
Tyi—1y+3Llaci— 1)+4 = —Lyu- 1)+3
Tyii—1yvalai—143 = —La-1)44 -

it can be verified that, for each ¢

of these extra “corner” functions when there is an impact on

one of the two other walls that do not form the given corner{1

Let the corner be associated with wallsand2 so that the
affine corner function is given as— m(Fy, m(Fs, z)). Let
wall 3 be parallel to walll, and thus orthogonal to wall.

,2¢ — 2} and eachy € {1,2},
LiM; = Tip -y 26-1+1)
Top 1 M; = To1_;
Ticj+Li = Lip—1yiti-r2G-1)+1) -



Finally, we must establish that, for eacli € and assume that(z) = 0 and¢(z) = 0 in (2), so thatz
{3,...,2¢ -1}, each mapz — Tjz + L; takes points in andz correspond to two masses moving on a flat surface.
F to points outside ofF, except at the corner point. For
j=4(-1)+3andj=4(i—-1)+4,ie{l,....0/2} the | [pemirems 1
mapping is a rotation ofif radians around the corner point. Il ueing th i mior GO0 o5
Sinceld = 7, we have thaRif € [20,x]. Forj = 4(i—1)+1
andj = 4(i—1)+2,i € {2,...,£/2}, the mapping is a
mirroring reflection about a wall, followed by a rotation of
2(i —1)0 radians. The mirroring operation is not a pointwise e
rotation, but its action is to rotate the domain of the hitia ™ o8 ! 1 2 R N
to a set that is a rotation of the billiard iyradians. The net rig 1. Behavior of the Lyapunov function (left) and positioon the
effect is a rotation of the billiard by2: — 1)¢ radians. We billiards for different initial conditions (right).

have (2i —1)9 < (30,7 —0]. Th|.s est.ablllshes the r_esult. We satisfy the conditions in Section VI-A witlil =
The analysis for ¢ odd is similar. In this case -

_ z K @ Iz where K = [-4 —4] and P = P ® I, where
(e-v/20 — (6—1)/2 K ® laxa _ - ® Lax2
(M M) M, = (MxMy) M and the last wo 5 _ diag(4, 1). According to Proposition 4 in Section VI-E
pairs (T;, L;) of the construction fo¥ even are droppedl . ; .
we can satisfy Assumption 3 and use the control algorithm

G. Equilateral triangles of Section V-B to achieve global tracking, according to

With results of previous subsections, we get the foIIowingl-.rm:"orern 2. Fig;.lre 1(Oc%?tains[simulatio]r}s Of(oth(()?) closed-
oop response fromz(0,0) = [-10311]", 2(0,0) =

Proposition 6: Letk = 3 and let P have the form in o
(20) and letF}, i € {1,2,3} be such that the billiard is an [~1-2-0-500]" with three values ofy(0,0) (the average

equilateral triangle. Under Assumptions 4 and 5 Assunnptiodwe”'time variabler is not mentioned since it is not used in
3 holds withQ = 12. the control law). Ther mass starts with zero initial velocity.

Proof. Using Proposition 5, we adg functions at each Thez mass is represented by the red-dashed trace in the
corner. So, there is one function for each wall, plus thredght-hand figure and, as proved in Theorem 2, all three
for each corner, making fot2 extra functions. To verify Simulations achieve successful trackingy(f,0) = 0 (black

(3), we investigate what happens to the functions assatiatface), the initial tracking error is — = and the controller
with the corner of wallsl and2 due to impacts on wals. forces thex motion towards the north-east direction, where

It can be verified that the z mass is initially heading. 1§(0,0) = 2 (green trace),
the upper mirror and the arising tracking error— na(2)
m(Fl’m(FQ’T(Fl’ZZ)) — N are used at the initial time. Then, the controller forces the
= m(F3=2)+C£Fl)_C(F3)+M(F1)M(F2)(C(Fl)_C(F2)) x mass in the east direction because it compares it to the
=m(F3,2) + 0 reflection of thez ball given by the upper mirror. One way
to interpret this is that the controller is initially “undog”

the first impact of thez mass. Similarly, forg(0,0) = 3
(blue trace), the left mirror is used at the initial time and
the controller points towards the left wall. In this cases th
controller is initially “undo-ing” the first impact of the:
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where v has the formo = [ v* 0 }T where Flv =
|v|| F3], i.e., v points in the same direction &%, and the
magnitude ofv is equal to twice the height of the triangle.
In turn, m(Fy, m(Fo, m(F1,m(Fs,2)))) = z+ v and

m(Fy, m(F1,m(F3,2))) mass.
= m(Fy, m(Fy, m(Fy, m(Fy,m(F3,2))))) REFERENCES
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