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ABSTRACT

Asteroseismology of stars that exhibit solar-like oscillations are enjoying a growing interest with the wealth of observational results
obtained with the CoRoT and Kepler missions. In this framework, scaling laws between asteroseismic quantities and stellar parameters
are becoming essential tools to study a rich variety of stars. However, the physical underlying mechanisms of those scaling laws are
still poorly known. Our objective is to provide a theoretical basis for the scaling between the frequency of the maximum in the power
spectrum (v, ) of solar-like oscillations and the cut-oft frequency (v.). Using the SOHO GOLF observations together with theoretical
considerations, we first confirm that the maximum of the height in oscillation power spectrum is determined by the so-called plateau
of the damping rates. The physical origin of the plateau can be traced to the destabilizing effect of the Lagrangian perturbation of
entropy in the upper-most layers, which becomes important when the modal period and the local thermal relaxation time-scale are
comparable. Based on this analysis, we then find a linear relation between vy, and v., with a coefficient that depends on the ratio of
the Mach number of the exciting turbulence to the third power to the mixing-length parameter.
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1. Introduction

Scaling relations between asteroseismic quantities and stellar pa-
rameters such as stellar mass, radius, effective temperature, and
luminosity have been observationally derived by several authors
(e.g. Kjeldsen & Bedding 1995; Chaplin et al. 2008, 2009; Stello
et al. 2009a) using ground-based data. More recently, the space-
missions CoRoT and Kepler confirmed those results by provid-
ing accurate and homogeneous measurements for a large sam-
ple of stars from red giants to main-sequence stars (e.g., Mosser
et al. 2010). Scaling relations are essential to study a large set of
stars (e.g., Kallinger et al. 2009; Stello et al. 2009b) for which,
in general, little is known, to provide a first order estimate for
mass and radius (e.g., Basu et al. 2010; Mosser et al. 2010), or
to probe the populations of red giants (Miglio et al. 2009).

Scaling laws can also lead to a better understanding of the
underlying physical mechanisms governing the energetical be-
haviour of modes. In particular, it has been conjectured by
Brown et al. (1991) that the frequency of the maximum of the
power spectrum (viax) scales as the cut-off frequency v, because
the latter corresponds to a typical time-scale of the atmosphere.
The continuous increase of detected stars with solar-like oscilla-
tions has then confirmed this relation (e.g., Bedding & Kjeldsen
2003; Stello et al. 2009a). However, the underlying physical ori-
gin of this scaling relation is still poorly understood. Indeed, viyax
is associated with the coupling between turbulent convection and
oscillations and results from a balance between the damping and
the driving of the modes. The cut-off frequency is associated
with the mean surface properties of the star and the sound speed,
making the origin of the vy, — v, relation very intriguing.

As a first step towards an understanding, one has to deter-

mine if the damping rate or the excitation rate is mainly re-
sponsible for the maximum of power in the observed spectra.

Article published by EDP Sciences

Chaplin et al. (2008), using a theoretical approach, pointed out
that in the solar case vm,x coincides with the plateau of the
linewidth variation with frequency. We will confirm this result
using observations from the GOLF instrument in the solar case.
However, several questions remain to be addressed: iS viax for
any star directly related with the observed plateau in the mode-
widths variation with frequency? If the answer is positive, what
is the origin of this relation? The first question is quite difficult
to answer because it is expected to strongly depend on the model
used for the description of the pulsation-convection interaction.
Nevertheless, CoRoT observations begin to answer this and the
data of several stars (HD 49933, HD 180420, HD 49385, and
HD 52265) suggest that vy,,x correponds to the plateau of the
damping rates (see Benomar et al. 2009; Barban et al. 2009;
Deheuvels et al. 2010; Ballot et al. 2011, for details). The second
step consists in determining the main physical causes responsi-
ble for the plateau of the damping rates and its mean frequency
(vr). Subsequently, one has to determine a general scaling law
that relates the frequency of the plateau of the damping rates to
the stellar parameters. In this paper, we discuss the first question
and focus on the second question by deriving a theoretical re-
lation between vr and v,. If one accepts the positive answer to
the first question, this also provides the scaling relation between
Vmax and ve.

This paper is organised as follows. In Sect. 2 we present
the observed scaling law obtained from a homogeneous set of
CoRoT data and show that the maximum mode height in the so-
lar power spectrum coincides with a marked minimum of the
mode-width when corrected from mode inertia. We then point
out in Sect. 3 that this minimum is the result of a destabilizing
effect in the super-adiabatic region. The relation between vr and
v is demonstrated in Sect. 4, and conclusions are provided in
Sect. 5.
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Table 1. Stellar characteristics (from the literature — see references in
Sect. 2) for the stars used in the comparison with the present results.

Star name Ty (K) M/My; R/Rs  Viax (uHz)
Sun 5780 1 1 3034
HD 49933 6650 1.2 1.4 1800
HD 181420 6580 1.4 1.6 1647
HD 49385 6095 1.3 1.9 1022
HD 52265 6115 1.2 1.3 2095
HD 181907 4760 1.7 12.2 29.4
HD 50890 4665 4.5 31 14

Notes. For HD 49933, v,..x and T.; are taken from Benomar et al.
(2009); M and R are taken from Benomar et al. (2010). For HD 181420,
Vmax and Teg are taken from Barban et al. (2009); M and R are provided
by Goupil (priv. comm.). For HD 49385, vy« and T.q are taken from
Deheuvels et al. (2010); M and R are provided by Goupil (priv. comm.).
For HD 181907, v and Teg are taken from Carrier et al. (2010). For
HD 50890, Vax, Ter, M and R are taken from Baudin et al. (in prep.).

2. The observed scaling law

We used the CoRoT seimological field data to ensure a homo-
geneous sample: HD 49933 (Benomar et al. 2009), HD 181420
(Barban et al. 2009), HD 49385 (Deheuvels et al. 2010). We also
used the results on HD 50890 (Baudin et al., in prep.) and on
HD 181907 (Carrier et al. 2010), a red giant, and the Sun. The
characteristics of these stars are listed in Table 1, as well as the
way their fundamental parameter is obtained.

For the Sun, the observational determination of v, is not ob-
vious because of pseudo-modes above the cut-off frequency (e.g.
Garcia et al. 1998). Nevertheless, one can infer a theoretical re-
lation for this frequency w, = ¢s/2H,, o g/\Tex < M R Te_f;/z
(e.g., Balmforth & Gough 1990), where ¢; is the sound speed, H,
the density scale height, g the gravitational field, M the mass, R
the radius, and T.g the temperature at the photosphere. When
scaled to the solar case, this relations becomes

vemy (ﬂ) (5)(T ) )
T ONMe) \Ro) \Tewo)

with veo = 5.3 mHz, and My, R, Tego the solar values of mass,
radius, and effective temperature respectively. Note that we will
assume H, = H, = P/pg with P and p denoting pressure and
density. This is a commonly used approximation (e.g., Stello
et al. 2009a) that presupposes an isothermal atmosphere, which
is sufficiently accurate for our purposes.

Using the stars listed in Table 1 and their measured vy, the
relation between vyax and v, is displayed in Fig. 1. It relies on
two kinds of results: direct observations of vy, in the spectrum
of the star on one hand and estimates of the mass (M), radius
(R), and effective temperature (7.g) of the star on the other hand.
The latter are derived from photometric or spectroscopic obser-
vations, but can be derived in some cases from stellar modelling.
Here, M and R must be derived from stellar modelling and not
from scaling laws because the aim of this work is to establish
such a scaling law. The strict proportionality (the fitted slope is
1.01 + 0.02) is clearly visible from this sample spanning from
the Sun to a luminous red giant (HD 50890). This agrees with the
results obtained by several authors for main-sequence stars (e.g.,
Bedding & Kjeldsen 2003), and red giants (e.g. Mosser et al.
2010). The problem is now to assess the physical background
underlying this relation.
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Fig. 1. Frequency of the maximum of oscillation power for the main-
sequence and red-giant stars of Table 1 as a function of the frequency
cut-off. All quantities are normalized to the solar values.

3. Height maximum in the power spectrum

In this section, we confirm that the maximum of the power spec-
trum of solar-like oscillations is related to the plateau of the line-
width by using solar observations from the GOLF instrument,
and we then discuss the physical origin of the depression of the
damping rates (i.e., the plateau).

3.1. Origin of the maximum of height in the power density
spectrum

We consider the height H of a given mode in the power spectrum,
which is a natural observable. To derive it, let us first define the
damping rate of the modes given by (e.g., Dupret et al. 2009)

-W

T 20lERPM *

n
where w is the angular frequency, W is the total work performed
by the gas during one oscillation cycle, € is the displacement
vector, and M is the mode mass

Mg
= d . 3
fo &E®E " &)

&:(R) corresponds to the radial displacement at the layer where

the oscillations are measured, M is the total mass of the star.
For stochastically excited modes, the power injected into the

modes is (e.g., Samadi & Goupil 2001; Belkacem et al. 2006)

P= G+ (4)
8 M R S/

where C}% and C% are the turbulent Reynolds stress and entropy
contributions, respectively. We then introduce the height of the
mode profile in the power spectrum, which is an observable, as
(see e.g. Chaplin et al. 2005; Belkacem et al. 2006)

H= )
2 M

However, it is useful to express H in a form that does not explic-

itly depend on the mode mass (M). To this end, we note from

Egs. (2) and (4) that both the excitation P and the damping rate

n are inversely proportional to the mode mass. Hence, to sep-

arate the effect of the driving and damping from the effect of
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Fig. 2. Normalized 1/(20?) (dashed-dots line) , where ® = n M, and
IT = P M (solid line) computed from solar seismic data from the GOLF
instrument (Baudin et al. 2005). The normalized mode height (H) cor-
responds to the dashed line. All quantities are normalized to unity at the
frequency of v = vy« The associated mode masses are computed as
described in Belkacem et al. (2006).

mode mass, we introduce the quantities [T = P M and ® = n M,
independent of mode masses. Then, using Eq. (5), the expression
of the mode height becomes

II

=207 ©

Figure 2 displays the variations of H with mode frequency as
well as its two contributions IT and 1/@2. One can clearly distin-
guish a maximum for H near v =~ 3.2 mHz that corresponds to
the vmax frequency. IT remains roughly constant (efficient driv-
ing regime) except at high frequency beyond vp,x, which corre-
sponds to the inefficient driving regime (see Samadi & Goupil
2001, for details). On the other hand 1/®? shows a sharp maxi-
mum and its variation clearly dominates over that of IT and con-
trols the variation of H and the apparition of its maximum. We
conclude that the maximum of H is determined by the minimum
of ® and corresponds to the plateau of the line widths. In other
words, the depression (plateau) of the damping rates 7 is respon-
sible for the presence of a maximum in the power spectrum, in
agreement with Chaplin et al. (2008).

3.2. Origin of the depression of the damping rates

Balmforth (1992) mentioned that the depression of the solar
damping rates originate in a destabilising effect in the super-
adiabatic layer. He also stressed that the plateau of the damping
rates occurs when there is a resonance between the thermal time
scale and the modal frequency.

Following these ideas, we use the MAD non-adiabatic pul-
sation code (Dupret 2002) for computing the solar damping
rates. This code includes a time-dependent convection treatment
(Grigahcene et al. 2005) different from that by Balmforth (1992).
Nevertheless, we reach the same conclusion (see Appendix A for
details): responsible for the destabilizing effect is the Lagrangian
perturbation of entropy (0S) that exhibits a rapid variation
mainly in the super-adiabatic layer and in the atmospheric layers
(see Appendix A.2 and Fig. A.2).

To understand the origin of this oscillation and illustrate the
occurrence of the resonance, we consider the super-adiabatic
layers and examine the case of a highly non-adiabatic solution

(see Pesnell 1984, for the case of a purely radiative envelope).
We assume that Lagrangian perturbations of radiative and con-
vective luminosities are dominated by perturbations of entropy
(see Egs. (A.6) and (A.7)). This leads to a second-order equation
for the entropy perturbations 65 (Eq. (A.16), see Appendix A.3
for the derivation). To obtain a more explicit solution for ¢S,
we further employ the dimensional approximation doL/dr -
OL/H,, so that

d (68 oS
—|+a—]=0,
dinT \ ¢, Cy
where ¢, = (0U/dT), with U the internal energy, A and B are
defined by

with 1=A-iB, 7

L. dlnc, -

Lr L.
- (I”/dm * 7<4‘KT>)(1 w-DF)
L.t
s=all+w-n7| ®)

where k7 = (0lnk/dIn T)p, L., and Lr are the convective and
radiative luminosity respectively, T’ the temperature, ¢ is defined
by Eq. (A.8), and we defined the ratio Q such as

1 L

with 777 =

- -1
~ 4nr2pe,TH, Teonv * Trad ®)

Q= wr,
with w = 27v, v the modal frequency, 7 a local thermal time-

scale, Tag and 7Tcony the radiative and convective thermal time-
scales, respectively. From Eq. (A.12), the oscillatory part of the
final solution is (6S/c,) o exp [—i f $Bdln T], which describes
the oscillatory behaviour of entropy perturbations in the super-
adiabatic layers.

As discussed in Appendix B3 (Fig. B2 top), all modes in
the range of interest have a similar negative integrated work, W,
at the bottom of the superadiabatic layer. This corresponds to a
large damping at this level in the star. In the superadiabatic lay-
ers, the entropy’s oscillatory behaviour controls the oscillating
behaviour of W. When the pulsation period and thus the wave-
length of the entropy perturbations are too large (Q < 1), the
destabilizing contribution has not grown enough; the cumulated
work W increases too slowly. The net result at the surface is a
large damping. When the period is too small (Q > 1), the rapid
oscillation of the entropy perturbation causes a rapid oscillation
of W, which increases and again decreases before reaching the
surface and the net result at the surface is again a large damping.
Those two limits correspond to low and high frequencies, i.e., to
the two branches of 1/@? displayed in Fig. 2. A minimum damp-
ing is then obtained for a period neither too small nor too large,
i.e., Q =~ 1 where the destabilizing contribution nearly but not
quite compensates for the strong damping of the layers below
the super adiabatic layers.

The value of Q is illustrated in Fig. 3 for three modes. It
confirms that the resonance Q =~ 1 occurs in the super-adiabatic
region for the mode with frequency v =~ vy,,x. Hence, from the
Q definition Eq. (9), one derives the resonance condition

1
ax S ——+ 10
Yma 2nT (10)

4. Derivation of the scaling law

We now turn to the relation between the thermal time-scale (1)
and the cut-off frequency. To this end, we use a grid of stellar
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Fig. 3. Product Q (see Eq. (9)) versus the logarithm of the temperature
for three values of the mode frequency for a solar model described in
Appendix A. Vertical dotted lines delimit the limits of super-adiabatic
gradient (see Fig. A.2 bottom panel).

models for masses between M = 1 My and M = 1.4 M from
the ZAMS to the ascending vertical branch, typical of observed
solar-like pulsators. The grid is obtained by using the stellar evo-
Iution code CESAM2k (Morel 1997; Morel & Lebreton 2008).
The atmosphere is computed assuming a grey Eddington atmo-
sphere. Convection is included according to the Béhm-Vitense
mixing-length (MLT) formalism. The mixing-length parameter
is @ = 1.6. The chemical composition follows Asplund et al.
(2005), with an helium mass fraction of 0.2485. All quantities
are evaluated at the maximum of the super-adibatic gradient,
which corresponds to the maximum of S (see Sect. 3.2) and
the location of the resonance (see Eq. (10)).

From Fig. 4 (top) the relation between the thermal frequency
(1/7) and the cut-off frequency (v.) is close to linear but still
shows a significant dispersion. More precisely, the relation be-
tween those two frequencies is approximately linear and the dis-
persion is related to the dispersion in mass, in agreement with
observations (e.g. Mosser et al. 2010). We then conclude that
the observed relation between vy and v, is indeed the result
of the resonance between vy, and 1/7, as well as the relation
between 1/7 and v..

To go further, let us investigate the relation between 1/7 and
v.. First, Eq. (9) can be recast as

(1)

l _ Feony |:
Feony

F rad
T pc,TH, ’
where Fony and Fr,q are the convective and radiative fluxes, re-
spectively. The MLT solution for the convective flux and the con-
vective rms velocity can be written (see Cox & Giuli 1968, for
details)

1 A ,
Feony = EpcpvcoanFp (V -V ) (12)
S 21/2
s (v -V, (13)

Veony = W

where A = aH, is the mixing length, « the mixing-length pa-
rameter, V = (dIn7'/dln P), V' = (dln 7"/dIn P) the gradient of

rising convective element, X = (dln p/dIn T)MP, with y the mean
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Fig. 4. Top: thermal frequency (1/7) computed from Eq. (9) versus the
cut-off frequency computed following Eq. (1), normalized to the solar
values, for models with masses ranging from M = 1 M, to M = 1.4 M
(with an increment of 0.05 M) and from the ZAMS to the ascending
vertical branch. Botfom: the same as for the top panel, except the ther-
mal frequency is divided by the Mach number to the third versus the
normalized cut-off frequency.

molecular weight, and I'y = (dln P/dlnp),,. Now, by inserting
Egs. (12) and (13) into Eq. (11), one obtains

1:81“_% &Z Cs 1.,.@
T xo2 )\ « ) \2H, ’

FC()l'lV
where M, =
(@InP/dInp);.

We verified that for a given physic, the ratio Fraq/Feony 18
approximately the same for all models considered in the super-
adiabatic layer. Hence, by use of Eq.(14) as well as the reso-
nance condition (Eq. (10)), we conclude that

Vmax & — & Ve,
T XpZ @

which is the observed scaling between v« and v, (see Fig. 1),
because the thermodynamic quantities hardly vary.

Equation (15) describes the observed scaling between Vpax
and v, (see Fig. 1) but also shows that most of the departure
from the linear relationship between 1/7 and v, comes from the
Mach number, as confirmed by Fig. 4 (bottom panel). We also
point out that as shown by Figs. 4 and 1 for the main-sequence
stars, the departure from the linear relationship is of the same
order of magnitude as the uncertainties on the cut-off frequency.

(14)

Veonv/Cs the Mach number, and y, =

15)
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However, our grid of models is not suited for a proper compar-
ison between the observations and the theoretical relation. This
work is definitely desirable in the future.

5. Conclusion

We have addressed the question of the physical reason for the
existence of a scaling relation between v, and v.. We found
that the depression of the damping rates determines vyx because
there is a resonance between the local thermal time-scale in the
super-adiabatic region and the modal period. This implies that
Vmax does not scale only with v, but also with the ratio M /. As
pointed out in Sect. 1, the observed scaling between vy« and v,
is not obvious at first glance because the first frequency depends
on the dynamical properties of the convective region while the
second is a static property of the surface layers. The additional
dependence the Mach number resolves this paradox.

This scaling relation is potentially a powerful probe to con-
strain the dynamical properties of the upper-most layers of solar-
like pulsators through the ratio M3 /a. Indeed, as shown in this
paper, most of the dispersion in the vp,x — v, scaling is related
to the Mach number. The investigation of the ratio between vyax
and v, in main-sequence stars, subgiants, and red giants may give
us statistical information on the evolution of the properties of tur-
bulent convection from main-sequence to red giant stars through
the mixing-length parameter, for instance. Indeed, a future work
will consist of computing models that correspond to the obser-
vations, and will make a comparison between the observed and
theoretical dispersion from the linear relation between vy,x and
Ve.

In other specific cases for which stellar parameters are well
known (e.g., in pulsating binaries), the relation between v,ax and
v, could directly give us the value of the Mach number in the
upper-most convective layers.

Acknowledgements. K.B. gratefully acknowledges support from the CNES
(Centre National d’Etudes Spatiales) through a postdoctoral fellowship.

Appendix A: The plateau of the damping rates
A.1. Computation of the damping rates

Damping rates were computed with the non-adiabatic pulsa-
tion code MAD (Dupret 2002). This code includes the time-
dependent convection (TDC) treatment described in Grigahceéne
et al. (2005). This formulation involves a free parameter 8, which
takes complex values and enters the perturbed energy equation.
This parameter was introduced to prevent the occurence of non-
physical spatial oscillations in the eigenfunctions. We use here
the value 8 = —0.55 — 1.7i, which is calibrated so that result-
ing damping rates reproduce the variation of the solar damping
rates n with frequency and more precisely the depression of the
n profile (see Fig. A.1). Note that TDC is a local formulation
of convection. This simplifies the theoretical description and is
sufficient here because we seek a qualitative understanding of
the relation between the frequency location of the damping rate
depression and the cut-off frequency. We stress that the above
approximations do not qualitatively influence the conclusions.
This approach takes into account the role played by the vari-
ations of the convective flux, the turbulent pressure, and the

n M/ 10% [gs7]

=20 v e e e e e e e e e e e
3.0 3.5 4.0 4.5
v [uHz]

o
o

Fig. A.1. Product of the damping rates (r7) multiplied by the mode mass
(M) versus mode frequency. The vertical dotted lines identify radial
mode orders.

dissipation rate of turbulent kinetic energy. Hence, the integral
expression of the damping can be written as

1 M 6p* (6Pturb )]
P — Im|— |——+ T35 =-1)T6S ||dm,
7= 2uMER)P fo [ p \p ’

(A.1)

where &:(R) is the radial mode displacement at the photo-
sphere, w the mode frequency, p the mean density, I3 — 1 =
(@InT/01np)g, T the unperturbed temperature and the star
denotes the complex conjugate. The symbol § represents a
Lagrangean perturbation: 65 is the perturbation of specific en-
tropy, dp the density perturbation, 0 Py, the perturbation of tur-
bulent pressure. The quantity 0Py, /p represents the contribu-
tion of turbulent pressure while the second term (I'; — 1) T 8S
includes the variations of radiative and convective fluxes as well
as the dissipation rate of turbulent kinetic energy, as given by the
energy conservation equation

. déL, doL.
T6S = ——— —
d dm dm

+ e, (A2)

with 6L, 0L, being the perturbations of the radiative and con-
vective fluxes respectively, ¢ the perturbation of the dissipation
rate of turbulent kinetic energy into heat, and o = w + in. Note
that Eq. (A.2) is only valid for the radial modes we are interested
in.

A.2. Origin of the depression of the damping rates

The depression of the damping rates, located around v ~
3.5 mHz (Fig. A.1), results from a subtle balance between the
above contributions to the work integral. The cumulated work in-
tegral (regions where it increases outwards drive the oscillation
and regions where it decreases outwards damp the oscillation)
allows us to identify the processes that create this depression.
Fig. A.2 (top) shows that mode damping results from stabilizing
effects from inner layers at temperatures greater than log7 -~ 4
have destabilizing effects on the upper layers that are located
in the super-adiabatic layers (i.e. between log7T -~ 3.95 and
log T -~ 3.8), and for high radial order modes there are again sta-
bilizing effects from the very outer layers. Hence, the behaviour
of the product ® of the damping rates to the mode mass, which is
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Fig. A.2. Top: normalized cumulated work integral versus logarithm of
temperature for five values of eigenfrequencies. These modes are em-
phasized in Fig. A.1. Middle: imaginary part of the Lagrangian pertur-
bation of entropy versus logarithm of temperature. Botfom: normalized
convective and radiative fluxes versus logarithm of temperature. The
difference between the real and adiabatic gradient (V) is also plotted
and normalized to its maximum.

the integral appearing in Eq. (A.1), can then be described as fol-
lows: for modes with frequencies v < v,x, the higher the mode
frequency, the larger the contribution of the destabilizing region,
and ® continues to decrease. For v > vy,,x, despite an increasing
contribution of the superadiabatic boundary layers, atmospheric
layers stabilize the modes, which results in an increase of ©. At
v = Vmax the compensation is maximal and gives rise to the min-
imum of ©.
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The physical cause of the destabilizing effects in the su-
peradiabatic regions is revealed by Fig. A.2 (middle). The
Lagrangian perturbation of entropy exhibits a rapid variation that
occurs mainly in the super-adiabatic layer and in the atmospheric
layers. As the frequency of the mode increases, the amplitude of
this variation (which is a spatial oscillation as seen in the next
section) also increases. The wavelenth of this spatial oscillation
decreases with increasing frequency. This causes a similar be-
haviour of the cumulated work.

A.3. Oscillation of entropy fluctuations

To understand the behaviour of §S in this region, let us first
examine the fluctuations of radiative and convective luminosity
that appear in the energy equation (Eq. (A.2)).

In the diffusion approximation, the fluctuations of radiative
luminosity reads

OLr _ & 0T ok _dp doT/dr d&

=2=43—=-—-— ,
dT/dr dr

A3
Lr r T K P (A-3)

where & is the mode’s radial displacement, 67 the Lagrangian
perturbation of temperature, o« the perturbation of opacity,
and « the opacity. By using the perturbed continuity equation,
Eq. (A.3) becomes for radial modes

OLg T d(g) oT ok

Ix _dTjdrar\T )" T ~ %

(A4)

where we neglected &;/r compared to ¢, /dr. This assumption is
valid for radial p modes (see Belkacem et al. 2008, for details).
We additionally assume that in the super-adiabatic region the
perturbation of temperature fluctuations and opacity are domi-
nated by entropy fluctuations, so that

oT 68 0K oS
and — < kp—,
T Cy K Cy

—_— —

(A5)

where ¢, = (U/0T), with U the internal energy per unit mass,
and kr = (01Ink/dInT),. Hence, inserting Egs. (A.5) in (A.3),
we obtain

OLR T d (68
Lyr d7T/dr dr

oS
+4- KT)C—' (A.6)

CU v

The approximate expression Eq. (A.6), even if imperfect, cap-
tures the main behaviour of 6Lg /Ly in the superadiabatic bound-
ary region, as shown by Fig. A.3 (top). Note that the disagree-
ment observed in the inner layers in Fig. A.3 (top panel) is
caused by the approximation Eq. (A.5) because for those layers
the density fluctuations are dominant. However, we are mainly
interested in the super-adiabatic region (log7 < 3.9) where
Eq. (A.6) is sufficiently valid for our purpose.

We now turn to the Lagrangian perturbation of convective
luminosity. It depends on the adopted time-dependent treatment
of convection. Consistent with Sect. A.1, we use the formalism
developed by Grigahcene et al. (2005). A good approximation of
their Eq. (18) in the super-adiabatic layer, as shown by Fig. A.3
(bottom), is

oL, déS i § dlnc, § T
Le wd/g _Ml[dr(cv )+ dr (c,) )] dr/dr’ (A7)
with
(G+PBote +2wrTe + 1) D
v C(l B+ ((i+pBor.+1)D ) ’ (A-8)
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Fig. A.3. Top: real part of the radiative luminosity perturbation for the
mode of radial order n = 23 versus logarithm of temperature. The
solid line represents the full non-adiabatic computation as described in
Sect. A.1, while the dashed line represents the approximate expression
given by Eq. (A.6). The rapid variation near log 7 = 4.17 is the result
of the presence of a node of the eigenfunction. Bottom: real part of the
convective luminosity perturbation for the mode of radial order n = 23
versus logarithm of temperature. The solid line represents the full non-
adiabatic computation as described in Sect. A.1, while the dashed line
represents the approximate expression given by Eq. (A.7).

where 7. is the life-time of convective elements, wg is the char-
acteristic cooling frequency of the turbulent eddies, and

i + A

B= IO'Tj\ ) (A9)
WRT: + 1
= A.10
i+pB)ot. + wrte + 17 ( )
C

= A.ll
(wrTe + 1)’ ( )

where A = 8/3 is a constant introduced by Unno (1967) to close
the equation of motion describing convection, and wg is the char-
acteristic cooling frequency of turbulent eddies owing to radia-
tive losses (see Eq. (C12) of Grigahcene et al. 2005).

We are now interested in obtaining the equation that qual-
itatively explains the oscillation observed in Fig. A.2 (middle
panel). Hence, one has to exhibit in an analytical way the fre-
quency dependence of the entropy fluctuations (4S5 ). To this end,
we will use two different assumptions. The first and most im-
mediate way is to assume that in the energy equation (Eq. (A.2))
doL/dr -~ 6L/H,. This is a crude approximation, but it permits

us to immediately exhibit the role of the Q factor. Then using
Egs. (A.6) and (A.7), one obtains

d (68 oS
= — = ith =A-i A.12

dlnT(c,,)-Hl(c,,) 0, with A=A-18, ( )
where A and B are defined by

_(Le ,dlnc, Ly Lo\

‘(L"/’dlnT+ L@ KT))(“(‘” 1)L)

L -1

B=Q[1+(¢-1)f] , (A.13)
where we defined the ratio Q as
Q=wr, with 77'= L (A.14)

o ~ dnr’pc,TH, ’

with 7 is a local thermal time-scale. Note that we neglected the
imaginary part of o in Eq.(A.14). We stress that this thermal
time-scale can be recast into

-1 _ -1 -1
T =Teony T Trad>

(A.15)

where 7ony and g are associated with the convective and radia-
tive luminosities, respectively. From Eq. (A.12), the oscillatory
part of the final solution is (65 /c,) o< exp|~i [ BdInT], which
explains the oscillatory behaviour of entropy perturbations in the
super-adiabatic layers and its frequency dependence.

An alternative way to proceed is to use the energy equation
(Eq. (A.2)) together with Eqgs. (A.6) and (A.7), from which one
obtains the second order differential equation

d> (6S d (68 58
> = — | = A.l

dlnT2(c,,)+gdlnT(c,,)+(H(cv) 0. (A.16)
where
Folt@w-nk

= v 2

Lr L. dInc,

= 24 - = A.l
K== kp) + (A17)

dF
g_dlnT+

dK H,
H=——=-iQ(—].
an7 @ (HT)
where Hr is the temperature scale-height.
To derive an analytical solution of Eq. (A.16) is not trivial.
Consequently, further simplifications are needed. We then as-

sume the coeflicients ¥, G, H are constant. Assuming solutions
of the form (6S /c,) o €T one has the solutions for k

1/2
-G =G - 4HT|

2F ’
at the maximum of the super-adiabatic gradient, the radiative lu-
minosity dominates over the convective ones. Therefore, we fur-

ther neglect the ratio L. /L compared with Ly /L. Equation (A.18)
then simplifies to

1 . dG . (Hy\\'?
k],z——z[gi(g —4dlnT+41Q(H—T)) .

From Eq. (A.19), one concludes that for Q <« 1, k is real and 6§
does not oscillate. This corresponds to the limit of low-frequency

kip= (A.18)

(A.19)
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modes for which both k and the imaginary part of 65 are small,
as confirmed by the full numerical computation presented in
Fig. A.2 (middle panel). In contrast, for Q > 1 (i.e., for high
frequencies), the imaginary part of the wavenumber increases as
depicted by Fig. A.2 (middle panel).

Eventually, both methods to derive the frequency behaviour
of 65 converge towards the same conclusion, i.e., that the fac-
tor Q explains the oscillation of entropy fluctuations and its fre-
quency dependence.
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