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Abstract

Tree-based ensemble methods, such as random forests and extremely randomized trees, are
methods of choice for handling high dimensional problems. One important drawback of these
methods however is the complexity of the models (i.e. the large number and size of trees) they
produce to achieve good performances.

In this work, several research directions are identified to address this problem. Among those,
we have developed the following one.

From a tree ensemble, one can extract a set of binary features, each one associated to a leaf
or a node of a tree and being true for a given object only if it reaches the corresponding leaf or
node when propagated in this tree. Given this representation, the prediction of an ensemble can
be simply retrieved by linearly combining these characteristic features with appropriate weights.

We apply a linear feature selection method, namely the monotone LASSO, on these features,
in order to simplify the tree ensemble. A subtree will then be pruned as soon as the characteristic
features corresponding to its constituting nodes are not selected in the linear model.

Empirical experiments show that the combination of the monotone LASSO with features
extracted from tree ensembles leads at the same time to a drastic reduction of the number of
features and can improve the accuracy with respect to unpruned ensembles of trees.
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Chapter 1

Introduction

1.1 Context and motivation

Progress in information technology enables the acquisition and storage of growing amounts of rich
data in science (biology, high-energy physics, astronomy, etc.), engineering (energy, transportation,
production processes, etc.), and society (environment, commerce, etc.). The accumulating datasets
come in various forms such as images, videos, time-series of measurements, recorded transactions,
text, etc. WEB technology often allows one to share locally acquired datasets, and numerical
simulation often allows one to generate low cost datasets on demand. Many opportunities exist
thus for combining datasets from different sources to search for generic knowledge.

The analysis of such amounts of data is almost intractable without the help of computing
technologies. Machine Learning, a field at the convergence of statistics, mathematics and computer
science, provides automatic procedures to extract knowledge from data and summarises these
through a model. Supervised learning, a machine learning task, works at finding a function to
model the relationship between inputs and outputs of a system, and to predict its future outputs
given its inputs.

Decision trees, a class of supervised learning methods, produce rather intuitive, fast and
scalable models as a hierarchical set of questions. Today state-of-the-art decision tree techniques
heavily use randomisation and ensemble methods to improve accuracy. Instead of having only
one decision tree, an ensemble is constructed by introducing randomisation at the learning stage.

One of their important drawbacks is however the complexity of randomized tree models,
i.e. the large number and the size of trees, to achieve good performance particularly in high
dimensional problems. Even if the price of memory is decreasing, we always want to handle
bigger problems. Furthermore, a new trend is to deploy supervised learning models or algorithms
into mobile and embedded applications with tight hardware constraint, e.g. object (face, text,
optical character, etc.) recognition in smart phone; interaction, navigation, etc of autonomous
robots.
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1.2 Objectives of the master thesis

The goal of this master thesis is to propose some pre- and/or post- processing methods in order to
obtain compact and highly expressive models from ensembles of randomized trees. A selected
approach will be studied experimentally.

The main idea of the developed method is to apply a feature selection method on features
extracted from tree ensembles.

Empirical experiments are carried out on 3 datasets and they show that the combination of
both the feature selection technique and ensemble of randomized trees leads to a drastic reduction
of the number of features and can improve the accuracy with respect to regular ensembles.

1.3 Strategy and implementation

The work undertaken in this master thesis began with bibliographical researches about model
reduction in high dimensional spaces. In parallel, a proof of concept was carried out by com-
bining extremely randomized trees (see [Geurts et al., 2006a] or Section 2.3.3) and glmnet (see
[Friedman, 2008]), a LASSO method (see Section 2.4.2) which is a feature selection method (see
Section 2.5). Early experiments were carried out using existing libraries in a Matlab environment:
a regression tree package [Geurts, 2011] and a glmnet package [Jiang, 2011].

Later on, it was decided to study in more details the combination of extremely randomized
trees and monotone LASSO (see Section 2.4.3). At the same period, we moved to our own C++
implementation of every supervised learning algorithm using only Boost C++ libraries'.

When the first implementation became stable, we deployed it on Nic3, the supercomputer of
the University of Liege. We worked on its optimisation and some parallelisms were added with
OpenMP (see [Chapman et al., 2007]). First steps were also made to use sparse matrix storage.

Finally, we developed automatic procedures to perform our experiments.

1.4 Organisation of the document

We describe in this document the results of our research. We first begin by introducing in
Section 2 core material about supervised learning and methods used in this master thesis. We
present the developed methods to reduce the complexity of a randomized forest in Section 3 and
their experimental evaluation in Section 4. Finally, we present our conclusions and the future
perspectives at the end of this work in Section 5.

'Boost C++ is a set of general purpose free peer-reviewed portable C++ source libraries.[Boost, 2011]
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Chapter 2

Supervised learning

The supervised learning framework is first introduced in Section 2.1. Model assessment and
selection methods are detailed in Section 2.2. Next, we present decision trees (see Section 2.3)
and regularisation with L1-norm (see Section 2.4), two approaches to solve supervised learning
tasks. A short presentation of feature selection methods is made in Section 2.5.

2.1 Framework

Supervised learning algorithms try to find a function f that approximates at best the output
attributes given the input attributes. Samples, also called objects, are provided to the learning
algorithm during the learning task.

A set of samples forms a database or a dataset such as the one presented in Table 2.1. In the
example, each row represents a sample with input attributes x; and output attributes y;. Attributes,
also called variables or features, are of different nature e.g.: symbolic e.g "Yes", "No"; "class;",
"classy", ...or numerical e.g. temperature, currency,. . .

A supervised learning problem is called a classification problem whenever the output is
symbolic and a regression problem whenever the output is numerical.

X1 b %) X3 X4 e Y1 2
0.51 1000 Yes S ... 1 class;
10.73 2000 No M ... 35 class;

0 =500 Yes XXL ... —5.2 classs

Table 2.1 — A database example

The supervised learning task can be set as an optimisation problem. From a set of n learning
samples {x;,y;}!" | with x; € 2" and y; € %, we will search for a function f: 2" — % ina
hypothesis space .7 C % # that minimizes the expectation of some loss function / : % x % — R
over the joint distribution of the input/output pairs:
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}lelijr;Et%,@{l(f(x)J)}- 2.1

The minimal attainable error for a function f € % 2 called residual error, is obtained by the
Bayes model fpgy.s the best function in &% 2 for a given loss function.

Common loss function In the present work, we will use a quadratic error loss in regression to
estimate the error made on a sample {x,y} with a learnt function f:

L(F(x).y) = (f(x) =) 2.2)

And when we deal with a classification problem, we will use a 0-1 loss to quantify the error
made on a sample {x,y} with a classifier f:

0 otherwise.

1)) = 1(F(x) #) ={ Lt fx) #; 23)

where /(e) is the indicator function.

2.2 Model assessment and selection

Model assessment

When a model f has been learnt, we want to assess the quality of this model. So a first idea would
be to estimate the error on the learning samples LS using a loss function /:

Errps = Z 1(f(x),). (2.4)
(x,y)ELS
The quantified error Erryg is called the re-substitution error and it is a poor estimator of the
quality of a model. As illustrated on the bottom graph of Figure 2.1, the model f (x) may be
unable to capture the relationship between the input and the output despite a re-substitution error
equal to zero. The bottom of Figure 2.1 is indeed an example of over-fitting: the method has so
many degrees of freedom that it fits the noise, and is thus unable to approximate well the Bayes
model. Conversely, the top graph of Figure 2.1 shows a model that under fits the data: the model,
here a linear function, is not complex enough to fit correctly the underlying function.
A better approach to assess the quality of a model is to estimate its generalisation error Err.
The generalisation error is the error made on new samples drawn from the same distribution:

Err=Eqy o {1(f(x),y)}. (2.5)

In practice if there are enough samples, we can split the database into two sets: a learning set
to build a model and a testing set to assess its quality. So the generalisation error is estimated on
the test set 7'S: X

Errrs= Y 1(f(x),y). (2.6)

(x,y)eTs

4
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Example of underfitting

1.2
2
L= == r)==x
1 fBayes ( ) . ’b
0.8 © Noisy learning samples P
o ja)

)
0.4
0.2
0
-0.2 )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 2.1 — An example of underfitting on fop and an example of overfitting on bottom.
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More advanced techniques exist such as cross-validation' or bootstrap (see [Kohavi, 1995]).

Error decomposition: bias/variance trade-off

The generalisation error Err of a supervised learning algorithm is a random variable depending
on the randomly drawn learning set LS to build the model f. The generalisation error can be
averaged over randomly drawn learning sets LS of a given size n:

Ers{Err} = Ers{Ea 2 {1(f(x),y)}} 2.7)
= Ers{Ea {Ez 2 {l(f(x),»)}}} (2.8)
= Eg{Ers{Ez 2 {(f(x),»)}}}. (2.9)

Moreover, a model f can be built on every learning set LS and thus the average model fq,4(x)
is given by:

favs () = Es{f (x)}. (2.10)
In regression with a quadratic loss, the average generalisation error becomes:
Ers{Err} = Eg {ELs{Ez 2 {(f(x) —y)*}}}. (2.11)

And it can be decomposed into three terms (see Appendix A for the derivation of this
decomposition):

Es{Err} =Ego {varLs(f(x)) + bias* (x)+ vary| g )} (2.12)
= By {varys(F())} + E {bias(x)} + Eg {vary ()} (2.13)
The interpretation of the terms of the equation 2.13 are:

« The variance of a supervised learning algorithm E 5-{varps(f(x))} describes the variability
of the model with randomly drawn learning sets LS:

E%{VarLS(f(x))} = EQ”{ELS{U?(X) _favg(x))z}}- (2-14)

Algorithm producing too complex models have often a high variance as in the overfitting
example of Figure 2.1.

« The squared bias of a supervised learning algorithm bias* (x) is the distance between the
average learnt model f,,, and the Bayes model fgayes:

Ey {bias*(x)} = E g {(favg(x) _fBayeS(x))z}- (2.15)

A biased model has too few parameters to fit correctly the data as in the underfitting example
of Figure 2.1.

I Cross-validation is an error estimation method. In order to assess the quality of the model, the sample set is first
divided randomly in K folds of equal size. Common values of K are 5 or 10. Then a model is built on K — 1 folds and
assessed on the last one. The resulting quality measure is obtained by averaging the estimated risk over the K folds.

6
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s Ey {var% ()} is the residual error which depends on the supervised learning problem.

In classification, similar concepts exist but the decomposition is not trivial. More information
about bias/variance decomposition can be found in [Geurts, 2010].

Model selection

Supervised learning algorithms have usually several parameters, e.g. maximal degree of a
polynomial to fit some data or the number of trees in an ensemble. And thus at the learning stage,
a value of these parameters must be chosen in the parameter space.

Generally several models are built with different set of parameters and the best one is chosen.
One approach to perform the model selection and assessment is to divide the database into three
sets: a learning set in order to learn the models with the different set of parameters, a validation
set to choose the best parameter and a testing set to assess properly the quality of the chosen
parameter combination.

2.3 Randomized ensembles of trees

We first introduce decision trees theory (see Section 2.3.1) to help the reader understands more
advanced material. We continue by presenting ensembles of decision trees (see Section 2.3.2).
Then we develop extremely randomized trees (see Section 2.3.3) and totally randomized trees (see
Section 2.3.4).

2.3.1 Decision trees

A decision tree is a hierarchical set of questions where every internal node tests an attribute and
each leaf corresponds to an output value. Decision trees are widely used, because they are highly
interpretable and versatile. Figure 2.2 presents a decision tree to interpret aerial photographs.

An optimal decision tree minimizes the expected number of tests to make a prediction. The
search for an optimal decision tree is NP-complete? (see [Hyafil and Rivest, 1976]). So in practice,
a greedy approach is taken instead to produce efficiently small, consistent and coherent trees with
respect to learning samples.

First, we have to point out that each internal node of a decision tree partitions the input space
into smaller sub-domains. A tree structure can be grown by splitting recursively a learning sample
set until a particular stopping criterion is met (see algorithm 2.1). The predicted output at each
leaf is obtained by averaging over the learning samples that reach the leaf in regression or a
majority vote in classification.

"How to select the best splitting criterion at each internal node?". Let us first consider the
classification case. We have to remember that we want small trees. A complexity constraint

2A NP-complete problem is NP (nondeterministic polynomial time) and NP-hard (any NP problem can be
transformed into this problem) (see definition B.8 and theorem B.2 of [Bertsimas and Weismantel, 2005]).
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Yes Artificial Structure Mo
(struciure)
No Linear Yes
(shape 2) | |
amall Wider
(size) [ Kshape 3)
Yes Tio Yes Mo
Circle
(shape 1) No
lYes -
.
= Park-lot z Y Intersecton
/és W /ﬂs o
Commercial Residental nmall car road Railroad
b b
Playground Sivipped
Yes (sit 1) No (patierm)
Yes
Mo
Pa.t:k—lut Park-lot Golf course ¥
No (=it 2} (sit 2) amooth
(texiure)
Yes Yes MNo Yes
L L ¥ Mo
Aachool Service Agroup of Commercial Lakes
(park) large Structures Dark
(sit 3) 1 (tone)
Mo
Yes whole Pant Mo
Plat Roof Sivipped Evergreen Deciduous
(sit 4) (patterm) forest forest
Mo
Yes Yes No
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forest
Indusirial | [Resideniial Golf course Commercial 18

Figure 2.2 — A decision tree for interpretation of aerial photographs. This Figure is taken from
[Choi, 2002], http://www.ucgis.org/summer2002/choi/choi.htm.
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Algorithm 2.1: Top-down decision tree growing
Input: LS, learning samples
Output: A decision tree

learnDecisionTree (LS)
begin
if stoppingCriterion (LS) then
| create a leaf ;
else
Select the "best" split;
Create an internal node;
Split LS according to the best split;
Call learnDecisionTree on each of the resulting subsets;

end

can be expressed by maximising the class separation at each node. In other words, we want to
minimize the impurity at each split.

Many measures of impurity /(e) exist (for an empirical comparison of splitting criterion see
[Mingers, 1989a]). Some of these are entropy, Gini index or misclassification error rate presented
in Table 2.2.

Impurity measure

Entropy I(LS) ==Y ;pjlogp,
Gini index I(LS)=Y,;p;(1-p;)

Misclassification error I(LS)=1—max;p;
rate

Table 2.2 — Impurity measure in classification

p; denotes the probability associated to the class
J within the learning samples LS.

The best split will be the one that minimizes the expected reduction of impurity:

AI(LS) = I(LS) Z|‘L§" (LS)), (2.16)

where LS with j = {1,...} are the disjoint subsets of the learning samples LS obtained by splitting
on an attribute x;.

In the regression case, we can still apply the previous ideas with an appropriate measure of
impurity for every possible split of the output. A possible score measure is the variance reduction

9
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Error \ _
Under-fitting

\ -

Overfitting

>

Generalisation error

~~ Re-substitution error

e —

Comple;city
Optimal complex1ty

Figure 2.3 — The tradeoff between complexity and generalisation performance. This graph is a
modified version of slide 36 [Geurts, 2009]

given a split LS;, LS, of LS:

var{y|LS} — “LL?‘|var{y|LS1} “qu" var{y|LS,}

score(LS,LS},LS,) = var{y|LS} ’

(2.17)

where var{y|LS} = E{(y — E{y|LS})?|LS}.

One question still remains: "Which stopping criterion should we use?" A possible answer is
to stop splitting a node as soon as the outputs of all samples reaching this node are similar or the
number of samples in this node is below some predefined threshold. The graph of Figure 2.3 illus-
trates the trade-off between complexity, re-substitution error and generalisation error. In practice,
the presented approach could lead to fully developed trees which have a poor generalisation error.
The model overfits the data and has too many degrees of freedoms.

The performance in generalisation can be improved using pre- or post-pruning. Pre-pruning
modifies the stopping criterion of the learning step, e.g. add the condition: stop to grow the tree if
the number of samples is below a threshold. Post-pruning is a post processing step to decide a
posteriori what is the best complexity. For a more detailed analysis of different pruning techniques,
we refer the reader to [Esposito et al., 1997] and [Mingers, 1989b].

We have developed the core material about decision trees. Some extensions or generalisations
have been left out, the interested reader can pursue with [Hastie et al., 2003] section 9.2.

10
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2.3.2 Ensembles of decision trees

In the past two decades, research has been undertaken to improve decision trees with ensemble
methods. The combination of ensemble techniques and decision trees allows to compete with
other state of the art methods such as support vector machines (see [Scholkopf and Smola, 2002]).

Ensemble methods combine the prediction of several models to improve performance upon
a single one (see [Dietterich, 2000] for a review of different ensemble methods). The idea
is to exploit existing supervised learning algorithms and to alter their bias/variance trade-off.
These techniques indeed try to shrink the variance (resp. bias) to zero while attempting to keep
unchanged or to reduce the bias (resp. variance). Several ensemble paradigms exist such as
boosting or perturb and combine methods:

* Boosting methods (see [Schapire, 2003]) learn sequentially a series of models using a
weak learner®. At each step, a model is built on the weighted learning samples and added
to the ensemble. The weight associated to each sample is updated and determined by
the difficulty to fit this sample. The purpose is to reduce the bias by increasing sequen-
tially the complexity of the model. A widely used instance of boosting is Adaboost (see
[Freund and Schapire, 1995]).

» Perturb and combine methods first perturb the learning algorithm or the data to produce
different models and the predictions are later combined. For a more in depth study of the
perturb and combine paradigm applied to decision trees, see part 2 of [Geurts, 2002].

In the context of ensembles of decision trees, a successful approach is to randomize the
learning procedure, e.g. bagging (see [Breiman, 1996a]) builds models on bootstrap* of the
learning samples or random forests (see [Breiman, 2001]) which combine bagging and the best
split selection in a random subset of attributes.

In the following Section, we will describe extremely randomized trees (see Section 2.3.3)
and totally randomized trees (see Section 2.3.4) that have been used in the present master thesis.
These are representative of perturb and combine techniques.

2.3.3 [Extremely randomized trees

Extremely randomized trees (see [Geurts et al., 2006a]) build decision trees with randomization
of attribute and cut point selection (see Algorithms 2.2, 2.3 and 2.4). Extremely randomized
trees are also called Extra Trees and we will use both terms interchangeably. In the following
paragraphs, we will describe the effect of the tuning parameters and our motivation to use this
particular algorithm.

3 A weak learner is a supervised learning algorithm that performs a little better than random guessing.
4Bootstrap is a re-sampling technique; a bootstrap is a copy of the learning samples obtained by drawing samples
from the learning samples with replacement.
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CHAPTER 2 SUPERVISED LEARNING

Algorithm 2.2: Learn an ensemble of extremely randomized trees

Input:

e LS, learning samples

e M, the number of terms in the ensemble

* K, the number of random splits drawn at each internal node
* Mmin, the minimum number of reaching samples in a leaf

Output: An ensemble of extremely randomized trees

extremelyRandomizedTrees (LS, M,K, nyi,)
begin
fori< 1toM do
| ti=extraTree (LS,K,nmp);
return {t,tp,...,0m}
end

Algorithm 2.3: Learn an extra tree

Input:

* LS, learning samples
¢ K, the number of attributes drawn at each internal node
* Myin, the minimum number of reaching sample in a leaf

Output: An extra tree

extraTree (LS,K,nyin)

begin

if |LS| < nyin OR all attributes are constant OR the output is constant then
| Create a leaf;

else
Draw randomly {ay,...,ax} among non constant attributes and without
replacement;
Pick K splits {s1,...,s5x} using pickRandomSplit (LS,q;);
Select {s*,a*} = max;—;__gscore(s;);

Split LS given {s*,ax} into two subsets LS, rrand LSjgn;
Grow left sub-tree #; = extraTree (LSief, K, nmin) ;
Grow right sub-tree t, = extraTree (LS,ign, K, fimin) ;

end

12
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Algorithm 2.4: Pick a random split given learning samples and an attribute
Input:

e LS, learning samples
* g, an input attribute

Output: A split of LS given the attribute a

pickRandomSplit (LS,a)
begin
if a is a numerical attribute then
Compute the minimal a,,;, and maximal a,,,, value of a in LS;
Draw a random cut point a. in [amin, dmax] in LS;
| return rhe split [a < a.];
if a is a categorical attribute then
Compute Ag the subset of A of values of a that appear in S;
Randomly draw a proper non empty subset A| of Ag and a subset A, of A\Ag ;
return the split [a € A| UA3];

end

Effect of K. The parameter K determines the number of randomly selected attributes at each
node, and controls the randomisation of the tree structure learning. Following the conjecture
in [Geurts et al., 2006a], K allows to filter out irrelevant features and facilitates the selection of
relevant ones. In fact, a suitable value of K reduces bias without increasing too much variance.

Effect of n,,;,. The parameter n,,;, controls the minimum number of samples in order to split a
node. In fact, n,,;, manages the complexity of an extra tree and is an instance of a pre-pruning
technique. A small value of n,,;, will allow an increase in the complexity of the model, hence a
smaller bias and a greater variance, and vice versa.

Furthermore, the parameter n,,;, adds an averaging effect and an appropriate value will indeed
improve performance in presence of noise.

Effect of M. The parameter M determines the size of the ensemble: prediction accuracy in-
creases on average with higher ensemble size. A suitable M for a given problem depends on the
rate of convergence and on the computational resources.

Motivation. We have decided to employ extremely randomized trees to implement our ideas
for the following reasons:

1. The size of the learnt models is consequent. We will see if we are able with our methods to
reduce consistently the complexity of the model.

2. The algorithm is fast and often accurate.

13
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3. The various parameters allow to control easily the bias/variance trade-off.

2.3.4 Totally randomized trees

Totally randomized trees are decision trees built with a random split at each node. They are
obtained through extremely randomized trees with only one randomly selected attribute at each
internal node (i.e. K = 1).

They have two parameters n,,,, the minimum number of objects in order to split, and M, the
size of the forest. The use and interpretation of these parameters is similar to those presented in
Section 2.3.3.

Totally randomized trees are particularly interesting in our application because the tree
structure learning is not guided at all by the output values.

2.4 Regularisation with L1-norm

We first introduce the regularisation framework in the linear case in Section 2.4.1. LASSO, a
L1-norm regularisation method, is then presented in Section 2.4.2. We continue in Section 2.4.3
with a more constraint version of the LASSO called monotone LASSO.

2.4.1 Linear regularisation framework

Given a set of n samples {(x; = (x;1,...,%ip),¥i) }7_,, the goal of linear regression methods is to

search for the parameters B = (o, ..., ;) of the linear function to approximate at best the output
y given an input x

f(xvﬁ):ﬁ0+zp:ﬁjxj- (2.18)
=

The learning problem can be stated as the minimisation of the risk R, the expectation of some
loss function / over the joint distribution of input/output pairs

minR(B) = min Ex, {103, /(x,B))}. (2.19)

Due to the finite number of samples, the risk function is estimated with the learning samples

n

R(B) = Y 17 (xi.B). ) 2.20)

Thus an estimation of the optimal parameters is obtained by solving the following optimisation
problem
B =minR(B). (2.21)
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With a quadratic loss, this would lead to the well known least square estimation. A complete
treatment of least square regression can be found in [Hastie et al., 2003] Section 3.2.

However in the presence of over-fitting or of an ill-conditioned problem, e.g. when p > n, we
need to add a criterion to find a unique solution. One approach, called regularisation, is to add
a constraint on the complexity of the model or to add a term in the optimisation criterion that
penalises the complexity of model, by using a complexity penalty function P(B), namely

ps,f.r}i(%)gR(m’ (2.22)
or
H}}H (R(B)+AP(B)), (2.23)

with A, > 0. These two formulations are essentially equivalent, in the sense that solutions of eq.
(2.22) found with smaller values of ¢ will correspond to solutions found for eq. (2.23) with larger
values of A.

The tuning parameters, ¢ or A, manage the complexity of the model: the greater A (resp.
the smaller ), the more the coefficients are shrunk. The choice of the penalty function greatly
influences the properties of the solution path which is found by solving the optimisation problem
for different values of the parameter ¢ or A.

2.4.2 LASSO - Least Absolute Shrinkage and Selection Operator

Among all possible sets of penalty functions, one is the power family:

)4
P(B)=Y IIBjll"st. y>0. (2.24)
j=1

Different values of ¥ lead to commonly proposed penalty terms e.g.: Y= 1 leads to LASSO
([Tibshirani, 1996]) and y = 2 to ridge regression ([Hoerl and Kennard, 1970]).

The LASSO penalty corresponds to the L1-norm of the weights associated to a feature. L1-
norm regularisation has the property to lead to sparse models ([Tibshirani, 1996]), i.e. most
coefficients fB; have zero weights. In this master thesis, this property is particularly searched.

Regularisation with a LASSO penalty and a quadratic error loss is a convex problem. Ef-
ficient algorithms compute the solution path i.e. the solution of the regularisation problem is
computed for a large number A or . Some of these procedures are least angle regression (see
[Efron et al., 2004]), generalised path seeking (see [Friedman, 2008]) or pathwise coordinate
optimisation (see [Friedman et al., 2007]) such as glmnet (see [Friedman et al., 2009]).

These efficient algorithms have generally the same order of computation of a least square
fitting (see Section 7 of [Efron et al., 2004] for a comparison of computational complexity between
least angle regression and least square fitting; see Section 5 of [Friedman, 2008], Section 5 of
[Friedman et al., 2009] and Section 5 of [Friedman et al., 2007] for some speed comparisons).
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2.4.3 Monotone LASSO and incremental forward stagewise regression

Monotone LASSO is a more constrained version of the LASSO. The difference is that the first one
restricts the evolution of the coefficients in the solution path to be monotonically increasing or
decreasing.

Incremental forward stagewise regression also denoted F'Se computes an approximation of
the monotone LASSO solution path and is described in Algorithm 2.5. The tuning parameter €
controls the step size between each point of the path; the monotone LASSO path is obtained when
e—0.

Algorithm 2.5: Incremental forward stagewise regression
Input:

* LS, the learning samples
* g, the step size

Output: A linear regression solution path

incrementalForwardStagewiseRegression (LS,€)

begin

Normalise the attributes to have zero mean and unit variance;

Start with a first point (By,...,8,) = (0,...,0) in the solution path;
Set the residuals r to r < 0;

repeat
Find the most correlated attribute x; with the residual r;

Set the increment d to
0 « esign(corr(xj,r)); (2.25)

Add the previous point in the solution path updated with
B Byt 8 226

Update the residuals r with

rr—0x;; (2.27)

until the residuals are not correlated with the attributes ;
end

According to the results obtained in [Hastie et al., 2007], the solution path obtained with the
monotone LASSO is smoother and takes longer to over-fit in the presence of correlated variables.

For a better understanding, Figure 2.4 from [Hastie et al., 2007] depicts the coefficient path
for LASSO and incremental forward stagewise regression for a simulated database of 50 groups of
20 variables which are strongly correlated (p = 0.95). The goal is to predict the output generated
from the sum of one variable taken from each group with a weight obtained from a standard
Gaussian and a Gaussian noise. Due to the high correlation between predictors, the coefficient
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Figure 2.4 — Coefficient path for LASSO and monotone LASSO on an artificial database with 1000
attributes and 60 samples. This figure is taken from [Hastie et al., 2007].

path for the LASSO becomes erratic: small changes in the data may lead to erratic changes of the
coefficient estimate.

2.5 Feature selection methods

Feature selection methods allow to select the most relevant subset of variables. These methods
can be classified into several groups:

* Filter methods compute a relevance score such as correlation with the output to rank
variables and select the most interesting ones.

* Wrapper methods try to find a subset of features that maximises the quality of the model
with an output variable.

» Embedded methods are machine learning algorithms where the feature selection procedure
is embedded in the learning phase, e.g. decision trees and regularisation in L1-norm are
among these methods.
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Feature selection techniques are particularly useful whenever there are many redundant and/or
noisy> variables.

The interested reader can pursue with [Guyon, 2006] for a review of feature selection methods
or [Guyon and Elisseeff, 2003] for a shorter introduction.

>Noisy variables are irrelevant variables that are not involved in the relationship between the input and the output.
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Chapter 3

Compressing ensembles of randomized
trees

3.1 Introduction and problem statement

The goal of this master thesis is to reduce the complexity of ensembles of randomized trees while
trying to keep intact the original algorithm. In this perspective, we can either modify the data
provided to the learning algorithm or either modify the learnt model.

An ensemble of randomized trees has a complexity linearly proportional to the size of the
ensemble and in the worst case to the number of samples (see Appendix B). The randomisation of
the learning stage brings redundancy in the ensemble and at the same time robustness. We will
consider methods that are able to decrease the complexity while conserving the robustness and
the accuracy of the model.

We would like to highlight the fact that post-processing methods applied on ensembles of
decision trees have already been successfully developed to improve interpretability of decision
trees [Friedman and Popescu, 2008, Meinshausen, 2009], accuracy [Pisetta et al., 2010]. But no
research has been especially undertaken to our knowledge to find compact models of ensemble of
randomized trees.

The identified research directions are presented in Section 3.2. And the developed ideas are
presented in Sections 3.3 and 3.4.

3.2 Identified research directions

At the first stage of the research process, we have emitted the hypothesis that a sparse representation
of the model induced by an ensemble of randomized trees exists.

Under ths perspective, the most interesting research directions identified during this master
thesis are presented below :

 Feature selection techniques applied on node characteristic functions: From a tree, one can
extract a set of binary features, each one associated to a leaf or a node of the tree and being
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true for a given object only if it reaches the corresponding leaf or node when propagated in
the tree. Given this representation, the prediction of an ensemble can be simply retrieved by
linearly combining these characteristic features for all trees with appropriate weights.

A linear feature selection method, such as the LASSO, can be applied on these features; a
subtree in the ensemble of trees will then be pruned as soon as the characteristic features
corresponding to its constituting nodes are not selected in the linear model.

» Exploiting the kernel view of tree-based ensembles with SVM: An ensemble of trees can
be used to define a kernel(e.g. [Geurts et al., 2006b]) between objects that measures the
number of times these two objects reach the same leaf in a tree and is weighted by the
specificity of the reached leaves. Using this kernel within support vector machines will help
identifying the objects from the training sample that are really useful (the so-called support
vectors). The ensemble of trees could then be pruned by keeping only paths traversed by
these objects.

* Random pruning: Each tree in an ensemble is typically obtained by introducing some
randomization at the learning stage. The robustness of an ensemble comes from the
complementarity but also from the redundancy between the trees in the ensemble. Because
of this redundancy, it is likely that the predictive accuracy of the ensemble would be robust
to some extent to the random removal of some nodes or paths in the trees.

With a perturb and combine ensemble techniques such as bagging, random forest and extremely
randomized trees, the variance is shrunk while trying to keep the bias unchanged. The variability
of the method with the learning samples is reduced by allowing the original algorithm to express
several times the same pattern differently through randomisation.

Common characteristics in the ensemble are then highlighted and relationships in the data
are revealed. Within an ensemble of randomized trees, several nodes or subsets of node of each
tree express the same pattern. So with appropriate techniques, one may try to discover a subset
of representative nodes within the ensemble either on the generated feature space or the kernel
view of trees. With "feature selection techniques applied on node characteristic functions" and
"exploiting the kernel view of tree-based ensembles with SVM", there are high hopes to find
a sparse solution, i.e. only a few features or support vectors would be selected, because of
redundancy. However, some concerns have to be raised:

* the sparse representation of the randomized forest might not reside in the node feature space
and a basis transformation would be needed;

* by selecting only a few node characteristic functions or support vectors, we may try to
fit too strongly the learning samples or conversely we might be too selective and lose the
representative power of the original model.

Random pruning is interesting from a theoretical point of view, because it would bring
more insight on randomized trees. Furthermore, a straight application is possible e.g. random
pre-pruning.
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Finally, we have chosen to develop the feature selection technique applied on node character-
istic functions because of an early proof of concept. Furthermore, this approach prunes directly
the decision trees contrary to "the kernel view of tree-based ensembles with SVM".

Lastly, post-processing methods were favoured over pre-processing methods. Because, post-
processing methods work on the tree structure and do not modify the provided data. The first
reason is that decision trees are already a feature selection technique. And secondly, the versatility
of this original method is kept; decision trees can indeed easily handle many types of data.
Moreover nothing prevents us to use feature selection methods or projection techniques such as
random projections! before learning decision trees.

3.3 Feature selection techniques applied on node characteris-
tic functions

Feature selection techniques applied on node characteristic functions is the combination of
ensembles of randomized trees and a feature selection technique in order to produce compact
ensemble of decision trees.

From a tree, one can extract a set of node characteristic functions, each one associated to a
leaf of the tree. Each function, denoted /(x € L;), is a binary variable equal to 1 if x reaches the

leaf L; in the tree, O otherwise. Then the prediction of a decision tree with |L| leaves {LZ}BL:‘] is

given by:
IL|

fx) =Y wilxeL), 3.1)

I=1
where wy is the prediction in leaf ;.
A node characteristic function can also be associated to internal node with weight w; equal to
zero. The prediction of a decision tree with |N| nodes {Nl}yl'] becomes:

N|

fx)=Y wi(xen). (3.2)

=1

The model 7 (x) associated to an ensemble of M decision trees can then be expressed as the
sum of node characteristic functions:

A

1 M |Nul
Fe) =2 X Y W (x € N)- (3.3)
m=1[=1

'Random projection is a dimensionality reduction technique. High dimensional data are projected on a random
subspace of lower dimension by multiplying with a random matrix. If the lower dimensional space has enough
dimensions, the structure and distance in the data are preserved. Furthermore, it speeds up computation. The
following paper presents a short introduction on the topic [Blum, 2006] and an example of application on text and
image can be found in [Bingham and Mannila, 2001].
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The association of the node characteristic functions /(e) from a set of M decision trees form a
space Z derived from the original input space 2. The expression of the vector x € 2 in the
space Z is given by:

z={I(x €N171),...,[(X €N17|Nl|),...,1(x € NMJ),...,I(X 6NM,|NM|>} 3.4)

We would like to point out that the vector z has only binary values with many zero elements.

The dataset {x;,y;}7_, can be expressed in the space induced by an ensemble of decision trees
by projecting 2~ on Z to form a new dataset {z;,y;}"_,. A feature selection algorithm can then
be applied to prune the ensemble of decision trees. Indeed, any subtree can be pruned as soon as
none of the characteristic functions of its constituting nodes, except its root, has been selected by
the feature selection method.

Instead of using every node characteristic functions, one can select only nodes that satisfy a
particular condition e.g. every node, every leaf, randomly chosen nodes, top ranked nodes accord-
ing to a "score" measure, etc. The space 2 would contain only the selected node characteristic
functions.

Our general approach is presented at Algorithm 3.1 and has several degrees of freedom :

¢ choice of node characteristic functions;
¢ choice of a method to build an ensemble of randomized trees;

¢ choice of a feature selection method.

3.4 Regularisation in L1-norm of the space induced by an en-
semble of decision trees

Regularisation with L1-norm, a class of supervised learning algorithms and an embedded selection
method, is a particularly successful in high dimensional space. It is a linear method which is
also probably enough given that the node characteristic functions are non-linear functions of
the original features. Regularisation with L1-norm sets an optimisation problem on the node
characteristic function space, assumed of size p, given n samples {(z; = (zi.1,..-,2ip),¥i) }' 4
and a filtering parameter «; associated to each node characteristic function:

2
n p
min (yi —Bo—) OCJBﬂij) (3.5)

{Bos--Bp} =t i
p
s.t. Y Bl <t (3.6)
j=1

The optimal solution will be sparse (see [Tibshirani, 1996]), only a few weights ; will be
non zero. The ensemble of decision trees can be pruned using the weight f8; with j=1,...,p: a
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Algorithm 3.1: Feature selection techniques applied on node characteristic functions of an
ensemble of randomized trees
Input:

* {x;,yi}!",, aset of n learning samples with x; € 2" and y; € ¥;

e M, the number of terms in the ensemble of randomized decision trees.
Output: An ensemble of decision trees
begin
1. Learn an ensemble of randomized trees {t1,,...,ty} using {x;,y;}" ;;

2. Extract selected node characteristic functions from {#1,1,,...,f} to form 2, the node
characteristic function space;

3. Project 2" on Z to form samples {z;,y;}!_, € {Z, %} with {x;,y;}!", € {2, ¥ };

4. Apply a feature selection technique using {z;,y;}} | € {Z,%'} and prune {1,12,...,tm} ;

return {71,0,...,ty};
end

node j can be deleted if its weight ; and the weights of all its siblings and descendants are equal
to zero.

The coefficients ; are user-defined filtering parameters that allow to define on which nodes
the optimisation problem is carried out:

* every node characteristic functions can be selected if:
oj=1 Vj. 3.7

* only leaves can be considered as node characteristic functions:

{ 1 if Nj is a leaf;
o=

0 otherwise. (3-8)

The step 4 of Algorithm 3.1 is modified by a regularisation in L1-norm step in the space 2
(see Algorithm 3.2) as a feature selection technique.

The optimisation problem denoted by equations (3.5) and (3.6) can be re-stated into the
original input space 2 using (3.3):

M Nl

2
HEHZ (yi—ﬁo— Z Z Ot Bt I (X ENm1)> (3.11)
i=1

m=1[=1
M [Nyl

st Y Y Bl <1, (3.12)

m=1[=1
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Algorithm 3.2: Regularisation of the node characteristic function space in L1-norm.
4.

(a) Associate a coefficient ; to each node characteristic function of filtering parameter o;;

(b) Given the n samples {(z; = (zi1,...,2ip), i) }1oy € {Z,%} and the p node characteristic
functions, the following optimisation problem is set:

2
n P
min vi—Bo— ) aiBizi (3.9)
{ﬁ07"'7ﬁﬂ}i:l ( J—Zl s lJ)
P
s.t. Y 1Bl <. (3.10)
j=1
(c) Suppress every node of {r1,#,...,t} whose weight B is equal to zero, and the weights of

all its siblings and descendants are equal to zero. Re-weigh remaining node with f3;;

with B = {Bo, B1,1,-- - Bi,ny|s- - Brm1s- - Bua, vy | } and I (x; € Npp), the node characteristic func-
tion which is equal to one if the sample x; reach the node N,,; of the m-th decision tree.

Interestingly when node characteristic functions of internal are selected (o, ¢, > 0), we are
going to re-weight those. In the pruned and re-weighted ensemble, it means that an internal node
will play a role in the propagation of a sample in the decision trees and may participate to the
prediction with its descendants.
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Chapter 4

Experimental evaluation

4.1 Goals of the experimental part

Our goals in the experimental part are the following:

* determine if it is possible to reduce the complexity of an ensemble of randomized trees with
our approach;

* determine if we can improve accuracy over the original ensemble of randomized trees;
* evaluate the influence of the choice of characteristic node functions on the performance;

* evaluate the behaviour of the combination of the ensemble of randomized tree algorithm
and feature selection methods with their parameters.

From this analysis, we hope to find new research directions and a better understanding of our
approach.

We describe the studied datasets in Section 4.2, our experimental methodology in Section 4.3
and the notations in Section 4.4. Then, we present the results of some experiments: we study in
Sections 4.5, 4.6, 4.7, 4.8, 4.9 the impact of each parameter of the combined algorithms. Next,
we study the impact of the learning set size in Section 4.10. Finally, we draw conclusions of our
experiments in Section 4.11.

4.2 Datasets

Artificial datasets are re-generated for each new experiment. Real datasets have only a limited
number of samples, so the entire sample set is shuffled at each new experiment in order to increase
the variability of the learning set.
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Friedmanl. Friedmanl is a regression benchmark problem described in [Friedman, 1991]. The
goal is to estimate an output y with ten input variables taken in a uniform distribution % (0, 1),
half of them are irrelevant:

1
y= 10sin(7rx1xz)+20(X3—§)2+10)C4+6x5+8; (4.1

where € is a Gaussian noise .4'(0,1).
There are 300 samples in the learning set and 2000 samples in the testing set.

Two-norm. The Two-norm problem is a classification benchmark problem described in [Breiman, 1996b].
There are twenty variables taken in a normal distribution: either in .4"(—a, 1) if the class is 0 or
in .4 (a,1) if the class is 1. The parameter a is equal to:

2
=— 4.2
a= 4.2)

There are 300 samples in the learning set and 2000 samples in the test set. The input variables
are strongly correlated.

SEFTi. The SEFTi dataset is a regression problem described in [AA&YA Intel, 2008]. Itis a
simulated dataset which reproduces the tool level fault isolation in a semiconductor manufacturing.
There are 600 input attributes, 4000 samples and one output. One quarter of the values are missing
at random. Missing values were replaced by the median.

The dataset is split into a learning and a testing set of respectively 2000 samples.

Datasets summary. The table 4.1 recapitulates the main characteristics of the datasets.

Datasets type ILS| |TS| |attributes| |classes|
Friedmanl  regression 300 2000 10 n/a
Two-Norm classification 300 2000 20 2

SEFTi  regression 2000 2000 600 n/a

Table 4.1 — Overview of benchmark datasets

| @ | denotes the cardinality of a set

4.3 Experimental methodology

The ensemble of randomised trees are generated with extremely randomized trees as argued
in Section 2.3.3. This ensemble is latter regularised with L1-norm with incremental forward
stagewise regression algorithm which computes the monotone LASSO. We will evaluate the use
of either all nodes or all leaves as node characteristics functions.
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When monotone LASSO is applied, we have to choose a particular point of the path in
order to obtain the final model. For every graph except those of Section 4.5, we have used the
re-substitution error to pick the best one. However as we pointed out in the section 2.2, it is
probably not the best way to select a model. The sparsest models have been favoured whenever
several models have the same estimated risk R, i.e. the average loss [ of a learnt model f on a
sample set S:

R= |—1| Y (f@).y). 4.3)
(xy)eS

The presented results are averaged over 50 models, i.e. a measure is average over 50 inde-
pendent experiments. The complexity of extra trees are measured by the sum of the number of
leaves or nodes of each tree in the ensemble. For incremental forward stagewise regression and
regularised forest, the complexity of the model is equal to the LO-norm of the vector formed by
the coefficient associated to a feature.

In order to have a fixed magnitude order, we have decided to pre-whiten datasets before any
learning operation: input and output data are pre-whitened to have unit variance and zero mean.
Binary classification will be studied under a regression perspective, i.e. models are learned with a
regression algorithm and hence a threshold is applied to the output of the model.

Note that the results shown for the incremental forward stagewise regression and extremely
randomized tree algorithm are performed on the original datasets.

4.4 Notations

Table 4.2 presents the notations used to abbreviate captions and reminds the meaning of symbols
used for algorithm parameters.

4.5 Understanding the path algorithm in randomized tree fea-
ture space

The optimisation path algorithm allows to retrieve the entire solution path of the regularisation
problem. In this section, we take a closer look at the evolution of the solution path. Moreover, we
will try to improve our understanding of the embedded feature selection process.

The diagrams presented at Figures 4.1, 4.2, 4.3, 4.4, 4.5 and 4.6 show the evolution of the
estimated risk given the number of selected nodes or ¢ the sum of the absolute values of the node
weights. Results are presented both on the learning set and on the testing set for extra trees, pruned
extra trees and incremental forward stagewise regression. Parameters of the different algorithms
are specified on the figure. Note that the number of considered node characteristic functions is
different when we project on all nodes or only on leaves.

The incremental forward stagewise regression algorithm selects and weights features during
its learning procedure (see Figure 4.1 for Friedman1, see Figure 4.3 for Two-Norm and see Figure
4.5 for SEFTi). The estimated risk falls until it is equal to zero or the path algorithm has converged
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Notation
ET an abbreviation for extremely randomized trees (see Section 2.3)
rET an abbreviation for regularized extra trees, which corresponds to the
model obtained after having regularised the node characteristic functions
as described in Sections 3.3 and 3.4
ifsr an abbreviation for incremental forward stagewise regression (see Sec-
tion 2.4.3)
M the number of terms in an ensemble of randomized trees
K the number of randomly selected attributes in the extremely randomized
trees at the tree structure learning procedure
Mnin the parameter that controls pre-pruning: in order to split a node, there
should be at least n,,;, samples
€ is the size of a step made in the incremental forward stagewise regression
algorithm, i.e. the incremented or decremented weight at each step
tp is the Lp-norm of the coefficients associated to a weight in the (mono-

tone) LASSO or in the regularised extra trees

Table 4.2 — Notations and abbreviations used in the experimental Section.

with the given node characteristic features. Regularised extra trees are able to perfectly fit the
learning samples as well as the unregularised version with n,,;,, = 1.

For the Friedmanl and the Two-Norm problem, results obtained on the testing set are pretty
similar to those obtained on the learning set (compare Figure 4.2 with 4.1 for Friedmanl and
Figure 4.4 with 4.3 for Two-Norm). However in the SEFTi problem (compare Figure 4.6 with
4.5), the minimum of the estimated risk on the testing set is not located at the same place on
the learning set. This means that a more advance technique such as K-fold cross-validation
can improve performance. Note that we have limited the number of terms in the ensemble and
pre-pruned each tree for practical reasons for the SEFTi dataset.

These first results on Friedman]1 (see Figure 4.2), Two-norm (see Figure 4.4) and SEFTi (see
Figure 4.6) datasets show that the projection on all nodes is better than the projection on all leaves.
However with appropriate parameters, we are able to obtain similar accuracies with a projection
on leaves (see Figure 4.7 for Friedman1 and Figure 4.8 for Two-Norm) where we have pre-pruned
the ensemble.

The incremental forward stagewise regression algorithm selects sparsely the node characteristic
features generated by an ensemble of extremely randomized trees. The combination of both leads
to promising results that we will investigate more deeply in the next sections.
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Quadratic error on the learning set as a function of t;
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Figure 4.1 — Results for all figures are obtained on the learning set of the Friedman1 dataset. For

parameter values see the figure. On the fop, the evolution of the quadratic error as a function of #; for
extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom, the
evolution of the quadratic error as a function of 7y for the regularised extra trees.
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Quadratic error average on 50 models

Quadratic error average on 50 models
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Figure 4.2 — Results for all figures are obtained on the testing set of the Friedman1 dataset. For
parameter values see the figure. On the fop, the evolution of the quadratic error as a function of #; for
extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom, the
evolution of the quadratic error as a function of 7y for the regularised extra trees.
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Misclassification rate on the learning set as a function of t1
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Figure 4.3 — Results for all figures are obtained on the learning set of the Two-Norm dataset. For
parameter values see the figure. On the fop, the evolution of the misclassification rate as a function of
t; for extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom,
the evolution of the misclassification rate as a function of #( for the regularised extra trees.

31



CHAPTER 4 EXPERIMENTAL EVALUATION

Misclassification rate average on 50 models
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Figure 4.4 — Results for all figures are obtained on the testing set of the Two-Norm dataset. For
parameter values see the figure. On the fop, the evolution of the misclassification rate as a function of
t; for extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom,
the evolution of the misclassification rate as a function of #( for the regularised extra trees.
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Figure 4.5 — Results for all figures are obtained on the learning set of the SEFTi dataset. For
parameter values see the figure. On the fop, the evolution of the quadratic error as a function of #; for
extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom, the
evolution of the quadratic error as a function of 7y for the regularised extra trees.
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Figure 4.6 — Results for all figures are obtained on the testing set of the SEFTi dataset. For parameter
values see the figure. On the fop, the evolution of the quadratic error as a function of #; for extra trees,
regularized extra trees and incremental forward stagewise regression. On the bottom, the evolution of

the quadratic

error as a function of #( for the regularised extra trees.
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Figure 4.7 — Results for all figures are obtained on the testing set of the Friedman1 dataset. For
parameter values see the figure. On the fop, the evolution of the quadratic error as a function of #; for
extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom, the
evolution of the quadratic error as a function of 7y for the regularised extra trees.
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Results for all figures are obtained on the testing set of the Two-Norm dataset. For

parameter values see the figure. On the fop, the evolution of the misclassification rate as a function of
t; for extra trees, regularized extra trees and incremental forward stagewise regression. On the bottom,

the evolution

of the misclassification rate as a function of ¢y for the regularised extra trees.
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4.6 Effect of n,,;, or pre-pruning

Effect on accuraccy

The parameter n,,;, allows to pre-prune during the learning phase. As we mentioned in section
2.3, pre-pruning reduces the variance by limiting the complexity of a decision tree.

The graphs of Figures 4.9, 4.10 and 4.11 show simultaneously the evolution of the estimated
risk with respect to n,,;, and a number of terms M equal to 1 and 100 or 500 on each dataset. On
each graph, we have six curves: the extra trees with K equal to 1 or the number of input attributes
and the regularised forest with the same values for K where we project either on every node or
only on the leaves.

Trends in Friedman1 and Two-norm problem. In the Friedmanl (see Figure 4.9) and Two-
Norm (see Figure 4.10) problems, the regularized forest with M = 100 is less sensible to the
parameter n,,;, compared with the extra trees. The comparison between regularized forests
presents two trends:

1. When we project only on the leaves, the estimated risk falls until the forest is enough
pre-pruned. An increase of K appears to diminish this tendency. When we project on nodes,
the estimated risk is monotonically increasing with n,,;,, suggesting that the method is then
able to automatically prune the tree.

2. Different projection techniques with a same value of K seem to converge to similar curves
when n,,;, increases.

The first point suggests that generated features with only external nodes are too specific and
over-fit the data. And also an increase of K may help to reject worse splits and filter irrelevant
attributes. Nevertheless in the Friedman1 problem (see Figure 4.9), a high value of K leads to
inferior accuracy. This indicates that rejecting irrelevant variables is not always necessary. High
value of K could diminish the diversity of node characteristic functions.

The second trend can be explained by the fact that when n,,;, increases, it diminishes the
height of each generated tree and this shrinks the space of possible generated features. So both
projection techniques have same results when we restrict too much the size of the tree.

Trends in SEFTi. In the SEFTi problem (see Figure 4.11), we observe that the value of K is
of major importance and helps greatly to reduce the error. The best results obtained with our
approach seem inferior to extra trees. But indeed, it mainly comes from a bad selection of the
optimal value of regularisation parameter on the learning set. In order to be convinced look
at Figure 4.6 where regularisation leads to better results for the point n,,;, = 100 with the same
number of terms.

The regularisations of the extra trees with K = 1 have an unusual shape compare to those with
K =100 (see the bottom Figure 4.11): the quadratic error increases until n,,;, = 100 and then
diminishes. More research would be needed to explain this phenomenon.
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Case of one decision tree. When there is only one term in the ensemble, the decision tree and
its regularized version performs similarly (see top of Figures 4.9, 4.10 and 4.11). An interpretation
would be that the L1-norm regularisation algorithm has not the opportunity to select better and
alternative features, even if every node are provided.

Conclusion. The comparison between extra trees and its regularised counterparts show that
most of the time for similar pre-pruning parameters, the regularised version performs better.
Furthermore, the latter one gains a relative insensitivity in terms of accuracy to pre-pruning. And
when the value of n,,;, is appropriately tuned, performance with its regularized counterpart is
similar, or even better. When we compare the projection techniques, the projection on all nodes
leads to higher accuracy than the projection on leaves.
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Figure 4.9 — Evolution of the quadratic error as a function of the parameter n,,;, on the Friedman

database.
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Evolution of the misclassification rate as a function of the parameter n,,;, on the
Two-norm database.
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Figure 4.11 — Evolution of the quadratic error as a function of the parameter n,,;, on the SEFTI
database.
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Complexity reduction

One of the two main goals of this master thesis is to find a robust way to prune ensembles of
randomized trees. Due to the randomisation, many nodes are redundant and we hope that we will
be able to select a subset of the most relevant nodes.

Figures 4.12, 4.13 and 4.14 present the evolution of the complexity of the forest in function
of ny,;, with M equal to 1 and 100 or 500 on the benchmark datasets. The complexity of the
forest is measured by the sum of the number of external and internal nodes of each tree. These
graphs also show the number of selected characteristic functions associated to the solution of the
regularisation problem by four variants of our algorithm: we project only on leaves or on all nodes
with K equal to one or the number of attributes of the dataset. Axes are in logarithmic scale.

In the Two-norm problem (see Figure 4.13), curves are almost flat and rise slowly until the size
of the tree is too much constrained. In the Friedmanl problem (see Figure 4.14), the complexity
of the regularized model has similar behaviour to 7wo-Norm problem (see Figure 4.13), except
when we project on leaves. In the SEFTi problem (see Figure 4.14), we have a decrease of the
complexity of the regularized model with 7,,;,. It might come from our model selection strategy
for the incremental forward stagewise regression algorithm.

If we do not pre-prune too much the ensemble, we have a relative insensitivity in terms of
complexity of the model to pre-pruning when projecting to nodes (see bottom of Figure 4.12, 4.13
and 4.14). This is the same behaviour that we have already observed with the evolution of the
estimated risk.

With only one randomized tree, the complexity of the regularized model follows the complexity
of the decision tree and in particular the number of leaves in extra tree. This might mean that with
only one decision tree, the best features are the most complex.

Finally, one goal of this thesis is met. We have a drastic reduction of the size of the regularised
forest. If we project only on leaves, we have already a pretty good shrinkage in the number of
nodes. Only the last layer is indeed pruned, but it is the densest one. Even better results are
obtained if we project on all nodes of the randomized forest.
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Figure 4.12 — Evolution of complexity of the model with respect to n,,;,, on Friedman1 database for
ensemble of size M 1 and 500.
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Figure 4.13 — Evolution of complexity of the model with respect to n,,;, on Two-Norm database for
ensemble of size M 1 and 500.
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Figure 4.14 — Evolution of complexity of the model with respect to n,,;, on SEFTi database for

ensemble of size M 1 and 100.
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4.7 Effect of the ensemble size M

The parameter M controls the size of the ensemble. The graphs of Figures 4.15, 4.16 and 4.17
show simultaneously the evolution of the estimated risk and the complexity of the model with
respect to M. On each graph, we have six curves: the extra trees with K equals to 1 or the number
of input attribute and regularised forests with same value for K where we project either on all
nodes or only on the leaves.

Accuracy. As depicted on the top of Figures 4.15, 4.16 and 4.17, a high value of M allows to
improve accuracy for every supervised learning algorithm until convergence to a minimum.

In the Friedman1 problem (see Figure 4.15), the parameter K and the projection technique have
a high influence on the curves at extreme values of M: with low values of M, K is preponderant
and conversely with high values of M, the projection technique becomes preponderant. This
phenomenon also appears Two-Norm problem with less emphasis (see Figure 4.16). In the SEFTi
problem (see Figure 4.17) when we increase M with K = 1, the accuracy curve raises until the
point M = 64 and then decreases. It is the opposite behaviour of the extra trees or when K = 600
and when we regularised the forest of extra trees. We are not able to explain this strange behaviour
yet.

Indeed, K allows to filter out variable and improve performance when we are not able to
construct very large ensemble. However, it becomes less obvious when the ensemble size is huge
or when there are many irrelevant variables.

Complexity. The complexity values are shown at the bottom of Figures 4.15, 4.16 and 4.17.

The complexity of the ensemble of randomized trees grows linearly with the size of ensemble.
When we compare with the number of selected nodes by the monotone LASSO, it is drastically
less. Whenever there are a few terms in the ensemble, the feature selection algorithm selects a
large number of nodes until the complexity of the ensemble is high enough. After this point, the
complexity decreases even more with M. The feature selection algorithm has indeed even more
possibility to pick the best nodes.

Conclusion. So practically, the regularisation of randomized trees scales very well with the
number of terms in the ensemble both in terms of model performance and model compression.
And indeed very high ensemble sizes allow to retrieve very compact models for a given sample
set.
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Quadratic error on the test set as a function of M
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Figure 4.15 — Evolution of the quadratic error and complexity of the model as a function of M, the
ensemble size, on the Friedman1 database.
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Misclassification rate average on 50 models
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Figure 4.16 — Evolution of the misclassification rate and the complexity of as a function of M, the
ensemble size, on the Two-Norm database.
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Quadratic error average on 50 models
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Figure 4.17 — Evolution of the quadratic error and the complexity of as a function of M, the ensemble
size, on the SEFTi database.
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4.8 Effectof K

The parameter K controls the number of splits drawn without replacement when splitting a node
while learning the extremely randomized trees. In this section, we try to study its impact when we
apply the feature selection technique.

Figures 4.18, 4.19 and 4.20 depict the evolution of the estimated risk and complexity as a
function of K with 100 terms in the ensemble and with n,,;, equal to 1 or 100. We analyse this
effect for a forest of extra trees and its regularized counterparts when we project either on leaves
or all nodes.

Friedmanl problem. The accuracy curves (see top of Figure 4.18) of the forest of randomized
trees have a similar behaviour to the one obtained through the regularisation of leaf characteristic
functions. The parameter K helps to improve the performance by rejecting irrelevant variables:
the higher K, the greater the performance. Nevertheless when we project on every node, the
parameter K helps at first to improve accuracy and then accuracy is degraded.

Two-Norm problem. In the Two-Norm problem (see Figure 4.19), the accuracy decreases
when K increases for extra trees and regularized with projection on nodes, but increase with
the regularisation with projection on leaves. Note that in this problem all variables are of equal
importance.

SEFTi problem. In the SEFTi problem (see Figure 4.20), the performance improves when K
increases. The SEFTi problem may contain a large number of irrelevant variables.

Complexity. The complexity of the extra trees and regularised forest is almost insensitive to
K, except for the SEFTi problem (see bottom of Figure 4.20). When there are many irrelevant
variables, a higher K help to produce more compact model. The node characteristic functions
would be of higher quality with high values of K in presence of irrelevant features.

Conclusion Our conclusion is that the parameter K helps to filter out irrelevant variables and
helps when we prune the ensemble. However when a representative subset of every possible node
is generated as in the Friedman problem, accuracy is degraded.
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Quadratic error on the test set as a function of K
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Figure 4.18 — Evolution of the quadratic error and the complexity as a function of K on the Friedman1
problem.
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Misclassification rate average on 50 models
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Figure 4.19 — Evolution of the misclassification rate and the complexity as a function of K on the
Two-Norm problem.

52



CHAPTER 4 EXPERIMENTAL EVALUATION

Quadratic error average on 50 models
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Figure 4.20 — Evolution of the quadratic error and the complexity as a function of K on the SEFTi

dataset.
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4.9 Effect of the step size ¢ in path algorithm

The parameter € allows to control the size of a step made in the incremental forward stagewise
regression algorithm. We are going to investigate in this section its effect on accuracy and
complexity. In general, € is as small as possible.

The graph of Figures 4.21 , 4.22, 4.23 show the evolution of the estimated risk and com-
plexity as a function of € on incremental forward stagewise regression and its combination with
randomized trees for the each dataset. We refer to the figures for parameter values.

Impact on accuracy When we decrease €, we are able to observe three phases on the curves of
accuracy:

1. A diminution of € first leads to an improvement of the performance: the incremental forward
stagewise regression algorithm has the possibility more finely tune the weight associated to
a feature, e.g see Figure 4.21 on Friedman] or Figure 4.22 on Two-Norm.

2. Then when we further decrease €, performance does not improve emphe.g. see Figure 4.21
on Friedmanl . It means that the algorithm has converged or is near convergence. The
accuracy gain becomes negligible.

3. When we decrease € even more (see e.g. Figure 4.22 on Two-Norm or Figure 4.23 on
SEFT1), accuracy is degraded. Indeed, we begin to over-fit the data at the selection model
stage, i.e. when we have to select one solution in the path.

Impact on complexity A decrease of € leads to an increase of the complexity of the model
(see Figures 4.21, 4.22 and 4.23). However it tends to converge: fewer nodes are added in the
regularized model at each decrement of €.
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Figure 4.21 — Evolution of the quadratic error and the complexity of the model as a function of € on
the Friedman1 database.

55



CHAPTER 4 EXPERIMENTAL EVALUATION

Misclassification rate on the test set as a function of the size of €
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Figure 4.22 — Evolution of the misclassification rate and the complexity of the model as a function of
€ on the Two-Norm database.
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Quadratic error on the test set as a function of the size of €
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Figure 4.23 — Evolution of the quadratic error and the complexity of the model as a function of € on
the SEFTi database.
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4.10 Effect of the learning set size on model complexity

The size of the ensemble M and the pre-pruning parameter 7,,;, allow to control the complexity of
the model and have a huge impact on the performance of extra trees. However the regularisation of
an ensemble of randomized trees is relatively insensible to those parameters in term of complexity.
There is still one parameter that may influence the complexity of the model and that we have not
studied: the size of the learning set.

The graphs of Figures 4.24, 4.25 and 4.26 depict experiments where we quantify the evolution
of the performance as a function of the size of the learning set for extra trees and its regularised
version on each dataset. For the values of parameters, we refer the reader to the figures.

For the three datasets, the accuracy (see top of Figures 4.24, 4.25 and 4.26) and the complexity
(see bottom of Figures 4.24, 4.25 and 4.26) of every algorithm increase with the size of the
learning set. The complexity of the regularised model is directly related to the number of learning
samples and not to the parameters of the algorithm such as M or n,;,. The accuracy increase
comes from a larger number of points in the input/output space.
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Quadratic error on the test set as a function of the size of the learning set
Friedmanl problem M=100 n,iy=1 €=0.01

o.. | rET: K=1 project on all nodes —>%— |
07 b rET: K=10 project on all nodes - {4 - :

Quadratic error average on 50 models

o ; ; ; ; ;
50 100 150 200 250 300

Size of the learning set

Complexity of the model as a function of the size of the learning set
Friedmanl problem M=100 n,j,=1 €=0.01

1e406 - e SRR R R R
s |
5 100000 oo co rET K=Lyproject on le J\ac
vy ey G '
23 10000 koo =T X Numbef of nodes of ET: K=1 —-5#---
© N ; Numbef of leaves of ET: K=1 —&—
= Jifsr - @ -
Q ‘% TOOO e e _@_____._____.—-—@
X 0 :
%_q__ ¥ B —X
c ° 100 R T T
o v .
O -g :
g 10 @ R B ;':':'.;“_";"_’"_"’_“;‘:"-"—r ;;;; 2
1 l |
50 100 150 200 250 300

Size of the learning set

Figure 4.24 — Evolution of the quadratic error and the complexity of the model as a function of the
size of the learning set on the Friedman] problem.

59



CHAPTER 4 EXPERIMENTAL EVALUATION

Misclassification rate on the test set as a function of the size of the learning set
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Figure 4.25 — Evolution of the misclassification rate and the complexity of the model as a function of
the size of the learning set on the Two-Norm problem.
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Quadratic error on the test set as a function of the size of the learning set
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Figure 4.26 — Evolution of the quadratic error and the complexity of the model as a function of the
size of the learning set on the SEFTi problem.
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4.11 Opverall conclusion of the experimental part

In this experimental part, we have studied the performance in terms of complexity and accuracy.
Some of our results for the regularisation with L1-norm on ensembles of extra trees can be
summarised as follow:

A greater size of the ensemble M often improves accuracy by improving tree diversity.

An appropriate value of K' allows to filter out irrelevant variables. However, it might
degrade accuracy when we are able to build large ensembles of characteristic node functions
as in the Friedman1 problem.

Pre-pruning might not be necessary because not using it produces complex node charac-
teristic functions. Furthermore, we are going to prune ensemble of randomized tree with
the regularisation in L1-norm. Nevertheless, the algorithm seems relatively insensitive to
pre-pruning if the height of a trees is high enough. Pre-pruning however speeds up greatly
the learning process.

Accuracy increases with small step size €. The over-fitting problem could be solved by
modifying the selection process e.g. with K-fold cross validation.

Projection on all nodes leads to better results than projection only on leaves on all experi-
ments.

The complexity of a regularized ensemble of extremely randomized depends mostly on the
number of samples.

Finally, the regularisation in L1-norm of ensembles of randomized trees produces compact
and expressive models. Accuracy can be improved by the post-processing step. More research
is still needed to understand the results obtained with the regularisation in L1-norm of totally
randomized trees on the SEFTi problem.

1K is the parameter that controls the number of randomly selected attributes at the learning stage.
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Chapter 5

Conclusions and future works

5.1 Conclusions

Tree-based ensemble methods, such as random forests and extremely randomized trees, are
methods of choice for handling high dimensional problems. One important drawback of these
methods however is the complexity, i.e. the large number and the size of trees, of the models to
achieve good performance. In this master thesis, several research directions have been proposed
in order to address this problem and prune the ensemble of randomized trees. The following has
been developed:

o Feature selection techniques applied on node characteristic functions: a set of nodes are
selected in an ensemble of randomized trees. These nodes will define a new space. Each
node represents a binary function which is equal to one if the sample reaches that node and
zero otherwise. The resulting feature space is sparse and contains only binary values.

Once the database has been projected on this new space, a feature selection technique such
as regularisation with L1-norm is applied on the node feature space. The ensemble of
randomized trees is pruned and re-weighted with new coefficients.

Empirical evaluation has been undertaken on several databases with the combination of
extremely randomized trees and monotone LASSO. From the experimental evaluation, we show
that:

* The proposed approach allows to prune drastically the ensemble of randomized trees and
re-weigh the decision trees consistently.

* The accuracy of the pruned ensemble is similar or better despite the naive model selection
procedure. We conjecture that with a less biased selection method, we would always obtain
better or equal results.

* On several databases, we have shown that the performance of the re-weighted and pruned
ensembles of randomized trees is insensitive to pre-pruning to some extend with projection
on nodes.
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* The use of every node characteristic functions performs better than every leaf characteristic
functions.

* The complexity of the pruned model seems to depend mainly on the size of the learning set.

The regularisation with L1-norm of the space generated by node characteristic functions of
an ensemble of randomized tree leads to compact and expressive models. The accuracy can be
improved over the original ensemble of randomized trees.

5.2 Future works

A more comprehensive set of experiments has to be undertaken in order to propose a set of
default parameters to our approach/algorithms. Moreover, it would be interesting to compare
these parameters with the default ones of individual algorithm. In parallel, a detailed bias/variance
analysis might be carried out to better understand the effect of L1-norm regularization in terms of
bias and variance.

In the developed approach, we have already obtained good results with ensemble of ran-
domized trees. Indeed our approach consists first in creating many complementary and highly
redundant sub-domains. The feature selection technique then selects and re-weighs only a few of
them. An interesting research direction would be to generate fewer and more diverse sub-domains
without enforcing redundancy. A first step would be to generate random tree branches to break the
symmetry. And in a second step, we could investigate several search strategy to construct wisely
these branches.

Techniques have been developed to prune drastically the ensemble of randomized tree. We
do not indeed control the size of the generated model. For applications with tight hardware
constraints, we should be able to define a maximal complexity of the generated and pruned model,
and stay within this limit.

Two research directions remain to be evaluated:

» Exploiting the kernel view of tree-based ensembles with SVM: an ensemble of trees can
be used to define a kernel between objects that measure the number of times these two
objects reach the same leaf in a tree and is weighted by the specificity of the reached leaves.
Using this kernel within support vector machines will help identifying the objects from the
training sample that are really useful (the so-called support vectors). The ensemble of trees
could then be pruned by keeping only paths traversed by these objects.

* Random pruning: nodes of the ensemble can be randomly pruned. Due to the redundancy
introduce at the learning step by randomisation, the generated forest is robust to some extent
at random node removal.

Another perspective would be to consider our approach under the light of compressed sensing!
which is a method in information theory to compress signal by exploiting random projections and

!Compressed sensing is a technique to solve high dimensional undetermined linear systems whose solution is
sparse. Compressed Sensing (CS) (see [Candeés and Wakin, 2008] and [Donoho, 2006]) exploits random projections
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then the signal can be retrieved by setting an optimisation problem in L1-norm. Ensembles of
randomized trees can be interpreted as projecting the data on a randomly generated subspace (see
[Dasgupta and Freund, 2009]).

in order to reduce measurement bandwidth for compressible data. Suppose that some data vector x € R” may be
represented (almost) exactly with only s non zero components in some orthonormal basis W, and that instead of
measuring the individual n components of x or the s non-zero components of ®x, we measure some m < n components
of ®x, where P is another orthonormal basis. CS theory shows that x can be reconstructed (almost) exactly from the m
measurements (by minimizing the number of non-zero components in ®) as long as the number m of measurements is
larger than Cu2 yslogn, where C is a constant (typically C < 10) and where ué’\y =./n max{|l//,-T i) j| 11 <4, j<n}
measures the coherence of the two bases @ and ¥ (u € [1;4/n]). This approach leads to impressive results in
information theory and data compression.
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Appendix A

Bias/variance decomposition with a
quadratic loss

The following bias/variance decomposition is taken from [Geman et al., 1992] Sections 2.1 and
3.1. In regression with a quadratic loss, the average generalisation error over randomly learning
set LS of a given size n drawn in a distribution i.i.d. in a conjoint law P(x,y):

Ers{Err} = Eg{Ers{Ew 2 {(f(x) —y)*}}}. (A.1)
We can decompose ELs{EgL%f{(f(X) —y)2}}:
Ers{Ew 2 {(f(x)—y)*}}
—Ers{Ew| 2 {(/(x) = En )2 {7} + En )2 (v} —3)*}} (A2)
=Ers{En 2 {(f(x) = Ez 2 {y1)*}} + ELs{(En |2 {(En 2 {3} —)*}}
+ELs{En|9{2(f(x) — Ez )2 {y}) (Ez 2 {Ew 2 {3} —)}} (A.3)
=Ers{(f(x) —Ew |2 {y})*} + Ez |2 {(Ez 2 {y} — )7}
+Ers{2(f(x) = Ez )2 {y})(Ez 27 {} —Ez)27{})} (A.4)
=Ers{(f(x) —En |2 {y})*} + Ez 2 {(Ez 2 {3} —¥)*}. (A.5)
The term Epg{(f(x) — Ey| 2-{y})?} can be further decomposed:
Ers{(f(x) = Ez2-{y})*}
—Ers{(f(x) = ELs{f ()} + Es{/ (¥)} — Ew| 2 {3})*} (A.6)
=Ers{(f(x) — ELs{f(x)})*} + ELs{(Es{f(x)} = En 2 {3})*}
+ Ers{2(f(x) — ELs{f (x) ) (ELs{f(x)} —Ez2{y})} (A7)
=Ers{(f(x) — ELs{f(x)})*} + (ELs{f(x)} = Ez| 2 {})*
+2(Es{/(x)} = ELs{ /() N (ELs{f(x)} — Ez 2 {y}) (A.8)
=Ers{(F(x) = Es{/(0)})*} + (ELs{f (*)} — B2 3})° (A9)
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APPENDIX A BIAS/VARIANCE DECOMPOSITION WITH A QUADRATIC LOSS

Then, we set:

varzs(f(x))} = Evs{(f(x) — Es{/(x)})*}
bias*(x) = (Ers{f(x)} —E%%{yDZ
varg/|gg(y) = E@|%{(E@|%{Y} —y)z}-

Finally, we obtain the bias/variance decomposition:

Ers{Err} = Ey-{var;s(f(x)) + bias®(x) + vary 4 (v)}
/

= Eg {vars(f(x))} + Eg{bias*(x)} + Eo {vary| 2 (v)}.
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Appendix B

Estimation of decision tree complexity

The complexity of a decision tree can be measured by the number of leaves, the number of nodes
or the number of splitting nodes. In order to fix the ideas, we can compute the number of nodes
in function of n,;,, the minimal number of samples in order to split a node. If we base our
computation only on this criterion, we have two different cases:

* Median splitting: at each node, the sample set is split perfectly in two sets.

» Degenerate splitting: at each node, the split of n samples is degenerated and leads to a set
of 1 sample and an other one of n — 1 samples. The number of nodes in this case is given
by 2(n — nyin) + 1.

In regression, the two presented splitting give best and worst bound on complexity of a
decision tree. In classification, it is a pessimistic approximation of the number of nodes, because
we stop splitting when every sample are of the same class. The distinction between both splitting
cases with 100 learning samples is illustrated on Figure B.1. In order to obtain small decision
trees, we should favour median splitting.

The complexity of a decision tree is indeed linear with the number of samples and can be
largely reduced with a pre-pruning criterion.
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APPENDIX B ESTIMATION OF DECISION TREE COMPLEXITY

Number of nodes in function of n,,;, for 1 tree with 100 learning samples
D00 g

180 x  Degenerate splitting

160 x‘ Median sp‘litting‘

140

120

Number of nodes
® o
o o
T T

o
<)
%

N
o
T

X

20

oooooooooooooooooooooooooooooooooooooooooooooooooo

0 10 20 30 40 50 60 70 80 90 100
NMmin

Figure B.1 — Evolution of minimal and maximal decision tree complexity as a function of n,,;,, the
minimal number of samples in order to split a node, based only this criterion.
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